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The main purpose of the present article is to introduce certain new Saigo
fractional integral inequalities and their g-extensions. We also studied some
special cases of these inequalities involving Riemann- Liouville and Erdélyi-
Kober fractional integral operators.

1. Introduction

Fractional calculus has great importance in math-
ematical analysis, also in consideration of its nu-
merous applications in modeling and in applica-
tions. Recently there have been several significant
contributions to the theory of fractional opera-
tors [1].

From last decades various types of integral in-
equalities have attracted the attention of many
mathematicians [2-6] and also fractional integral
inequalities have been found many interesting ap-
plications in the fields of engineering and physics.

Very recently in 2019, Ekinci and Ozdemir [2]
have studied Hermite-Hadamard type inequalities
involving intermediate values of | f’ | by using
Riemann-Liouville fractional operator and Butt
et al. [3] established some new integral inequalities
involving Caputo fractional derivatives for expo-
nential s-convex functions. In this sequence Kizil

*Corresponding Author

and Ardi¢ [4] have introduced inequalities for
strongly convex functions via Atangana-Baleanu
integral operators. Later in 2022, Kalsoom et.al.
[5] proposed few new inequalities of Ostrowski
type by means of newly derived identity and con-
sidered some special cases. Our present work is
fully motivated by the mentioned work.

Saigo fractional integral operator is one of the
important operators of fractional calculus theory
due to involving the Gauss hypergeometric func-
tion 9 F(.). This operator has already found vari-
ous applications in solving problems in the theory
of special functions, integral transforms and the-
ory of inequalities.

Before setting out the main findings of our article,
it is useful to briefly review the contributions on
which it is based.

We say that, fixed v € R a real valued function
g(x) defined for = > 0 belongs to the function
space Cy, if there exists a real number ¢ > v such
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that g(z) = x9®(x), where ®(x) € C(0,1). More-
over, for m € Ra we say that g(z) belongs to the
function space C}* , if g™ € C,.

For a > 0, Riemann-Liouville fractional integral

operator of a function g such that g € C,(,v >
—1) defined as follows [7]:

RY {g(y)} = —— /O - gy, (1)

I'(a)
here, y > 0.

For a > 0, Erdélyi-Kober fractional integral op-
erator of a function g such that g € C,(v > —1)
defined as follows [8]:

—a—b ry
Kg,’g{g(y)}zyr(a) /0 Py — )" tg(t)dt, (2)

here, b € R.

For a > 0, Saigo fractional integral operator of a
function g, such that g € C,(v > —1) defined as
follows [9]:

—a—a’

Iy {a(y)}y = Lf(a) X

4 t
/0 (y - t)a712F1 <a + CL/, _b7 a, - y)g(t)dt7
(3)

here, a/,b € R, and oF(r1,re,1r3;2) is classical
Gauss hypergeometric function defined in [10].

_ i(rl)n(T2)n ﬁ’ (4)

2 Fy (r15m25 735 2) ,
= (r3)n n!

where (s), denotes the Pochhammer symbol
(shifted factorial) defined as follows [10,/11]:

(S)k = F?(_g)k)
e (k= 0:5 € C\ {0})
Cs(s+1)---(s+k—1) (keN;seC)

()

By observing, we note that Saigo fractional in-
tegral operators contains both Reimann-Liouville
fractional integral operators as well as Erdélyi-
Kober fractional integral operators.

Remark 1. (i)Taking ' = —a in the equations
then, we get Riemann-Liouville fractional in-
tegral operator .

6ul9)} = Iy, o)} (6)

Remark 2. (ii)Taking o' = 0 in the equations
then, we get Erdélyi-Kober fractional integral
operator .

Egitgw)} =I5 g (y} (7)

Fractional integral inequalities are an important
tool to prove the key result, the uniqueness of so-
lutions of fractional partial differential equations
and fractional boundary value problems. Also,
they give information about the boundness of the
solutions of partial differential equations and frac-
tional boundary value problems. These features
have led many researchers in the area of integral
inequalities to analyze some more extensions and
generalizations by involving fractional calculus in-
tegral operators.

Introduce the following functional:

T(k,l,m,n) = /dn(t)dt /d m(t)k(t)I(t)dt

+ @y / Cnokoir .
(f weowea) ([ mienoa)
([ womo)( s

here k,l : [c,d] — R are two integrable functions
defined on the interval [¢, d] and m(t) and n(t) are
positive integrable functions defined on [, d].
Consider two functions ® and ¥ defined on [c, d],
then they are synchronous on [c, d], if they satis-
fies the following inequality:

(®(t) — @(s))(¥(t) — ¥(s)) =0, ©)
for arbitrary ¢, s €[c,d], then from [12,/13], we ob-
serve that

T(®,%,m,n) > 0, (10)
If the inequality defined in @ is reversed, then

functions ® and W are called asynchronous on
[c,d] and satisfies the following inequality:

(@(t) — D(s))(¥(t) — ¥(s)) <0,
for any t,s €[c,d].
From [14], we have the Chebyshev inequality for
the special case when m(t) = ¥(t), for any t,s €
[e,d], .
The functional T'(k,l,m,n) defined in has
drawn many researchers’ attentions due to the
wide range of applications in engineering math-
ematics, statistical probability, transform theory,
and probability and numerical quadrature. From
all these applications, the functional T'(k,l,m,n)
has also been used to produce many integral
inequalities (see, e.g., [15-22]; for more details re-
garding very recent work, we can refer [23])

(11)

In the last few years, many researchers have
more attention to the g-calculus and fractional
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g-differential equations due to many applications
of the g-calculus in physics, statistics and math-
ematics. The g-calculus is also called the quan-
tum calculus can be dated back to 1908, Jack-
son’s work [24] and fractional g-calculus is the
g-analogous of the ordinary fractional calculus.
Recently, g-calculus operators have been applied
in various fields like optimal control problems,
ordinary fractional calculus, solutions of the g-
difference (differential),q-transform analysis and
g-integral equations, and many more such areas.

In 1966, Al-Salam gives the idea of fractional
g-calculus by introducing the g-analogue of
Cauchy’s formula ( [25H27]). Then, in 1969
Agrawal [28] studied some fractional g-integral
operators and g-derivatives and their basic prop-
erties. Then later in 2007, Rajkovic et al. [29] ex-
tended the notion of the left fractional g-integral
operators and fractional g-derivatives by intro-
ducing variable lower limit and proved the semi-
group properties. In the sequence, Isogawa et
al. [30] studied various basic properties of frac-
tional g-derivatives.

For 0 <| g |< 1 the g-shifted factorial is defined
as [31]:

1
= {Hﬁ;éu ~bg?)

here, b,q € C and b # q~'(I € Np).

For k € Ny, g-shifted factorial with negative sub-
script is defined as follows:

(k=0)

(ke N), (12)

(b Q)
B 1
C (=g (1= bg72) (1~ bg3)...(1 — bg k)
(13)
From and , we can conclude that:
(b3 9)os = [ [ (1 = bg®), (14)
s=0

here, b,q € C
By using the equations , and , we

observe that:

(@)oo

(b;q)00 = m7 (15)

here, k € N.

Then from above equations, for any complex num-

ber S,

(@)oo

(6% q) oo’ (16)

(b;q)s =

here, only the principal value of ¢? is valid for the
above equation.

For the power function (¢ —d)™, we can define its
g-analogy as follows:

<c—d>qm=cm(d;q)m (m € N)

o

(e

g, 7Y

_ oy L= (@) }

T[]

From above , we conclude that:

e ) = 1 (m=0)
(¢~ d)g {(c—d)(c—dq)---(c—dqm_l) (meN).
(18)

In 1910, Jackson was the first researcher who in-
troduced g-derivative and g-integral in systematic
way.
The g-derivative of a function g(z) is defined as
[31]:

(1)} = 9(gz) — g(z)

dg
Dy{g(z)} = dyz gz P (19)
From above, we observe and notice that
lim Dy {g(x)} = - {g(@)},  (20)
qlil% aI\E)r = dx LI

if, given function g(z) is differentiable.
The g-integral of a function g(x) is defined as [31]:

/0 g(@)dgr = t(1—q) Y _ d'g(tq"), (21)
=0

/ @ =11 - )3 alglta ™), (22)
t 1=0
/0 T g@dg=t1-q) S dold).  (23)

l=—o00

For 0 < ¢ < 1, g-gamma function is given by [31]:

(¢; )0 1-b

Ly(b) = 1—¢q) ).
o(b) (qbQQ)oo( )

For b > 0, g-analogue of Riemann-Liouville frac-

tional integral operator of a function g(z) defined

as [2§]:

(24)

(25)

]
T

?L‘b_l x
Rifo@)} =t | (Bia), oy

where, (b, q)g is given in the equation .
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For, a > 0 and b € R and 0 < ¢ < 1, g-analogue
of the Erdélyi-Kober fractional operator is defined
as [28]:

Ko f(z)} = ! /x (Lg) i p(t)dyt

! T Ty(a) Jy Vo Ve !
(26)

For a > 0, @’ and b € R, g-analogue of Saigo’s

fractional integral is defined as [32]:

¢ '—1 qt
iy e
(" ) )k
= (% q,q)

M f ()} =

(27)

2. Certain inequalities involving Saigo
type fractional integral operator

In this section, we introduce some inequalities in-
volving the Saigo type fractional integral operator
and their special cases.

Theorem 1. Assume uw and v are two pos-
itive integrable and synchronous mapping on
[0,00]. Suppose 3 four positive integrable map-
pings mi, ma,n1 and ng such that:

0 <mi(t) <ul(t) < ma(t),
0 <m(t) < v(t) < na(t),
(t €]0,z],z > 0).

Then the following inequality holds true:

aa b{n1n2u2} X I&’g’b{mlmgv2}(a:)
1/ uub 2 (29)
< 1 IO,’x ' {(mlnl + mgng)uv}(az)

Proof. By using the relations that are given in
, for t € [0, z],Vz > 0, we can easily have:

mat)  u(t)
<ma>‘mw>20 (30)
it) _ mq (t)
Qw> nxw>>0 (31

If we product and side by side , we can

write

(mﬂﬂ_U®>(M”_”“@)zo

ni(t)  o(t)
Then we have:

(ma(t)na(t) +ma(t)na(t)) u(t)v(t)

(32)
> n (t)na()u’ (t) + ma (ma(H)v? (t).

Consider the following function F'(x,t) defined by:

:L‘fafa’ (.CC _ t)afl

I'(a)

><2F1<a+a',—b,a,l—;>, (33)

(t € (0,z);x > 0).

Then multiplying both sides of , by F(z,t)
defined by and integrating the resulting in-
equality with respect to t from 0 to x and using
the definition , we have:

F(x,t) =

i
I&s ’b{(mlnl + mangy uv}

Ia,a ,b

> [0 (nang)u? } (@) + 152 { (mima)v? } ()

34)
Let us recall the A.M -G.M inequality, i.e (a+b) >
2v/ab, a,b € RT. By applying this classical in-
equality to , we obtain:

Igy ’b{(mlnl + mang)uv } ()

12 M (mma)u2} () x I P (mima)o?} (z)
(35)

By making use of some necessary operations, we
deduce that:

aa b{nlngu } X Iaa {m1m2v2}(x)
1 2 (36)
< 1 (I&g b{(m1n1 + mang)uv } (z )
This complete the proof of Theorem O
If we substitute ¢’ = —a and o’ = 0 in above

results we get following special cases of the in-
equalities respectively.

Corollary 1. For Riemann-Liouville fractional
integral operator the following inequality holds
true:

R&x{nanUQ}(x) X R&x{mlmng}(a:)
1 2 (37)
< 4<R0m{ miny + mang)uv } () >

Corollary 2. For Erdélyi-Kober fractional inte-
gral operator the following inequality holds true:

K&’i’{nlngﬁ Hz)
1
- 4

X K&’i{mlvaQ Hz)

<KOz{ mini + mang)uv } () >2. %)
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Theorem 2. Consider u and v are two pos-
itive integrable and synchronous mapping on
[0, 00]. Assume 3 four positive integrable mapping
mi, mo,ny and ny such that:

0 <mi(t) <ul(t) < ma(t),
0 <m(t) < v(t) < na(t),
(t €]0,z],z > 0).

(39)

Then the following inequality holds true:

aa b{u2}

(i) o)

a a’ b{n1n2}

Ia,a ,b

aa b{UQ}
< (B o) @ )

, 2
G o} 0I5 (@)

X

(40)

Proof. With similar steps to the proof of the pre-
vious Theorem, if we consider the inequalities are

given in (39), we have

ma(t)  u(t)

<nl<s> v<s>> . 4D
u(t)  m(t)

<v<s> n2<s>> =0 (42)

Then we can write above inequality as the follow-
ing form:

m (1)
+

(nz(s)
If we multiply both
n1(s)na(s)v?(s), we get

(t)
s)
(43)
[@3), by

ma(®)\ u(t) _ wA(t) | ma(t)ms
m<s>>v<s>2v2<s> a1 ()

sides of

mi(t)u(t)ni(s)v(s) + ma(t)u(t)na(s)v(s)
> ny(s)n2(s)u®(t) + mi(t)ma(t)v?(s).

Then on multiplying both sides of the equation

([@4), by F(x,t) defined in and integrating
with respect to ¢t from 0 to x, and using the defi-
nition , we have

(44)

n1(s)v(s)[&’g’b{mlu}(a})
+n2(5)v(5 Ig’gl’b{mgu}(az
aa b{u2} l’

+v (s)Ig:g ’b{mlmg} ().

>n1

(45)

Again multiplying both sides of the equation ,
by F(z,s) defined in , a nd integrating with

respect to s from 0 to x and using the definition

, we have

R {0} @) 3 e} ()
Ia’a,’b{nzv} Igg b{mgu}(x
>Iaa b{nan} aa b{ }(ZL‘

+Ig§ b{v2} aa b{mlmQ} )
(46)

Now, using the AM-GM inequality, we have:

I“’“,’b{nlv} Ia’a/’b{mlu} (x)
+I“a b{ngv} aa b{mgu}
>2{ aa b{n1n2} azz b{ 2}
Iaa b{v2} Ia7,;1’,b{m1m2}($)

[NIE

(47)

By making use of some necessary operations, we
deduce that:

aa b{n1n2} aa b{ 2}($)

< e } @) 12 )
(Iaa b{mv} Iaa b{mlu}(a:)

2
M} @ ) 0))

(48)
This proofs the Theorem . (Il
On putting ¢’ = —a and @’ = 0 in above results

we get following special cases of the inequalities
respectively.

Corollary 3. For Riemann-Liouville fractional
integral operator the following inequality holds
true:

R, {mina}(2) Rf , {u”} ()
6.2 {0} )

< i (R&x{nlv} (a:)R&x{mlu} (x)

X R{ {mlmg } (x)

2
+R{ 4 {ngv} (m)R&x {mgu} (m))
(49)

Corollary 4. For Erdélyi-Kober fractional inte-
gral operator the following inequality holds true:
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Ky mine (@) Kt {u? ) (2)
<K g2 mymy} (2) Ko {v*} ()

< (KEHmo} @R @)

2
K o} 0K mau} )
(50)

3. Saigo type fractional g-integral
inequalities

Here, we established some g-integral inequalities
involving g-Saigo type fractional integral operator
which are the g-analogues of the Theorems proved
in the previous section.

Theorem 3. Consider 0 < ¢ < 1, let u and v
are two positive integrable and synchronous map-
ping on [0,00]. Assume 3 four positive integrable
mapping mi, ms,n1 and no such that:

0 < my(t) <u(t) < ma(t),
0 < ni(t) <o(t) < na(t),
(t €]0,z],z > 0).
Then the following inequality holds true:

(51)

Ig’“,’b{(mlnl + maong)uv }(z)
> Ig’al’b{(nmg)uZ}(af)

+Ig’al’b{ (mima)v?}(z).
(52)

Proof. To prove our result we need to recall func-
tion with their conditions defined by Choi [33],

where z > 0,0 <t < x;a > 0, d,b € R with

a+ad >0and b<0,0<qg<1, u:l0,00)—
[0,00) it is seen that
H(t,z,u(x);a,d’ b;q) > 0. (54)

Then from , we have

(ma(t)na(t) + ma(t)na(t))u(t)v(t)

> np (t)nao(t)u?(t) + my(t)ma(t)v?(t). (55)

Now multiplying both sides of by
H(t,x,1;a,d’,b;q) given in together with
and taking g-integration with respect to t
from 0 to « with aid of , we get our desired
result.

Ig’a/’b{(mml + mQTLQ)’LL’U}(CL‘)

> Ig’a,7b{(n1n2)u2}($) + Ig’“,’b{(mlmg)vz}(m)
(56)
O

If we substitute @ = —a and o’ = 0 in above
results we get following special cases of the in-
equalities respectively.

Corollary 5. For g-analogue of Riemann-
Liouville fractional integral operator the following
inequality holds true:

RZ { (miny + mgng)uv} (x)

7
> Ry{ (mn2)u’} () + Rg{(mama)v®} () 7

Corollary 6. For g-analogue of Erdélyi-Kober
fractional integral operator the following inequal-
ity holds true:

Kg’b{(mlnl + mgng)uv}(x)
> Kg’b{(nlng)u2}(a;) + Kg’b{(mlmg)UQ}(x)
(58)

Theorem 4. Let 0 < q¢ < 1, consider u and v
are two positive integrable and synchronous map-
ping on [0,00]. Assume 3 four positive integrable
mapping mi, ma,n1 and ng such that:

0 <mi(t) <u(t) < ma(t),

0 < ny(t) S_v(t) < no(t),
(t € [0,z],z > 0).

(59)

Then the following inequality holds true:

Ig’“/’b{nlv} (x)I(‘;”a,’b{mlu} (x)
+Ig’“,’b{ngv} (x)Ig’“,’b{mgu} (x)
> 10 nyng } () I8 u? } ()

’

I8 L0 (2) 10 myma } (2).
(60)

Proof. From , we have

my(t)u(t)ni(s)v(s) + ma(t)u(t)na(s)v(s)

> n1(s)na(s)u’(t) + my(t)ma(t)v?(s). (61)
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Then on multiplying both sides of the equation

, by H(t,z,1;a,d’,b;q) defined in to-
gether with and taking g-integration with
respect to t from 0 to x with aid of

nl(s)v(s)Ig’“/’b{mlu}(x)
+ ng(s)v(s)lg’“,’b{mgu}(x)
> ny(s)na(s) I8P {u?} (x)
+ U2(S)Ig’a/’b{m1m2}($)

Again multiplying both sides of the equation ,
by H(t,z,1;a,a’,b;q) defined in together
with and taking g-integration with respect
to s from 0 to x with aid of , we get our de-
sired result.

(62)

Ig’“/7b{n1v} (:):)Ig’“/’b{mlu} (x)
—i—Ig’“/’b{ngv} (w)Ig’“/’b{mQU} (x)
> 100 nyng Y (@) I8V u?) (x)

!

I {0 (@) I {mama } ()
(63)

O

By setting ¢’ = —a and ¢’ = 0 in above results
we get following special cases of the inequalities
respectively.

Corollary 7. For g-analogue of Riemann-
Liouville fractional integral operator the following
inequality holds true:

Ry{niv}(z)Ri{miu}(x)
+ R {nov}(x)Rg{maou}(x)
> Rg{nlng}(x)Rg{uz}(x)
+RZ{U2}(x)Rg{m1m2}(x)
(64)

Corollary 8. For g-analogue of Erdélyi-Kober
fractional integral operator the following inequal-
ity holds true:

Kg’b{nlv}(x)Kg’b{mlu}(x)
—i—Kg’b{ngv}(:U)Kg’b{mgu}(x)
> Kg’b{nlng}(x)Kg’b{u2}($)
+Kg’b{v2}(:C)Kg’b{m1m2}(x)
(65)
4. Concluding remark

We summarize our research work by mentioning
that all the results derived in this paper are novel

and important. Firstly, we have established cer-
tain inequalities involving Saigo type fractional
integral operator and derived some special cases
of it. Then we have derived g-analogues of the in-
equalities involving Saigo type fractional integral
operator that means certain g-integral inequali-
ties. Some special cases of g-integral inequali-
ties are also derived. We also notice that when
q approaches to 1 then the resulting inequalities
presented in Section 3, are become those demon-
strated in Section 2.
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In this work, we introduce a simple method to investigate the asymptotic sta-
bility of discrete dynamical systems, which can be considered as an extension
of the classical Lyapunov’s indirect method. This method is constructed based
on the classical Lyapunov’s indirect method and the idea proposed by Ghaffari
and Lasemi in a recent work. The new method can be applicable even when
equilibia of dynamical systems are non-hyperbolic. Hence, in many cases,
the classical Lyapunov’s indirect method fails but the new one can be used
simply. In addition, by combining the new stability method with the Mick-
ens’ methodology, we formulate some nonstandard finite difference (NSFD)
methods which are able to preserve the asymptotic stability of some classes of
differential equation models even when they have non-hyperbolic equilibrium
points. As an important consequence, some well-known results on stability-
preserving NSFD schemes for autonomous dynamical systems are improved
and extended. Finally, a set of numerical examples are performed to illustrate

and support the theoretical findings. ) e |

1. Introduction

Many important processes and phenomena in

In this work, we consider general time-continuous
dynamical systems of the form

d
=W, y0) =weR"

real-world situations can be mathematically mod-
eled by autonomous dynamical systems described
by differential equations associated with the clas-
sical and fractional derivative operators [1-8].
While differential equation models with the clas-
sical derivatives have been formed and studied
for a long time [1,3,5,/6, /8], mathematical mod-
els based on fractional differential equations have
been strongly developed in recent years (see, for
example, [9-28]). The stability analysis of dif-
ferential equation models has been a central and
prominent problem with many useful applica-
tions.

*Corresponding Author
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where y : [0,7] — R™ and f : R — R™ are real-
valued functions satisfying appropriate conditions
to guarantee the existence and uniqueness of solu-
tions of the system (see, for instance, |1[3L/5,6,8]).

The stability analysis of the system has played
a prominent role in both theory and practice, es-
pecially in control theory and mathematical epi-
demiology [5/29]. The continuous version of the
classical Lyapunov’s indirect method can be con-
sidered as the most successful approach to this
problem (see |29] or also [1,3})5,6,8]). This method
studies the asymptotic stability of an equilibrium
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point by analyzing the associated Jacobian matrix
with respect to the left half-plane. More precisely,
an equilibrium point y* is locally asymptotically
stable if all the eigenvalues of the Jacobian ma-
trix J(y*) lie strictly in the left half-plane; and
y* is unstable if any of the eigenvalues lie in the
strict right half-plane. Clearly, the Lyapunov’s
indirect theorem is only applicable for hyperbolic
equilibrium points. Here, an equilibrium point y*
is said to be hyperbolic if none of the eigenvalues
of J(y*) lies on the imaginary axis; otherwise, y*
is said to be non-hyperbolic. Hence, the method
fails to determine the asymptotic stability of non-
hyperbolic equilibrium points. This leads to a
big restriction of the application of the method.
For this reason, in a recent work [30], Ghaffari
and Lasemi constructed a new method to exam-
ine the stability of continuous dynamical systems,
which is based on the classical Lyapanov’s indi-
rect method. However, it studies the stability
of an equilibrium point by analyzing the associ-
ated Jacobian matrix at a deleted neighborhood
of the equilibrium point instead of at the equilib-
rium point. As a consequence, the new method
can be applicable for non-hyperbolic equilibrium
points in many cases. Therefore, the weakness of
the classical theorem can be improved.

Similarly to the continuous version, the discrete
version of the Lyapunov’s indirect method can be
considered as a powerful and effective approach
to the stability problem of discrete dynamical sys-
tems (see, for instance, [5,31]). This method in-
vestigates the stability of an equilibrium point by
considering the position of eigenvalues of the as-
sociated Jacobian matrix with respect to the unit
circle. More specifically, an equilibrium point is
asymptotically stable if all the eigenvalues of the
Jacobian matrix lie strictly inside the unit circle
and is unstable if any of the eigenvalues lie outside
the unit circle. Consequently, the method is only
applicable when none of the eigenvalues of the Ja-
cobian matrix lies on the unit circle. In this case,
equilibrium points are said to be hyperbolic.

Motivated and inspired by the above reason, in
this work we introduce a new and simple method
to analyze the asymptotic stability of discrete
dynamical systems, which can be considered as
an extension of the classical Lyapunov’s indirect
method. This method is constructed based on
the classical Lyapunov’s indirect method and the
idea proposed by Ghaffari and Lasemi in [30]. It
is worth noting that the new method can be ap-
plicable even when equilibia of dynamical systems
are non-hyperbolic. Consequently, in many cases,
the classical Lyapunov’s indirect method fails but

the new theorem can be used simply. In addi-
tion, a relation between the new method and the
classical Lyapunov’s indirect one is also provided.

To illustrate the applicability of the new theo-
rem, we combine it with the Mickens’ methodol-
ogy [32-36] to construct nonstandard finite dif-
ference (NSFD) methods, which have ability to
preserve the asymptotic stability of some differ-
ential equation models even when they possess
non-hyperbolic equilibrium points. We recall that
the concept of NSFD schemes was first introduced
by Mickens in 1980 to overcome drawbacks of
standard finite difference ones [32-436]. Nowa-
days, NSFD schemes have been widely used as
a powerful and efficient class of numerical meth-
ods for solving differential equations arising in
real-world situations. We refer the readers to
[32-39] and [40-54] for good reviews and some
recent notable works related to NSFD schemes,
respectively. Recently, we have successfully de-
veloped the Mickens’ methodology to construct
NSFD schemes for differential equation models
arising in real-world applications [55-60]. In the
construction of NSFD schemes, one of the most
important problem is to formulate NSFD schemes
preserving the asymptotic stability of equilibrium
points of differential equation models (see, for in-
stance, [4351,55,61-64]). A common approach to
this problem is the use of the continuous and dis-
crete versions of the classical Lyapunov’s indirect
method. Following this approach, the continuous
version is first used to determine the stability of
equilibria, and then, the discrete version is applied
to analyze the stability of NSFD schemes. How-
ever, as mentioned before, the classical Lyapunov’
indirect method fails to conclude the asymptotic
stability of non-hyperbolic equilibrium points. So,
the construction of NSFD schemes for differen-
tial equation models having non-hyperbolic equi-
librium points is still a challenge. This chal-
lenge was mentioned in some well-known works
[43.61,/62]. An indispensable condition in the pre-
vious results on stability-preserving NSFD meth-
ods [43}/51,55,/6164] is that all equilibrium points
of differential equation models must be hyper-
bolic. This problem leads to a big restriction in
the application of these NSFD methods.

For the above reason, by combining the new sta-
bility theorem with the Mickens’ methodology, we
formulate some NSFD methods which can pre-
serve the asymptotic stability of some classes of
differential equation models even when they have
non-hyperbolic equilibrium points. Consequently,
the applicability of the new method is shown
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and the stability-preserving NSFD schemes for-
mulated in [43}[55,61,62] are improved and ex-
tended. Therefore, the new method is reliable and
it has advantages over the classical one. In nu-
merical examples, we will see that in many cases
the classical method is not working but the new
method proves helpful.

The plan of this work is as follows:

In Section [2, some concepts and preliminaries are
provided. The new stability method is introduced
in Section [3] In Section [ we construct stability-
preserving NSFD schemes for some classes of dif-
ferential equation models having non-hyperbolic
equilibrium points. Numerical examples are per-
formed in Section Bl Some conclusions and re-
marks are presented in the last section.

2. Preliminaries

In this section, we provide some concepts and pre-
liminaries related to stability theory of dynamical
systems and NSFD methods, which will be used
in the next sections.

2.1. Stability of dynamical systems

The following theorem is known as the Lya-
punov’s indirect method for continuous dynam-
ical systems.

Theorem 1. ( [3, Theorem 4.7]) Let y* = 0 be
an equilibrium point for the nonlinear system

dy

A 1

priaBACO8 (1)
where f : D — R™ is continuously differentiable
and D is a neighborhood of the origin. Let

_of

A= (‘Ty(y)

y=0
Then,
(1) The origin is asymptotically stable if
Re); < 0 for all eigenvalues of A.
(2) The origin is unstable if Re\; > 0 for one
or more of the eigenvalues of A.

Definition 1. ( /8, Definition 2.3.6]) An equi-
librium point y* of the system is said to be
hyperbolic if none of the eigenvalues of df (y*) lies
on the imaginary axis.

The following extension of Theorem [I] was pro-
posed by Ghaffari and Lasemi in [30].

Theorem 2. Let N be a deleted neighborhood of
origin that contains no equilibrium points of the
system . Let yo be the initial condition inside

N:i.e,yo € N}, and A = gf(y) , then;
Y

Y=Yo

(1) The origin is asymptotically stable if for
any yo in N all eigenvalues of A are in
the open left-half complex plane.

(2) The origin is unstable if for any yo in N
one or more of the eigenvalues of A are in
the open right-half complex plane.

We now consider a general dynamical system gov-
erned by difference equations of the form

Ynt1 =9(yn), Yo =ce€R", (2)

where G : D — R"™ and D € R" is the domain of
definition of g.

Definition 2. ( [§, Definition 1.3.6]) An equi-
librium point y* of the system s said to be
hyperbolic if none of the eigenvalues of dg(y*) lie
on the unit circle.

Theorem 3. ( /8, Theorem 1.3.7]) Let g €
C2(R™,R™). Then an equilibrium point y* of the
system 15 asymptotically stable of the eigen-
values of dg(y*) lie strictly inside the unit circle.
If any of the eigenvalues lie outside the unit circle
the equilibrium point is unstable.

2.2. Nonstandard finite difference
methods

Consider a one-step numerical scheme with a step
size h, that approximates the solution y(t,) of the
system in the form:

Dh(yn) = Fh(f;yn)7 (3)

where Dy(yn) =~ dy/dt,F(f;y,) ~ f(y), and
t, = to + nh. The following definition is derived
from the Mickens’ methodology.

Definition 3. (See [37, Definition 1], [45, Defini-
tion 3.3], (64, Definition 3]) The one-step finite-
difference scheme for solving System s a
NSFED method if at least one of the following con-
ditions is satisfied:

Yn+1 — Yn
e Dy(yn) = =—————, where ¢(h) = h +
() = (»)
O(h?) is a non-negative function
e F(fiyn) = 9(Yn:Yn+1,h),  where
9(Yn, Yn+1,h) is a non-local approxima-

tion of the right-hand side of System .

Definition 4. ( (61, Definition 4]) The finite-
difference method is called "weakly” nonstandard
if the traditional denominator h in the first-order
discrete derivative Dy (y,) is replaced by a non-
negative function ¢(h) such that ¢(h) = h +
O(h?).
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The advantage and power of NSFD schemes over
the standard ones are expressed in the following
definitions.

Definition 5. (See [37, Definition 2]) Assume
that the solutions of Eq. satisfy some property
P. The numerical scheme is called (qualita-
tively) stable with respect to property P (or P-
stable), if for every value of h > 0 the set of so-
lutions of satisfies property P.

Definition 6. (See [34/) Consider the differen-
tial equation y' = f(y). Let a finite difference
scheme for the equation be yp+1 = F(yn, h). Let
the differential equation and/or its solutions have
property P. The discrete model equation is dy-
namically consistent with the differential equation
if it and/or its solutions also have property P.

3. New stability method for discrete
dynamical systems

In this section, we introduce a new method to
study the asymptotic stability of discrete dynam-
ical systems and give a relation between it and
the Lyapunov’s indirect method.

Theorem 4. Assume that y* € R" is an equi-
librium point of the dynamical system , that
is, g(y*) = y*. Let N* be a deleted neighborhood
of the equilibrium y* that contains no equilibrium
points of the system. Let yg be any point belonging

to N and denote A* = @(y) . Then,
dy y=yo

(1) The equilibrium point y* is asymptotically
stable if for any yo in N* all eigenvalues
of A* lie strictly inside the unit circle.

(2) The equilibrium y* is unstable if for any
Yo in N* one or more of the eigenvalues
of A* lie outside the unit circle.

Remark 1. The proof of this Theorem is based
on the proof of the classical Lyapunov’s indirect
method (see, for instance, (5,8, 31)).

Proof. Proof of Part (i). First, it follows from
the mean value theorem that

3gz

9i(9(y)) = gi(y) + (fz)( (y) —v)

= gi(y) + (z)gy’(yo)(g(y) ~ )

+(Fh460 - ) ) (9(0) - ),

dy
where &; is a point in the line segment connecting
g(y) to the y. Hence, we can write

9(g(y) = 9(y) + A%(g(y) —y) + h(y), (4

where

Jg
3?4( )‘y v
0gi

i) = (G (6) ~ Gktm) ) (o) — ).

A*

fori=1,2,...,n and h;(y) is the ith row of h(y).
The function h;(y) satisfies

0g; (9l
g(gz) e yO

dy

it < |5 (o)~ )]

By continuity of (0g/dy), we obtain that

Al
l9(y) — vl

Therefore, for any € > 0, there exists § > 0 such
that

S0 as y—yol 0.

[Pl < ellg(y) =yl iy —woll <. (5)

We now use the function

as a Lyapunov function candidate for the nonlin-
ear system , where R is a symmetric positive
definite matrix. The variation of V relative to
is given by

<
—~
)
—~
<

—[9ty) —y

From , we have that

AV (y)
= |4 (9(y) — v) + h()] TR[A* (9(v) — v) + h(y)]
—(9(y) — )" R(g(y) — v)
= (9v) — )" (ATRA* — R) (9(y) — v)

+2(h(y)" RA* (g(y) — y) + (h(y)) Rh(y).

Since all eigenvalues of the matrix A* lie strictly
inside the unit circle, for every positive definite
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symmetric matrix 7', there is a unique symmet-
ric and positive definite matrix R such that (see
Theorem 4.30 in [31] or Lemma B.12 in [g])

A*TRA* — R = —T,
which implies that

(6)

(9(y) —y)" (A*TRA* — R) (g(y) — v)
= (9ty) — )" (=T)(g(y) — v)
< —Amin(D)llg(y) — yl%,

where A\pin(7') denotes the minimum eigenvalue
of matrix 7. Note that Ayin(7') is real and posi-
tive because T' is symmetric and positive definite.
Therefore,

AV (y) < =Amin(D)llg(y) — yl?
+ 2" (y) RA* (g(y) — y) + B (y) Rh(y).
It follows from the estimate that
2(h(y))" RA* [g(y) — v
< 2[[hIIRIA*[Ng(y) — vl
< 2¢)| AR ll9(y) — vl

(h(y)" Rh(y) < |RINRW)I® < IR]€*]lg(y) — vl
for all ||y — yo|| < 6. Thus,
AV (y)

< (= M (@) + 26| A" 18] + 2B 9() = w1

for all ||y—yo|| < 6. We now choose € small enough
such that Amin(7) > 2¢||A*||||R|| + €2||R||. Then,
AV (y) < 0. Therefore, for any yo € N there al-
ways exists € > 0 such that AV (y) < 0. Thus, by
the classical Lyapunov’s direct method, we con-
clude that the equilibrium y* is asymptotically
stable. The proof of this part is complete.
Proof of part (ii). Assume that at yo the ma-
trix A* has an eigenvalue which lies outside the
unit circle. By [31, Corollary 4.31], then there
exists a real symmetric matrix R that is not pos-
itive semidefinite for which A*" RA* — R = —-T
is negative define. Thus, the Lyapunov function
T : .

V(y) = (9(y) — ) R(g(y) — y) is negative at
points arbitrarily close to the origin. Further-
more, we also obtain

AV(y) = —(9(y) =) T(9(y) — )

+2(9(y) — )" (A7) Rh(y) + V(h(y)).
Similarly to the proof of Part (i), if we choose €
small enough then AV (y) < —v|g(y) — y||? for
some v > 0. Therefore, by [31, Theorem 4.27],
the equilibrium y* is unstable. The proof of this
part is complete. O

Remark 2. From the continuity of polynomial
roots (see (65, Theorem 3.9.1]), it is easy to ver-
ify that if the classical Lyapunov’s indirect method
is applicable, so is Theorem[]) In other words, the
classical Lyapunov’s indirect theorem is a conse-
quence of Theorem []].

Example 1. Consider the difference equation

a € R.

(7)

The equation has a unique equilibrium point
y* = 0. The Jacobian matrix at y* is given by
J(y*) = 1. So, y* is non-hyperbolic and the clas-
sical Lyapunov’s indirect method fails to conclude
the stability of y*. However, Theorem [ is appli-
cable. Indeed, let yg # 0. The Jacobian matrix
at o is given by

J(yo) = 1+ 3ayp.
Hence, by Theorem {4} we conclude that:

(1) If a > 0, then y* is unstable.
(2) If a < 0, then y* is asymptotic stable.

Yn+1 = Yn + ay?m

4. Stability-preserving NSFD methods

In this section, we construct NSFD methods
which can preserve the stability of not only hyper-
bolic equilibrium points but also non-hyperbolic
equilibrium ones of the system . For this pur-
pose, we introduce the following hypotheses for
the system :

(H1) The set of equilibrium points of the system
(1) is finite.

(H2) For each equilibrium point, there is a deleted
neighborhood in which none of the eigenvalues of
the Jacobian matrix lies on the imaginary axis.
The hypothesis (H2) means that Theorem is ap-
plicable for the system . Obviously, this condi-
tion is satisfied automatically for hyperbolic equi-
librium points.

Theorem 5. Assume that the hypotheses (H1)
and (H2) are satisfied for the system (). Then,
the following NSFD scheme

Yn+1 — Un |: ¢(h) of }_1

— =1 —"5-m)| flun 8
o0 )] S ®)

is dynamically consistent with respect to the as-

ymptotic stability of the system .

Proof. Suppose that y* is an equilibrium point of
the system and NV is a deleted neighborhood
of y*. For each yg € N, let us denote by A;(yo)

and p;(yo) (1 <4 < n) are eigenvalues of 87(1/0)
Y

0
and —g(yo), respectively, where g is given by

dy
¢(h) Of
T@(yn)

-1

9(WYn) = yYn + |1 — f(yn)-
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Then, we have
() = (14 2, O3
pilyo) = (14 Sxt0)) (1= Shitw))
Hence, |pi(yo)| < 1 if and only if

1+ gAi(yO)‘ < ‘1 - %Ai(yo)),
or equivalently,

20Re(A(y0)) < 0. (9)
We consider two cases of the stability of y*.
Case 1. y* is an asymptotically stable equi-
librium point of . Then, by Theorem
there is a deleted neighborhood N of y* in which
Re(Mi(yo)) < 0 for all i« = 1,2,...,n. Therefore,
the inequality @ is satisfied for all yo € N. By
Theorem |4 we conclude that y* is an asymptoti-
cally stable equilibrium point of .
Case 2. y* is an unstable equilibrium point of
. Then, there is a deleted neighborhood N of
y* such that for all yy € N, there exists some j
(1 < j < n) for which Re(X\j(yo)) > 0. Conse-
quently, the inequality @ does not hold. There-
fore, by Theorem {4}, y* is an unstable stable equi-
librium point of .
Combining Case 1 and Case 2, we conclude that
the scheme preserves the stability of the sys-
tem for all finite step sizes. The proof is com-
plete. O

o If¢(h) is small enough, then

(yn) = I. Hence, the existence of

Remark 3.
i
2 Jy
the solution of the scheme 18 ensured.
To make sure the scheme is defined
for all finite step sizes, we can use the fol-
lowing family of nonstandard denomina-
tor functions
1— —7h

o(h) = ——
1

since they are bounded from above by 7.
Note that the standard denominator func-
tion ¢(h) = h is not bounded from above
for h > 0.

o In the case it is hard to determine [I —

¢of
2 0y
ical solutions of the scheme as follows.
(].) Set 671 = Yn+1 — Yn-
(2) Solve the following linear system

{ ¢of

I— 5@(%)}% = o f(Yn)-

(3) Compute Ynt1 = Yn + Op.

-1
(yn)] , we can compute the numer-

The following theorem is proved similarly to The-
orem [Bl

Theorem 6. Assume that the hypotheses (H1)
and (H2) are satisfied for the system . Then,

the nonstandard tmplicit trapezoidal scheme

Yn+1 — Yn
¢(h)

and the nonstandard implicit midpoint scheme

Ynt+1 — Yn Yn + Yn+1

=t gt}
¢(h) 2

are dynamically consistent with respect to the as-

ymptotic stability of the system .

Remark 4. The numerical schemes ,
and can preserve the asymptotic stability
of the system for all denominator functions
#(h) = h + O(h?). When ¢(h) = h, these
schemes becomes standard ones. However, in
real-world applications, differential equation mod-
els possess mot only the stability but also other
essential mathematical features, for examples, the
positivity. Therefore, nonstandard denominator
functions are meeded for dynamics consistency.
Moreover, they can ensure the existence of the so-

lutions of the schemes and .

5. Some applications and numerical
experiments

= ) + 5 fns)  (10)

In this section, we conduct numerical simulations
to illustrate and support the theoretical findings.

Example 2. Consider the following scalar differ-
ential equation

y=ay®, acR. (12)
In this case, the equation has a unique equilib-
rium point y* = 0, which is non-hyperbolic. It

was shown in [30] that

1) if a > 0, y* is unstable;
)
(2) if a < 0, y* is asymptotically stable.

Note that the set Ry := {y € Rly > 0} is
a positively invariant set of the equation .
Therefore, our objective is to construct an NSFD
scheme, which is dynamically consistent with re-
spect to the positivity and stability of . For
convenience, we only consider the case a < 0. The
case a > 0 can be considered in a same way.

Applying the Mickens’ methodology, we obtain
the following NSFD scheme for

Yn+1 — Yn = ay. y2
o(h) e
or equivalently
Yn
=2 13
Ynt1 =7 day? (13)

The equation implies that y, > 0 for all
n > 1 whenever yo > 0. So, the positivity of
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(12) is preserved. We now analyze the stability of
(13). The Jacobian matrix associated with

is given by
1+ bay?

J(y)—w-

Hence, J(0) = 1. In this case, y* = 0 is a non-
hyperbolic equilibrium point. So, the classical
Lyapunov’s indirect method fails to conclude the
stability of y*. However, by Theorem [4] we have
that y* is asymptotically stable since

- 2¢ay?
J(y)—l‘i‘w y # 0.

Consequently, we obtain a positvity and stability
preserving NSFD scheme for the equation .

€ (—1,1) for all

Example 3. Consider the following nonlinear
system

- 3

rT=—-r" —xr+y,
: 3 (14)
y=x—-2y" —y.

The system has a unique equilibrium point,
that is, E* = (0,0). Moreover,

J(0,0) = (_11 11) .

Hence, E* is a non-hyperbolic equilibrium point.
So, the classical Lyapunov’s indirect method can-
not conclude the stability of E*. However, by
using a Lyapunov function given by
1 1
V(z,y) = =2 + =1,
(z,y) = 527+ 5y

we have

V:xi:+yy:—a:4—2y4—(x—y)2.

Hence, E* is asymptotically stable. Also, since
j;‘xzo =Y = 0’
9l =220,

we conclude that the set R; is a positively invari-
ant set of (see Theorem B.7 in [66]).

Our object is to construct an NSFD scheme pre-
serving the positivity and stability of the sys-
tem (|14). For this purpose, applying the Mick-
ens’ methodology, we propose the following NSFD

scheme for

Tpnt+1 — X
Tl TR 122 — Tt + Un,
Yn+1 — Yn

= Tn — 2y121+1yn — Yn+1-

¢(h)

The system of difference equations can be
rewritten in the explicit form

Tyl = T + OYn
14 ¢+ ¢a’

_ Yn + Ty,
Yn+1 = 1+¢+2¢y%7

which implies that the set ]R?F is a positively in-

variant set of .

We now investigate the stability of . The sys-
tem has a unique equilibrium point, that is
E* = (0,0). The Jacobian matrix associated with
is
J(.%, y) =
1+ ¢ — ¢a® — 2¢%xy ¢
(14 ¢+ pa2)2 1+ ¢+ pa?’

¢ 1+ ¢ — 2¢y* — 4¢%zy
1+ ¢+ 2¢y2 (1+ ¢+ 2¢y2)?
16

Hence,
1 ¢

J(0,0) = 1245 1+¢
1+¢ 1+¢
This implies that £* = (0,0) is a non-hyperbolic
equilibrium point. So, it is not suitable to use the
classical Lyapunov’s indirect method for investi-
gating the stability of E*. For this reason, we
will apply Theorem 4 By some simple algebraic
manipulations, we have

Trace(J(z,y)) < 1,
1+ Trace(J(z,y)) + det(J(z,y)) > 0,
1 —Trace(J(z,y)) + det(J(z,y)) > 0,

for all (x,y) in some appropriate deleted neigh-
borhood of the origin. By the Jury condition [1],
all eigenvalues of J(x,y) lie strictly inside the unit
circle. Consequently, the stability of E* is proved.

We now compare the NSFD scheme ([15]) with the
standard Euler and second-order Runge-Kutta
(RK2) schemes. Figures [1| and |2 depict numer-
ical solutions generated by the Euler and RK2
schemes. It is clear that the obtained numerical
solutions are negative. So, the positivity of the
system is violated.

Conversely, from Figures we observe that
the numerical solutions obtained by the NSFD
scheme preserves the positivity and stability
of the system for all the chosen step sizes. Also,
the dynamics of the numerical solutions does not
dependent on the chosen step sizes.
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Iusuoduwos-x

Iusuoduwos-K

4

B804,
B8 EE—HE—EBEHHEHHHEEHE—BEE—BEEH—EE—B

Figure 3. The numerical solutions
obtained by the NSFD scheme with

Figure 1. The numerical solutions
obtained by the Euler scheme with

h = 0.5 after 50 iterations in Exam-

ple

0.5 after 50 iterations in Example

4
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Figure 4. The numerical solutions
obtained by the NSFD scheme with

Figure 2. The numerical solutions
obtained by the RK2 scheme with

h = 0.8 after 50 iterations in Exam-

ple

0.63 after 50 iterations in Exam-

h—
ple
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Figure 5. The numerical solutions
obtained by the NSFD scheme with
h =1 after 50 iterations in Example

B

If applying the scheme for the system we
obtain

Tnt+1 — Tn
¢
Yn+1 — Un
¢
P09 ¢
149 1 _®
+ 2(3:cn+ ) 5 (17)
¢ Do
2 142 1
—JZ%—CEn-Fyn
X

In — 23/3 —Yn

The scheme is defined for all denominator
functions ¢ since

¢ ¢
1+ 5(395% +1) -3
det > 0.
¢ L
—= 1+ = 1
Example 4. Consider the nonlinear system
t=—-2—x+ Y,

. 3 (18)
y=-z—y’ —vy.

It is easy to verify that the system has a
unique equilibrium point E* = (0,0), which is
non-hyperbolic. However, by a Lyapunov func-
tion given by V(z,y) = 22 + y?, we have that E*
is asymptotically stable. Our objective is to con-
struct an NSFD scheme which is dynamically con-
sistent with respect to the stability of the system
. For this purpose, we propose the following
NSFD scheme

Tpt+1 — T
Sl Rt — 21 + U,
T S
n n n .
d(h) "

The explicit form of the scheme ([19) is given by

Tnt+1 = xn+¢yn )
14 ¢+ oz

_ Yn — GTp
(AR WA

The trivial equilibrium point E* = (0,0) is also
a non-hyperbolic equilibrium point of the scheme
. So, the classical Lyapunov’s indirect method
fails to conclude the stability of E*. However,
by the new theorem @] we can show that EF* is
a asymptotically stable equilibrium point of the
NSFD scheme . Figures sketch numeri-
cal solutions generated by the NSFD scheme
with three different step sizes. In these figures,
each blue curve represents a phase plane corre-
sponding to a specific initial data, the red circle
represents the position of the stable equilibrium
point and the yellow arrows show the evolution
of the model. Clearly, the stability of the system
is confirmed.

We can also obtain a stability-preserving numer-
ical scheme for the system by using the
scheme . In this case, the scheme is given
by

Tn+1 — Tn
¢(h)
Yn+1l — Yn
¢(h)
¢ ¢
) L+ 5 (52, +1) = (20)
¢ ¢
2 1+ 5(3%% +1)

—x% — Tn + Yn

e
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Note that
b 4 ¢
1+ = 1 —=
+ 2(5xn +1) 5
det > 0,
) P oo
— 1+ = 1

which implies that the scheme is defined for
all denominator function ¢(h).

|

L]

s

—
S
z: 7

Figure 6. The numerical solutions
generated by the NSFD scheme with
h =0.01 and ¢ € [0,100] in Example

B

W

L]

A

Figure 7. The numerical solutions
generated by the NSFD scheme with
h=0.1and t € [0,100] in Example

Figure 8. The numerical solutions
generated by the NSFD scheme with
h =0.5and ¢ € [0,100] in Example

Example 5. Consider the following system (
139)

i =—a®+y,

3

21
y = —4x —y°. (1)

It was proved in [30] that this system has a unique
equilibrium point E* = (0,0), which is non-
hyperbolic and also asymptotically stable. Nu-
merical solutions generated by the standard Eu-
ler and RK2 schemes are sketched in Figures [0}
Clearly, these schemes cannot preserve the
dynamics of the system . We now utilize the
NSFD scheme to solve the system . In
this case, we have

1—i-%a:2 _¢
_99f _ 2 2
20y ’
2¢ 1+%y2

which implies that

pof 30 5,30 5,90 59,
det ([—=—=—) =1+— — — .
e( 28y> +2x+2y+4:cy+¢>0

Hence, the scheme is defined for all denom-
inator functions and step sizes. Numerical so-
lutions obtained by the NSFD scheme
#(h) =1 — e~" are depicted in Figures It
is clear that the dynamics of the system ([21)) is
preserved.
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s

Figure 9. The numerical solution
generated by the Euler scheme with
h = 0.2 and t € [0,1000] in Example

Bt

A

Figure 10. The numerical solution
generated by the Euler scheme with
h = 0.4 and t € [0,1000] in Example

2

Figure 11. The numerical solutions
generated by the RK2 scheme with
h = 0.7 and ¢ € [0,980] in Example

Bt

Figure 12. The numerical solutions
generated by the NSFD scheme with
h =1.0 and t € [0,1000] in Example

Bt
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Figure 13. The numerical solutions
generated by the NSFD scheme with
h = 0.5 and ¢ € [0,1000] in Example

Bt

Figure 14. The numerical solutions
generated by the NSFD scheme with
h =0.01 and ¢t € [0,1000] in Example

Bt

Example 6 (Stabilization of nonlinear systems
by feedback). Consider the following discrete dy-
namical systems described by the nonlinear differ-
ence equation

Yn+1 = Yn + ayg’ a>0. (22)

It was proved in Example [1 that the equilibrium
point y* = 0 is unstable. Our objective is to

find a control that stabilizes this system. More
clearly, we need to determine a feedback control
U = h(yn) in such a way that y* = 0 of the corre-
sponding closed-loop system is asymptotically sta-
ble. For this purpose, we consider

C eR.

Then, the corresponding closed-loop system is
given by

Up = Cyia

Yn+1 = Yn + (a + C)yg (23)
The Jacobian matriz of evaluating at y* =0
is

J(0)=1.

Consequently, the classical Lyapunov stability the-
orem fails to conclude the stability of . How-
ever, the new method (Theorem can be used
easily. Indeed, the Jacobian matriz s given
by

J(y) =1+3(a+ C)y?,
which implies that J(y) < 1 if C > —a. On the

—2
2

other hand, J(y) > —1 whenever y* < a0y
Therefore, by using Theorem [] we deduce that
1s locally asymptotically stable if C > —a.
This means that the desired feedback control u,, is
determined.

Let us consider a more complicated system. Con-
sider the following nonlinear system
L 3
Tntl = Tn + 5T,
(24)

Lo 15
Ynt1 = Yn T 580 T 2Yn:

This system has a unique equilibrium point E* =
(z*,y*) = (0,0). The Jacobian of the system is
given by

1+ a2 0

J(z,y) =
T 14yt

Therefore, the classical Lyapunov stability theo-
rem cannot conclude the stability of E*. Howewver,
E* is unstable by applying Theorem [{].
To stabilize the system , we use a feedback
control u, = (ax?, By2), where a, 3 € R. Then,
the closed-loop system is given by

_ 13 3
Tpt+l = Tp + 31:n + ax;,,

(25)

1 1
Yn+1 = Yn + 5»’5% + g?/i + 592

The Jacobian matriz of ]
1+ (3a+ 1)2? 0
J(z,y) =
T 1+ (58 + 1)y™.

Hence, the classical Lyapunov stability theorem is
not applicable to determine the stability of ,
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but it follows from Theorem[]] that the closed-loop

system is locally asymptotically stable if
1 1
a< -, < -
3 p 5

Hence, the system 1s stabilized.

6. Conclusions and remarks

In this work, based on the classical Lyapunov’s
indirect method and the idea proposed by Ghaf-
fari and Lasemi in [30], we have introduce a new
and simple method for investigating the asymp-
totic stability of discrete dynamical systems (The-
orem , which can be considered as an exten-
sion of the classical Lyapunov’s indirect method.
It is worth noting that the new method can be
applicable even when equilibia of dynamical sys-
tems are non-hyperbolic. Hence, in many cases,
the classical Lyapunov’s indirect method fails but
the new one can be used simply. Next, using
the new theorem, we have constructed NSFD
methods which are able to preserve the asymp-
totic stability of differential equation models hav-
ing non-hyperbolic equilibrium points (Theorems
and @ As an important consequence, some
well-known results on positivity-preserving NSFD
schemes for autonomous dynamical systems for-
mulated in [43,55,/61,/62] have been improved and
extended. Finally, a set of numerical examples
are performed to illustrate and support the theo-
retical findings.

In the near future, we will study practice appli-
cations of the new method to problems arising in
control theory, economic and applied sciences. In
addition, extensions of the new stability method
for nonlinear systems associated with fractional-
order operators will be also considered.
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In this paper we address the state estimation problem of a particular class of
irreversible port Hamiltonian systems (IPHS), which are assumed to be par-
tially observed. Our main contribution consists to design an observer such
that the augmented system (plant + observer) is strictly passive. Under some
additional assumptions, a Lyapunov function is constructed to ensure the sta-
bility of the coupled system. Finally, the proposed methodology is applied to
the gas piston system model. Some simulation results are also presented.

() G

1. Introduction

Port Hamiltonian systems (PHS) encompass a
very large class of systems including electrical,
mechanical, and in general multi-energy systems
[1-4]. This formalism has been suggested as a
way for modeling and analysis of free and con-
trolled physical systems, due mainly to its essen-
tial feature of underlying the crucial role played
by the energy function, the interconnection struc-
ture, and the dissipation in the control of the sys-
tem.

Although the PHS frame expresses the first prin-
ciple of thermodynamics (the conservation of the
energy), it is not suited for systems describing
irreversible phenomena, as it is necessary to ex-
press the irreversible entropy creation, i.e. the
second principle of thermodynamics. To solve
this problem, the PHS frame has been revised
and many quasi-PHS formulations have been pre-
sented in [5H7]. In [7], the PHS frame has been
extended to a class of systems called IPHS. These
systems are defined with respect to a skew sym-
metric structure matrix, and have the advantage
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of representing the first and the second princi-
ples of thermodynamics as theoretical properties
of the system. (The reader is referred to |7] for
more details on the IPHS construction and prop-
erties).

In most realistic problems, we do not have full
information about the system state. Hence, the
need to estimate the unknown part of the vector
state is of great interest. For PHS many research
papers have been developed to investigate the ob-
server design problem [8-12]. In [10/11], an ob-
server design method based on passivation of the
error dynamics is presented. By combining the
interconnection and damping assignment method
and the dissipativity theory, two observer design
strategies are proposed in [§]. In [12], a full or-
der observer design method based on contraction
analysis is suggested for a particular class of PHS.
For the class of systems considered in this paper
(IPHS) regarding the control, a globally stabiliz-
ing controller preserving the IPHS structure in
closed loop is proposed in [13] and [14]. In [15],
an energy shaping and damping injection IPHS
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controller is constructed for an IPHS. Concern-
ing the state estimation problem, to our modest
knowledge, there is no observer design method de-
veloped for IPHS.

In this paper, our contribution is to present an
observer design method for a class of IPHS by ex-
tending the approach suggested in [10,11] for PHS
to the IPHS setting. Although our methodology is
following that of [11], it is not obvious or simple to
establish the same results for our class of systems.
Some specific hypotheses are introduced in order
to take into account the conservation of energy
and the positivity of entropy production. It is as-
sumed that the system is partially observed and
that the observations are depending on the mea-
sured state only. That case is the most popular
in practice and does not constitute any restriction
as the availability of all state variables measure-
ments is infrequent. Our observer is globally ex-
ponentially stable, and it is a copy of the original
system in which the vector state components are
directly the estimates of the plant ones.

The main advantage of the present study is that
it is the first approach devoted to the observer de-
sign problem of IPHS. Unlike to [10,{11] where the
irreversibility is not considered, in this paper some
specific hypotheses are introduced in order to take
into account the conservation of energy and the
positivity of entropy production. In addition, the
use of the passivity technique renders the observer
more stronger and robust against perturbations.
Although the efficiency of our design method has
been proven, the proposed strategy is restricted
to minimum phase systems.

The rest of the paper is organized as follows. In
section 2, a brief overview of the considered IPHS,
the used observer, and some motivation will be
given. Section 3 will be devoted to the description
of our main result. In section 4, an application of
the proposed approach on the gas piston system
model will be presented. The paper is wrapped
up in section 5 with a summary and an outlook.

2. Irreversible port Hamiltonian
systems

Irreversible Port Hamiltonian Systems (IPHS)
have been introduced in |7] as an extension of port
Hamiltonian systems. In particular, the IPHS for-
mulation is used to express simultaneously the en-
ergy conservation and the irreversible entropy cre-
ation. This article will be limited to the class of
IPHS given by the following definition.

Definition 1. The input affine representation of
IPHS is defined by the dynamic equation and the
output relation:

. oUu 0S. . oU oU
& = R(x, 92 B )J8 +g(x,%)u(t),(1)
8U 5’U
— J(z
where:

(1) z(t) € R™ is the state vector.

(2) u(t) € R™ is an input time dependent
function, g(z, %—g) R7>m,

(3) U(z) € R, S(x) € R represent respectively
the internal energy (the Hamiltonian) and
the entropy functions.

(4) J € R® x R™ is a constant skew sym-
metric matriz, the structure matriz of the
Poisson bracket {.,.};, where {S,U}; =

T
& (2) T 50 ().

(5) R(x,%—g,%) is the product of a posi-
tive definite function v and the Poisson
bracket of S and U.

R 20 e s vy @)

with ~y(x 78:0) R*"xR" — R, v>0, a
non linear positive function.

By construction, it is clear that IPHS satisfy the
first principle of thermodynamics (conservation of

energy):

v

which expresses that system is lossless dissi-
pative with energy supply rate y” u (See e.g. [13]).
Moreover, IPHS obey the second principle of ther-
modynamics (positivity of the internal entropy
production):

dS oU 9S8 9ST oU
dt = R@v%v%)ﬂ D (4)
b 9w Wy
oz I\* Bz ’
B oU 9 Ty 8U (‘35
where ~y(x 703:){*9 U} = (m,%—g) > 0, and

{S,U}% ={S,U}{S,U},, (see [13], [16] for more
details).

The energy and entropy functions are usually ex-
tensive variables. They satisfy the additivity [17]

S(X) +5(Y),
UX)+U(Y),
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where X and Y are two states. In addition, they
satisfy the scaling relation [17]

AS(X),

where )\ is an arbitrary scaling function.

In most realistic problems, we do not have full
information about the system state. Hence, the
need of estimating the unknown part of the vec-
tor state is of great interest. This motivates our
observer design method in which the state of the
original system will be decomposed into two parts.
One is measured and hence it is selected to be the
output. The other is non measured and it will be
estimated by the observer.

3. Problem formulation

In this note we address the partial state observer
problem of IPHS of the form:

{ z = R(xlv %7 %)J(xl)%% +g(1"17 %)u(t)7
Y= T

(5)

Where

_ Ji(z1)  N(x1) Uy _
7= [NT(%) Ja(r1) gengn) =
gl(xlv%)

g2(z1, 5o

x = (r1,22) € R", 21 € RP is the measured state,
r9 € R™7P is the unmeasured state, u € R™ is
the input (where m, n and p are integers such
that 1 < p < n and m < n). It is assumed that
the system is forward complete, that is tra-
jectories are defined for all ¢ > 0. The matrices
Ji € RP*P_ J, € R=P)X(=D) are skew symmet-
ric, N € RPX(n=P) g, € RP*™ and gy € R(—P)xm,
U : RP x R"™P — R is the internal energy of
the system. S : RP x R"? — R is the entropy
function. The energy and entropy functions are
assumed to satisfy

Ur(x1) + Ua(z2), (6)
S1(z1) + Sa(z2), (7)

where U; : RP — R, and Uy : R"P — R
are two energy functions. S; : RP — R, and
So : R"P — R are two entropy functions.

Our aim is to design a full order observer for sys-
tem in the following form:

T . oU 08 _.0U .
. oUu .
+ g(1, a—jl)u(t) + L(21)v,
| Li(@) Ay s
where L(%1) = [ Lo(i1) ] , &= (Z1,22), &1 € RP,

To € R"P v € RP.

Where v = —k(y, )yq + v4, yq and vg are desired
output and input respectively, and k : RPxR" —
R** is a continuous scalar function.

Following ( [15], page 20), the total energy of
the augmented system composed of and
is U(x,2) = U(x) + U(&). This result represents
an extension of the composition theory of dirac
structures from the port Hamiltonian case to the
irreversible one. This result states that the energy
of any two port controlled Hamiltonian systems
or more is the sum of the energy function of each
system. See ( [4], page 241) for more details.
The time derivative of the energy of the aug-
mented system may be defined as follows

U(;r, z) = ag:g(xl, g—gl)u + ag;g(:i‘l, g—g)u
- UL Lkya + % Lug.
Then under the conditions
20 e 2+ g, 2 = o,
aaU;L = Yq,
we get
Uz, 2) = yiva — kyg Ya < Yq va, 9)

and hence the feedback law v = —k(y, Z)yq + vq
makes the augmented system composed of ([5]) and
strictly passive, with respect to the manifold
M = {(z,%) : * = &}, from the new input vy to
the new output ygz. In that case, system (8 is
called a passivity based observer for system ([5)).
Recall a fundamental characterization of passive
systems. A system of the form & = f(z) + g(x)u,
y = h(x), x € R™ satisfies the KYP property if
there exists a nonnegative function U : R" — R,
with U(0) = 0, such that

(VU(@)" f(z) < 0,
(VU () g(x) h' (),
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see |18] for more details.

In order to solve the observer design problem, we
shall find gains L1, Lo, and some function k£ such
that the augmented system is strictly passive (for
more details on the passivity definition and its ap-
plications see [10,(14}/18./19]) with respect to a cer-
tain manifold that will be specified later. In this
manifold, the unmeasurable state can be recon-
structed, and hence global exponential stability
of the system can be obtained by letting vy = 0.
Note that a nonlinear observer is sensitive to mea-
surement disturbances. In [10], it is shown that
the passivity property can be used to modify the
nonlinear injection gain in order to make the ob-
server robust with respect to measurement distur-
bances.

4. Observer design

In the beginning of this section , we state the
conditions which will make the augmented sys-
tem strictly passive from the input vg to the out-
put y4. To this end, we follow the same idea as
in |11] by using the equivalence between the next
two statements established in [18]:

(1) Any affine control system can be rendered
strictly passive by a smooth static state
feedback.

(2) The system has a vector relative degree
{1,...,1} and is globally minimum phase.

We recall the relative degree is equal to the num-
ber of times that one has to differentiate the sys-
tem in order to have the input explicitly appear-
ing. Moreover, a system is said to be globally
minimum phase if its zero dynamics are globally
asymptotically stable. See [18] for more details.

Note that in the study of passive systems, the con-
cepts of relative degree and zero dynamics arise
naturally. In particular, in our setting, we as-
sume that the system has a vector relative degree
{1,...,1} in order to ensure the existence of the
system zero dynamics.

We make in the sequel the two following assump-
tions.

Assumption 1. For any Z = o — x9, there exist
Q=Q" >0, Q e R"PX(n=p) gych that:

ou  oU Loz

8:%2 8%’2
Assumption 2. There exists a smooth globally

invertible matriz Li(z1) € RP*P and a smooth
matriz Ly(x;) € RP)XP such that:

BT(:El) + B(xl) > 5I(n—p)

(10)

§>0,
(11)

x(n—p)»

holds for all x1, where:

oUu 08
%,%)N(xl)-

We are now ready to state the passivation result:

Lemma 1. Assume that assumptions and
are satisfied. Then:

(1) The augmented system (x,%) has a vec-
tor relative degree {1,...,1} with respect
to the input v and the output yg = 1 —x1.

(2) The zero dynamics of the augmented sys-
tem (z,&) with respect to the output yq
renders the manifold P = {(z1,x2,&2) :
Zo = xa} positively invariant and globally
exponentially attractive.

B(z1) = La(x1)Ly (1) R(21,

Proof. (1) Now, we compute the derivative
of yq as:
ou  oU
= RN + L
yd [8332 8$2] Lo

As v is the considered input and L is in-
vertible by assumption for all x1, the re-
sult is achieved.

(2) The zero dynamics of the augmented sys-
tem with respect to the output yy4 consist
of and the equations:

ou  oU
0= RN[%2 8@] + Ly, (12)
. U oU
T 7RNT6:U1 + RJQa + gou  (13)
+  La(z1)v,

we note that these zero dynamics are de-
fined uniformly for all u € R™.

Now, consider the manifold P and denote
Z = 9 — x9. By using (12), we compute
the derivative of Z along and . We
get

Z =[RJy — LoL;'RN|QZ. (14)

Then by skew symmetry of RJ> and the
use of assumption ([2)), we have the posi-
tive invariance of the manifold P .

Now consider the Lyapunov function
1. 0U 0U ou oU
V=-A——— [
2(8902 8332) ? (6502 8902)’

then by assumptions and we obtain

(15)

1. 1 .
5ZTQZ + 5ZTQZ

= S[Z7Q(-Rp ~ BT + RJ, -
= —EZTQ[BT + B]QZ

s (@)
= 5)\M(Q)V

B)QZ]
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where A\, (Q) and A\j;(Q) denotes respec-
tively the smallest and the largest eigen-
value of ). Thus the system exponen-

tially decays to zero with convergence rate
52m(Q)
Am(Q)
O

Remark 1. In the last lemma we mean by zero
dynamics, the dynamics of the augmented system
composed by the observer and the plant restricted
to the set of initial conditions such that the cor-
responding output yq = T1 — x1 1S zero (which
implies that &1 = x1).

Hence the observer , will be defined by

B R g S5 (6)
+ gl gyl + Lo,
where L(z1) = [ é;gi; ] .

We note that this definition differs from the usual
understanding of zero dynamics, as the input u(t)
still appearing in the equations.

The following assumption will play a crucial role
in our analysis.

Assumption 3. There exists a smooth function
B :RP — R™" P such that

_ op
L)L) = o) ()
holds for all x1 € RP,
Remark 2. (1) Assumption (1| is important

in the development of our approach. It al-
lows us to easily demonstrate the positive
invariance and the exponential stability of
the manifold P. This assumption is very
crucial and will be helpful in the choice of
our example given in section . Moreover,
it expresses a relation between states vari-
ables and co-energy variables, and means
that any co-energy variable %(%) may
be linearized with respect to the state xo
(Z2).

(2) Assumption[2] is usually satisfied since Ly
and Lo represent degrees of freedom. The
choice of Ly and Lo is done such that the
augmented system has a vector relative de-
gree and is globally minimum phase.

(3) In assumption 3, a matching condition is
defined and has to be solved. This condi-
tion requires that the selected gains L1 and
Lo should be integrable. This assumption
will be used to achieve the attractivity of
the manifold.

Now, we proceed to the design of the feedback
law and consequently to the construction of the
full order observer.

Theorem 1. Assume g1 = 0.
Then, the augmented system , expressed in
the coordinates (x1,x2;&1,&2) where
& =
& =

i.1 — X1,

B — @y — {B(21) — B(x1)}

has global normal form with respect to the input
v and the output yq.

Moreover, the feedback law defined by

v=—(a+ ¢+ $3)&1 + vy, (20)

where o« > 0 and ¢;(&1,21,22), @ = 1,2 are
non negative scalar functions, renders the sys-
tem strictly passive with respect to the manifold
P, uniformly for all w € R™, from the input vq to
the output & with the storage function being given
by

W(e &) = 5616 + 1€ X6,

where X € RP*P, gnd () € R""P*"~P,

Proof. We define the functions F;(&1, &2, 1, 22) =
Fi,i=1,2,3, as:

F = fi—-fi (21)
F = fo—fo (22)
0 . 0

F3 = 851 (T1)f1 — 8fl(ﬂﬁl)fl; (23)

where fi(z1,22) = fi, fil@1,80) = fi, i = 1,2,
FiL eRP Fy € R"7P,

fi(z1,22) oU 9S . _oU
[ fa(z1,22) (@1, 0xq,’ 0z’ Ox’
and hence using the assumption g; = 0, the sys-

tem dynamic may be expressed in the coordinate
transformation (£1,&2) as

& = Fi(&,&,21,22) + Li(d1),
& (Fp — F3)(&1, &2, 21, 12).

In addition, we have

Fi = Fi|$2:1‘2+§2 + Fi‘£1:07
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where  Fj|py—zp4 Fi(&1, &, 21,22 + &),
File,—0 = Fi(0,&2,21,22). We note that when
& = 0, then Fj(&1,&, 21,22 + &) = 0. Hence,
the augmented system assumes its global nor-
mal form as we have the existence of continu-
ous matrix functions A (&1, x1,x2) € RP*P) and
Ai(&1,z1,22) € R"P*P for i = 2,3 achieving

Fi(§1,&, 71,72 + §2) = Ai(&1, 71, 22)61. (24)

Now, There exist non-negative continuous scalar
functions ¢; (&1, 1, w2 + &2), i = 1,2, 3 such that,

| A; (&1, 21, w2 + &) || < ¥i(&1, 21,22 + &2), (25)

holds for all £, z1, xa+&2, where ||| is the induced
norm of any general matrix.

The next inequalities will be used to demonstrate
that the system is strictly passive with respect to
the input vy and the output yg:

163 Q(Fy — F3) (€1, €0, 71,2 + &)|| <

C{tha + b3} (€1, w1, 2 + E)VB||E1 ||| &2l
v (Q)
5

(26)

where ¢ = , and Ap/(@Q) is the largest eigen-

value of Q).

1€ X Fy (&1, &9, 21, 2 + &) <

M (X)) (€1, 21, 20 + &) | &2, (27)
|6l X F1(0, &, 21, 22)|| <
(X)) | RI NIV € l[I€2]I, (28)

Now consider the feedback law v (20) with
o1 = Au(X)¢1 and ¢ = (({v2 + ¥} +
A (X)||N]|||R]]), and the storage function W.

Using the inequalities , and we ob-

tain:
i 2, T 3 2
W <~ allal? + €l va - S5~
1
—{5\/5’\§2H — |1l pa}?
Thus, we get the result. O

5. Application

We consider a pure ideal gas contained in a cylin-
der closed by a piston and submitted to grav-
ity. The thermodynamic properties of this system
may be decomposed into the properties of the pis-
ton in the gravitation field and the properties of
the perfect gas. See |16] for more details.

The total energy of the system is:

U(l‘) = TS — PV + Hmec(zvp)7 (29)

where z = [S,V, z,p]T is the vector of state vari-
able, S denotes the entropy variable, V' is the vol-
ume variable, z is the altitude of the piston and p
its kinetic momentum. Hy,ec(z,p) = %m}o2 +mgz
represents the energy of the piston. The co-energy
variables are defined by the gradient of the total
energy:

oU A

U A T

?f; N Iy (30)
ap v

where T' is the temperature, P is the pressure, F}
is the gravity force and v is the velocity of the
piston. This system may be written in the state
space representation form as follows:

S 0 0 0 1
T
vy _ gl 0 0 0 AL
dt | 2 0 0 0o =L
T _ T
p -1 -AL -
J
T
-pP
F
v
N——
V.U

where A denotes the area of the piston, and
ou o
" ox 987

oU
%){S’ U}J>

R = R(
y(z,
@
T?

au ou,
6951’ 85 ’

I
=y

(1.17

and
J = J(l‘l),
such that 1 =[S, V,p]’ and 23 = 2.

In order to stay in the context of partial state
observability, we assume x; to be measured and
x9 is non measured. If we let (&1,22) be the
state estimates and define their dynamic as in
, the error of the system may be expressed as
(e1,e2,e3,eq4) = (S, V,p,2) — (S,V,p, 2).

The assumption [1] is satisfied:

oUu oUu R
87@ - 87332 = pAg(Z — 2),

where ¢ is the gravity force, p is the density.

Now let L1 = I3, where I3 is the identity matrix
of order 3, and Ly = [0, 1, 1]. Then, assumption
is clearly satisfied as we have:

BT(z1)+ B(z1) = 24+2>0.
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The function S of assumption [3] will be defined
as: f(x1) =V + p. To express the system in its
global normal form, we use the following change
of coordinates:

§1 =21 — w1,
=[S=SV-Vp—p,
= [&1, &2, &3]”,
Ty — w2 — (B(21) — B(z1)),
2=z—=(V-=V)=(-p),

)

where &1 =5 =8, &2 =V =V, and &3 = p— p.
We choose the total energy as
1 1 1 1
W (&1, &) = 55%1 + 55%2 + 55%3 + §£2T§2

Now, as all tools are available, we shall design the
feedback law . Firstly, the functions f; and
fo are given by

fi(z1,22) = Av ;o=
—vv+ AP — pAgz
Then
92 v?
V(? - 7F)
F = A(D — ) ;
—v(b—v)+ AP — P) — pAg(Z — 2)
F2 =0 — v,
F3 = (A—v)(9—v)+ AP — P) — pAg(? — 2).
Using the inequalities , , and we get
7| Ty 0|
=max(Anr——— + pAg, Anr—— + Tov —,
” (Anr g T pdg Anr o+ Tor

V 4+ V]|

pAg+ (A+v+
( 7]

)supp([[Vl])

and

T T
o2 :maa:(AnrwioA + pAg, Anr—9|, supy(|[Vol|)+

V| clV
+pAg)+1+ A+ V||;’|.

Therefore, we get the expression of the feedback

law v as

U1 ) ’Udl
v | =—(a+dp1+3)6+ | va, |,
U3 Vds

where &1 = (&11,&12,&3)7 = (S-S, V-V, p—p)T.

The simulations below address respectively the
entropy, volume, the altitude of piston and the
kinetic momentum. The plant curves are in red
and the observer ones are in black.
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Figure 1. Open-Loop trajectories
for the gas piston model and the ob-
server.

The simulation results for the gas piston system
model and the observer are given under the initial
conditions:

So Voll) | po| 20 | «
Plant 151.077 5 05001 0
Observer 281 20 0 | 600 |10

The other parameters are chosen as: g = 10m/S?,
n = 0.1002 mol, v = 0.05, A = 0.01m?, Ty =
600 K, ¢ =180 j/Kg/K. r=8.31jmol 'K~ 1is
the universal gas constant.



Observer design for a class of irreversible port Hamiltonian systems 33

6. Conclusion and Outlook

In this note, we have proposed a passivity based
observer for a special class of irreversible port
Hamiltonian systems. The observer design is done
in two steps: The first one is the passivation of the
system. In this step we check if assumption [I] is
satisfied. Then, the matrices L1 and Lo are cho-
sen in such a way to fulfil assumption 2l Finally,
we compute the function S by using assumption

Bl

The basic idea of the second step is to express the
system in its global normal form and compute the
feedback law v by using the procedure described
in Theorem[I] Finally, the result has been applied
to the gas piston system model considered in [7],
and some simulation results of the studied exam-
ple are presented. Since our study involves time
derivatives, future works will tackle the investiga-
tion of the proposed observer design to the study
of fractional differential operators (see [20-28]).
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