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The paper addresses diffusion approximations of magnetic field penetration of
ferromagnetic materials with emphasis on fractional calculus applications and
relevant approximate solutions. Examples with applications of time-fractional
semi-derivatives and singular kernel models (Caputo time fractional operator)
in cases of field independent and field-dependent magnetic diffusivities have
been developed: Dirichlet problems and time-dependent boundary condition
(power-law ramp). Approximate solutions in all theses case have been devel-
oped by applications of the integral-balance method and assumed parabolic
profile with unspecified exponents. Tow version of the integral method have
been successfully implemented: SDIM (single integration applicable to time-
fractional semi-derivative model) and DIM (double-integration model to frac-
tionalized singular memory models). The fading memory approach in the sense
of the causality concept and memory kernel effect on the model constructions

have been discussed.

(cc)

1. Introduction

There are many natural phenomena which can be
modelled in diffusion approximations. Here mag-
netic field diffusions in solid ferromagnetics is con-
sidered with attempts to apply approximate solu-
tion based on synergism of fractional calculus and
the integral-balance method in different versions.
The main idea is to demonstrate the feasibility
of both the fractional calculus approach and the
integral solution.

In the context of the main idea of this communi-
cation magnetic diffusion of a field with parallel
lines (see Figure[l]) is taken as example. Two ba-
sic cases considering filed-independent and field-
dependent diffusions with fixed (Dirichlet) and
time dependent (power-law) boundary conditions
are chosen as test examples. Moreover, the prob-
lem of magnetic field diffusion with memory is
discussed with either the common time fractional
operator of Caputo with singular kernel or from

*Corresponding Author

the more fundamental fading memory principle
allowing different memory functions to be used.

1.1. Magnetic field transport in
conducting media

The field transport in magnetizable and conduct-
ing media can be presented as superposition of the
fundamental processes of advection and diffusion
as key parts of describing behaviour of magnetic
field in materials. In homogeneous (and ideal)
materials, the magnetic field B , the electric field
E and the material velocity (mainly in the case
of plasma) v are related by the following consti-
tutive relationship [I]

E+vxB=0 (1)

It is worthy to mention, that if the material is not
ideal,that is when the material resistance is finite
then the right-hand side of ({Il) we have [I]
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E+vxB=D,(VxB) (2)

where D, = o/ (o is the material resistivity, p
is magnetic permeability) is the magnetic diffu-
sivity. In such a case the magnetic field induction
equation is [I]

0B

5 = VX (vxB)+Vx(D,VxB) (3)

If a pure resistive magnetic diffusion is considered
then Eq. (B]) reduces to [1]

0B

Esz(D#VxB) (4)

ferromagnetic
material

Figure 1. Schematic presentation of
magnetic field with straight lines ap-
plied to a ferromagnetic material

The physics behind these relationships means
that the changes in the magnetic field lines in time
can be due to two principle causes: magnetic field
advection (if the material is flowing as plasma or
highly conductive fluid) and its diffusion through
the material. Hence, as in the classical transport
theory we assume a superposition of two trans-
port mechanism: advection and diffusion. If the
magnetic diffusivity D,, is uniform (spatially inde-
pendent), then it is possible to express [, as [1]

B
aa—t:Vx(va)—i—DHVQB (5)

That is, the magnetic field flux velocity w is re-
lated to the temporal change of the induction B
by the relation [1]

0B
Esz(wa) (6)

and w is termed flux transporting velocity [I]
In a particular case considered in this article if
the pure resistive material is at issue, then E =
nV x B and the ideal Ohm law holds (see ()

the magnetic flux velocity is practically equal to
the velocity of the medium (flowing conductive
medium) v and ([Il) becomes

E+vxB=VF (7)
and F is an arbitrary function of integration [1]

1.2. Magnetic field diffusion with straight
field lines

1.2.1. Medium with field independent
permeability

If one-dimensional case is considered then equa-
tion (@ ) reduces to the following diffusion equa-
tion [1H5] with constant magnetic diffusivity.

0B 0 0B
ETir <D“8x> (8)

With uniform magnetic diffusivity D, = Do =
o/u = const. (o is the resistivity of the material,
w = dB/dH = f (B) is the field dependent per-
meability of the material) and a sharp unit step
at the boundary = = 0 (Dirichlet problem), that
is (i.e. for the case y = dB/dH = f (B) =kp =
const.) we get

+ Bg,x >0
— By, z <0

B (.0 = { (9)

The case is relevant to an infinitesimally thin cur-
rent sheet [I]. If the field is maintained fixed
at two boundary points of a finite domain (+L)
obeying the conditions B (L,t) = —B(—L,t) =
By, the solution of ) with D,, = D, is [1]

B(x,t) = Bo% +
——
stationary
profile
By =1 D x
+ 270 ; z exp |:—]€27T2 (L’;Ot)] sin <k:7rz)
transient term
(10)

The solution means very rapidly establishment
of the magnetic field stationary profile By (/L ).
Moreover, taking into account the finite Ohmic
heating (j?/o) = (Duo/p) (Bo/L )% per unit
length of the medium due the continuous supply
of magnetic energy through the boundaries with
arate (DyoB3/pL ) [1]
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1.2.2. Medium with field dependent
permeability

Commonly the power-law approximation [2] de-
scribes the magnetic field induction dependent on
the field intensity, namely

B:B(H):<H>7, 0<y<1 (11)

By H,

where B; and Hg are corresponding to the point
of magnetic saturation (specific characteristics for
every magnetic material that can be used as char-
acteristic scales). Actually, this permits the diffu-
sion equation to be presented in a dimensionless
form as [2,[6]

0B 50 (-,0B

98 _pB 9 (pp2Z 12

ot " ox ( 8:U> (12)
where 8 = —1;7 , DE = 7#59,3, Ms = fl—z.

Equation (I2)) is a degenerate parabolic equation
because of the power-law diffusivity D, = DE B?.
in such a case the solution has a finite speed in
contrast to model (8) where the solution speed is
infinite. Hereafter, for the sake of simplicity of
the expressions we will omit the symbol B and
will use only B.

1.3. Aim and motivation notes

The following part of this article demonstrates
how fractional calculus can be applied to solve
magnetic diffusion models with either field-
independent or field-dependent diffusivity. The
assumption behind these models and the approx-
imate solutions developed is there is no changes
in the material resistivity (that is, no Joules ef-
fects as result of the magnetic field changes ex-
ist). The only magnetic field effect on the ma-
terial property considered is the power-law de-
pendence of the magnetic diffusivity as implicit
performance of the field dependent magnetic per-
meability. The fractional calculus approach envis-
ages two directions: 1) Semi-derivative approach
to the parabolic model (8), and 2) Fractionaliza-
tion of the magnetic diffusion equation through a
constitutive flux-gradient relationship with singu-
lar memory. In addition, the general problem of
the causality principle in modelling of non-local
diffusion and the fading memory approach are
discussed. In general, the models and the solu-
tions developed consider the magnetic material as
a semi-infinite with a boundary condition at x = 0
since we are interested in the laws behind the
magnetic field front propagation; before reaching
the physical limit L of the medium as in solution

(I0). This approach allows straightforwardly see-
ing what would be the transient solution of the
magnetic diffusion problem if memory formalism
would be implemented in the diffusion model.

1.4. Paper organization

In what follows fractional semi-derivative diffu-
sion model is developed by splitting the model
[®) in section 2] and demonstrating two solutions
with fixed (Dirichlet) (section ZI.I]) and time-
ramp boundary condition (section 2ZI1.2). Fur-
ther, time-fractional models of magnetic diffu-
sions are developed (section [)) through a con-
stitutive equation with singular memory (section
[B.1) with two problem solved (section []): Dirich-
let problem (section [£2.1]) and ramp (power-
law) time-dependent boundary condition (sec-
tion [1.2.2)) solved by application of the Double-
integration Method (DIM) (section A1) in the
general case of of field-independent magnetic dif-
fusivity. The model counterparts with field-
dependent magnetic diffusivity are solved in sec-
tions (A3]) by preliminary transform of the diffu-
sion term in two cases: Dirichlet problem (sec-
tion £3.1) and ramp boundary condition (sec-
tion £3.2)). The fading memory principle and the
causality concept are discussed in sections [) and
BTl respectively, thus allowing to construct a
more general model of magnetic diffusion (section
(.I2) and a qualitative analysis of the different
kernel functions on it (section [L.1.3]).

2. Fractional calculus to magnetic
diffusion problem

Here we address three principle problems :

e Fractional calculus solution by semi-
derivatives of the problem with constant
magnetic diffusivity with fixed and time-
dependent boundary conditions

e Fractional models of magnetic diffusion
with singular memories as counterparts of
the integer-order models () and (I2)).

e Fractional models based on the causality
principle and fading memory concept

2.1. Fractional calculus solution by

semi-derivatives: general approach

Consider the model () which can be presented as
product of two operators
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o'/2 B OB
<8t1/2 oV D“&z) x
02 B OB

. ( e T vDﬂm) =

(13)

where
ov?p 1 d/B(x,t)du_B(x,O)
ott/2  T(1/2)dt ] Vi—u Vit
0

(14)

is a Riemann-Liouville derivative of order 1/2 . In
(I3) only the second term has a physical mean-
ing [7,8]. Hence, the time-fractional equivalent of

@) is [9]

oY/?2 B 90

oz~ Vg = 15)
92 B(0,1) OB (0,1)

=V ox

Applying the operator D, 2 ¢6 both sides of ([I5)
we get ([I0])

8t1/2

B(0,t) = o PB (0.1)

Vs |5, ] (16)

With initial condition B (x,0) = 0, applying a
single integration with respect to the spatial co-
ordinate x and using the Leibniz rule for differen-
tiation under the integral sign we get

Y2 B(0,t)

oz (17)

Q“&‘

)
/Bmtd:v—\/DH
0

The upper terminal of the integral in (I7) defines
a sharp front of magnetic field penetration into
the medium with conditions (Goodman’s bound-
ary condition [10,11])

9B (50

B(§) =

(18)

Equation (I7) is the principle equation of Semi-
Derivative Integral Method-single integra-
tion( SDIM-1) [12]. The exact solution of this
problem (§)) is well -known [13], namely

Bezact =1 — €’I”f (77/2 ) (19)

where n = x/,/D,t is the Boltzmann similarity
variable. The approximate solution developed in
this work applies an assumed general parabolic
profile with unspecified exponent

By = Bs(1—x/5 )" (20)

This assumed profile satisfies all boundary condi-
tions (8] for any values of the exponent n [11].

2.1.1. SDIM solution: Dirichlet problem

With the assumed parabolic profile (20) and ap-
plying the Goodman boundary conditions we get
B, (0,t) = Bs = 1. Now, replacing B(x,t) in the
integral relation (I7)) by the approximate profile
[0 ) the result is

d 1)
Bl 1_,
dt/

0

The integration of (2I) with the initial condition
d(t=0) =0 yields

D1/2

= \/Duiatl/2 c

(21)

2(n+1)

N
(22)

1 do 1
—— =./D D,t
n+1dt " "

——= = 0p =
N

Hence the approximate distribution B, (z,
the magnetic field in the material is

t) of

x N3 "
w/Dth(n—l-l)) (23)

Hence, in terms if Boltzmann similarity variable
n=x/y/Dyut the front is defined by the equality
n=2(Mm+1)/y/r (i.e. whenz = dp ) since at this
point B, = 0. The optimal solution of this prob-
lem, i.e. solution with minimal mean squared er-
ror of approximation over the entire magnetic field
penetration layer is ngy; = 2.248 (similar problem
was resolved in [12] ). Comparative numerical
simulations are presented in Figure 2.

That is, the dimensionless penetration depth
correspondlng to the optimal solution is

dp/+\/Dut n+1 ~ 3.665. Here /Dt plays a

role of a length scale Taking into account that
D, = (o/pn ) any Joule heating can change the
magnetic diffusivity, as well changes in p due to
temperature effects on the material resistivity and
magnetic permeability, correspondingly.

B, (z,t) = Bs (1 -
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10 | Field independent permeability

SDIM-1 solution

Dirichlet problem

0.8 |
06 |
= [ SDIM-1{n=2)
m 04 | —
W Exact
pa L = SDIM-1({n=3)
0 1
0 1 2 3 4 5
a
) n(-)
(a)
10 | Field independent permeability
|\ SDIM-1 solution
Dirichlet problem
0.8 |
i 0.6 |
o L
m
04 |
SDIM -1 —
— Exact
02 | Nopt = 2.248
0 =
o 1 2 3 4 5
b) n(-)

Figure 2. Approximate profiles de-
veloped by SDIM-1 approach and
Dirichlet problem: for stipulated ex-
ponent n = 2 (a) and optimal n,, =
2.248 (b), compared to exact solu-
tions

2.1.2. SDIM solution: Time-dependent
boundary condition

Let us consider a generalized ramp time-
dependent boundary condition byt"/2 with m >
0 at £ = 0. This problem has an exact solu-
tion [I3] (Chaptert 2 ) expressed through the er-
ror function (in terms of the process parameters
discussed here), namely

o (3o ares (1)
m

(24)

which can be applied only by either numerical so-
lution or tabulated data.

With the generalized parabolic profile (20) and
the Goodman’s boundary conditions we get

B, (0,t) = By = bpt™'?, B, (8) = Boo =0,
B, , .
o (x=06)=0

(25)

That is, the assumed profile is

By, = bot™/? (1 - f)n (26)

Now, applying the relation (I7) the result is

p 5
~ | tm/ 2
dat | °

0

The integration of eq. (271 yields

d o
= m/2 % )
dt (bot n+1>

P(Z41) e ] (28)

_ /D, [boét
"1TT(2+3)

The integration of ([28) with the initial condition
d(t=0) =0 yields

2 1
oy = D2 Ve
(m+1) -
L Os _n 2t 29
Dt "B (m+1)
where G,, = % is a constant. Then, the

approximate filed induction profile is

Ba (z,t) = bot™? [ 1 — ey —
\/ (m+1
n
g (1
(n+1)
(m+1) G
(30)

Hence, the front is defined by the condition n =

2(("+1)) G- The optimal values of the exponent n

depend on the rate of the surface magnetization,
i,e. on the values of m. The minimization of the
squared mean error of approximation for different
values of m yields optimal exponents summarized
in Table 1. Plots of the approximate solutions are
shown in Figure 3.
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1.0 Parabolic profile, n=2

Time-dependent boundary condition

Ba/Bs(-)

a) n-)

(a)

Goodman’s method + SDIM-1
1.0 Time-dependent boundary condition

BalBs(-)

o3 Goodman’s method + SDIM-1

Time-dependent boundary condition

Figure 3. Normalized magnetic field
profiles developed by SDIM-1 for dif-
ferent values of the parameter m of
the surface ramping magnetization:
a) SDIM-1 solution with stipulated
parabolic profile exponent n = 2; b,
¢) SDIM-1 solutions with optimal ex-
ponents: Comparison with exact so-
lutions (tabulated) from [13]

Table 1. SDIM-1:Optimal expo-
nents for different values of m
m 1 2 3 4 5 6

n (optimal) 1.336 1.618 1.822 1.919 2.158 2.302

3. Fractional models of magnetic
diffusion: simplified approach

Here we address magnetic diffusion equation with
memory. Precisely, the memory function used to

model is power-law with allows the fractional Ca-
puto derivative to be applied.

3.1. Magnetic flux with memory: general
approach

Let us consider a finite speed of the diffusion mag-
netic field into the material which cannot be as-
sured by the parabolic model (). In such a case
following the causality principle that the reaction
should follow the cause, a time shift between them
can be presented through a convolution integral,
that is

Ju (z,t) = —D,VB(x,t) -
—— —
instantaneous (long times)
oo
31
—Dy, | R(t—71)VB(z,t—7)dr (31)
0

relazation (memory ef fect)

with a memory R (t) controlled by a fractional pa-
rameter o , 0 < a < 1. In BI)) the first term is
relevant to long times where the relaxation disap-
pears, known also as instantaneous term. If only
this term is considered we get the parabolic model
([B) with infinite speed of the solution. Now, we
will omit this term in order to develop a model of
magnetic diffusion of subdiffusion type. Applying
the continuity equation

0B 0 .
o —%]u (32)

as well as omitting the term —D,VB(z,1) (and
for the sake of simplicity getting D,, = D) w
get a general relationship

S D[R
0

The function of R (t) depends strongly on the
physics of the magnetization and the material
properties itself.

82B (x,t—7)

52 —————2dr  (33)

4. Fractional models of magnetic
diffusion: Singular memory
approach

As first example we will address a singular power
law memory. In such a case the memory integral
in (B3) becomes a Riemann-Liouville integral of
order o , namely
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t
1 °B
= — / (t— 7‘)0‘_17(9 ag’T)dT =
0

and the flux-gradient relationship can be ex-

pressed as
. 0B
Ju = *Dulta <8x)

Then, the application of the continuity equation
yields

0B o [(0°B o (O*B
o =2t (Gar) =2 [ (52| oo

Applying the operator D! to both sides of (36
and recalling the semi group properties of the
fractional derivatives and integrals (here we con-
sider Caputo time-fractional derivative) we get

(35)

0’°B
a2

0*B
ot D

(37)

which the well-known time-fractional diffusion
(subdiffusion equation) with boundary and initial
conditions

B(O,t) :Bs (t)7
B (z,0) = B =0,

t20, 38
x>0 (38)

Now, the magnetic diffusivity has a dimension
[D,] = [m?/sec* |. With D,, independent of the
time and space as well magnetic field independent,
the linear problem is ([B7) with which the double

integration method will be demonstrated next.

4.1. Double integration method (DIM)

The first step of DIM is the integration of (B7])
from 0 to = [14]

b
0°B
ot

OB (z,t)  9u(0,1)

ox b ox

dr =D,

(39)

Taking into account that the single integration
é

from 0 to § can be presented as asum [ f (z)dz =
0

fwf(x)d$+f6f($)d$ = —Du%f(m:()) we can
0 T

obtain

b
0°B
ot

OB (z,t)
ox

de =—-D, (40)

T

The second step of DIM is the integration of (40])
from 0 to ¢

)

0
0“B
/ 5 dz |dz = D,B(0,t)

(41)
0 T

Equation (I is the principle relationship of the
double integration method when the differential
equation is of a fractional order [14]

4.2. Field independent magnetic
permeability

Now, we will apply the integral-balance solutions
to the time-fractional magnetic diffusion equation
in two cases : fixed boundary condition (Dirich-
let problem and time-ramping boundary condi-
tion (power-law).

4.2.1. Dirichlet problem

Now, we will apply DIM to ([B7) with assumed
generalized parabolic profile. In this case we have

0B, (z,t) o n<1 B x)nfldé

o —e2"\75) @ 42

and incorporating this approximation in to the
Caputo derivative one obtain

)

0
/ /CDO‘Ba (x,t)dzx| dx =
0

T

1 Fo 1 ds?
:F(l—a)o/(t—r)a(n+1)(n+2)dth

(43)
) e
/ /CD?BQ (z,t)dz | do = DtN(C(S ) " (aa)
0 T
Ng=(n+1)(n+2)
cDi6* = Dy [(n+1) (n +2)] (45)
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Therefore, the fractional integrations (with the
physical condition § (t = 0) = 0) results in

1 2
oDFS(t) = /I \/Hnﬂ (46)

Therefore the approximate solution is

n
Bi=(1-—— .
D, tYFyja

jazl/vr(1+a)
(47)

Fo=+v(n+1)(n+2),

The solution defines a non-Boltzmann similarity
Nu = x/4/D,t* . Numerical simulations are pre-
sented in Figure 4 . For more details related to
the optimization of the solution and the technol-
ogy of DIM to fractional subdiffusion models see
the extended analysis in [14].

10 R Field independent permeability
- DIM solution
Dirichlet problem
08 |
. o6 |
= L
o 04
02
o :
a
a) 9
1.0 y - "
Field independent permeability
- DIM solution
Dirichlet problem
08
_. 06 |
= L
o 04 |
02 |
0 1

Figure 4. DIM solutions to the mag-
netization of field-independent mate-
rial with Dirichlet Boundary condi-
tion, with : stipulated exponent of
the parabolic profile n = 2 (a) and
optimal exponent n,,; = 2.248 (b),
compared to exact solutions

4.2.2. Time-dependent boundary condition

With time-dependent (power-law) boundary con-
dition B, (0,t) = Bs = bot™'? the generalized
parabolic profile (20) with the Goodman’s bound-
ary conditions (25) we get the assumed profile
@6). Then, with the integral relation (4I]) we
get

)

(/e
Bt“

0

T

dx = D,B(0,t) = D,bot™/?

(48)

With (42)) incorporated in ([A8]) we have

Ul

xT

0B,

botmﬂ > ot

]da: dr = (49)

= D, bot™?

The integration in left-hand side of (49) yields

oD (52b0tm/2 ) =D, (botm/2 ) Ne,
No = (n+1)(n+2)

(50)

%bot™? = Dy NeGobot™ >+
Go F'(m/2+1)
mn IF'(a+m/2+1)
6% = Dt*NeGS, = 68 = \/Dut*/NcG2,
(51)

Hence , the approximate solution is

B, = bot™? (1 —

DtoyNo @) (52)

This solution defines a non-Boltzmann similarity
variable 7o = x/1/D,t® . Numerical simulations
with various values of the fractional order o and
the non-linear parameter 8 are shown in Figure

Gl
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Diffusion with memory
Field independent permeability

1.0 &
Dirichlet problem
\ DIM solution
0.8 | degenerate
- diffusion
0.6 | o=1
= - t=1
m o4 | normal diffusion
L B=o0
02 | <
L I a 3 2 1 0.5
i

Ba(-)

Dirichlet problem o =02
04 DIM solution
L ' 1 L L 1 il ]
0 0.2 04 0.6 0.8
b) Mo (-)
(b)
3
o -
0.6 |-
C L 1 L L L L J
0 0.2 0.4 0.6
c) Mo (=)

Figure 5. Approximate profiles for
stipulated exponent n = 2 (a) and
optimal n, = 2.248 (b) compared
to exact solutions

4.3. Field dependent magnetic
permeability

The application of the integral method needs a
preliminary treatment of the of the diffusion term
in the right-hand side of (I2]), namely [15[16]

du D opst!

DB"— =
dr B+1 0z

(53)

Therefore, the result (53] can be considered as a
non-linear counterpart of the constitutive equa-

tion (B2)), namely

)dT

o0
/ ( 8213/3“ (z,t—7
= —7)
0z2
0

(54)

With a singular (power-law) memory function,
similarly to transformations done in B.1] we get
a fractional analogue of (37) with non-linear dif-
fusion term (similar problem was solved in [16]).

9°B g 1 0*°B°! (55)
ote TR+ 1 92
Then applying DIM we have
I OB (.t Dj
//aff’)dxdx:ﬁLBﬁ“ (0,2) (56)
0 =

This is the principle DIM integral relationship
when the diffusion term has a power-law non-
linearity.

4.3.1. Dirichlet problem: Approximate
solution

With Caputo time-fractional derivative and the
assumes parabolic profile (20)) as well as by help
of (A1) the integration in LHS of Eq.(B6) yields

p(n+1)(n+2)

D¢§% = D 541 (57)
That is
N, t
52 =pb_—C 58
FB4+1DT (a+1) (58)

Hence, the penetration depth is

VDBta\/ B+1)T(a+1) (59)

and the approximate solution of (B3] can be ex-
pressed as

n

B, (x,t) = 60
(33 ) \/DBta (n+1)(n+2) ( )

B+ (1+c)
The solution defines a new similarity variable

Na = x/y/DEte

the classical Boltzmann similarity variable 1,1 =

x/\/Diﬁt

For ¢ = 1 it reduces to
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4.3.2. Time-dependent boundary condition:
Approximate solution

From (B6]) it follows that the right-hand side is

DB . .

%Bﬁ“ (0,t). Then, if the boundary condition

is of power law type B, = B(0,t) = bpt™/? we
have

ﬂDleﬁﬂ (0,t) = 612?1 (botm/2 >6+1 (61)
Therefore the DIM integral solutions is
b7 aaB (2, 1) D} o a )P
// O B:1) 4 g = 6+1(b0t )
0 (62)

Now, repeating the integration in the left-hand

side of (62]), as in (48] and (49]) we get

oDV (62b0tm/ 2) =

B 63
DN bﬁJrltm(ﬁ—i—l)/Q ( )
B4+170
The fractional integration in (G3]) yields
52 bot™/? =
B (64)
| Gm N b5+1tm(ﬁ+l)/2+a
B+1"F
where
Gap = D) (65)
r (Oé + 9 + 1)
The re-arrangement in (65)) results in
DB
5% = L Gm Nebgtl 5 C-D+el (66)

pg+1

In a more useful form we have

m B
DBtm<B741)+4a Ga75N0b0 (67)
# B+1

The exponent M in ([67) should be posi-
tive since we have to assure a positive growth of
the front §. Therefore, the condition that should

5:

be obeyed is f > 1 — 4a/m Taking into ac-

count that 0 < o <1 and m =1,2,3... , then the
condition imposed on [ is satisfied.
To clarify this point, since § = (1 —)/y where

0 < v <1(y = 022 for steel [2] for exam-
ple) we have always 8 > 1. In the particular
case with steel magnetization (v = 0.22) we get
B = 3.545. In such a case the diffusion model (I2])
is a degenerate diffusion equation with convex so-
lutions moving as almost sharp waves [15,[16]. In
such a case the exponent of the parabolic profile
@0) is m» =1/ < 1 [15]. It is noteworthy to
mention that that the parabolic profile (20) with
n < 1 generate convex profiles, while for n > 1
the profiles are concave. Profile of approximate
solutions showing competitive actions of the sub-
diffusion behaviour (trough the fractional param-
eter ) and the diffusion non-linearity (through
the exponent () are shown in Figure

1.0

0.8

0.6

Ba(-)

0.4

0.2

Q
-~
=]
-
N
[X)
»

1.0

0.8

0.6

Ba(-)

T T T T T T T T T

Figure 6. DIM solutions to the mag-
netization of field-dependent material
with time-dependent boundary condi-
tion and optimal exponents [16] show-
ing how the value of the exponent
deforms the solution profile towards
a rectangular wave with sharp front:
a) Case with & = 0.5 , b), case with
a=0.8
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5. Fractional models by fading memory
approach

5.1. Fading memory principle

For simple materials [I7H21], the fading memory
concept relating the flux to its gradient of a cer-
tain transported quantity A , is modelled by the
following integro-differential equation

) 0A
ja (z,t) = —DAoa—x (z,t)—

t
—D gy / R(t—1) ?;;1 (x,7)dr

—00

(68)

This is the Boltzmann linear superposition func-
tional [20] with a memory kernel R (¢,z) . In (GS)
D 49 and D 4 are transport (diffusion) coefficients
(diffusivities). In fact, we assume a linear super-
position of two fluxes

ja(z,t)= " Jjao + jal
<~ <~
instantaneous transient
flux flux with finite speed

(69)

Actually, the convolution integral in (68]) is Stielt-
jes integral but because there is a restriction
imposed on R(¢,z) to be casual function, i.e.
R(t <0,z) = 0 we may set the lower terminal
to t = 0 . Thus, the gradient of the flux j4 can
be presented in a general form as

0 . 0?
%] (ZE,t) = —DAO@A (l’,t) —
: > (70)
—Dyy /R(t —7) @A (x,7)dr

0

In ([@9) the first term is the long time, or instanta-
neous diffusion term, while the second is relevant
to the finite sped of the diffusion wave of A (z,t)
. This is a general linear expression of the fading
memory principle since the transport coefficients
are constants.

If now the quantity A is replaced by the mag-
netic field induction B (z,t) we get the formula-
tion (B1]). Moreover, if there is no flux relaxation
and the speed is infinite, then the second term in
(68]) (as well as in ([©9) and ([70) ) is zero and the
result is the classical ja (z,t) = —DAO?)—’;‘ (z,t)
which gets different names as Fick’s (diffusion) ,
Fourier (heat conduction) or Newton law (diffu-
sion of momentum) laws.

The main idea behind the fading memory prin-
ciple is to assure the causality of the models of
dynamic systems (changing in time) as it is ex-
plained next

5.1.1. Causality principle

In all applied cases the chronological condition
allows the causal relation to be satisfied (i.e. the
time-shift between cause and effect) [22],i.e. al-
ways the cause precedes the effect. The principle
conditions of the causality principle are [22]:

o Primitive causality: The effect cannot
precede the cause.

e Relativistic causality: No signal can
propagate with wvelocity greater than the
speed of the light in the vacuum. It could
be considered as a macroscopic causality
condition.

Further, the causality concept means that the
functions describing transients should be: vanish-
ing over a range of values of its arguments (as the
memory functions in the convolution integrals).
If we consider the physical system of the magnetic
field diffusion with a time-dependent cause) Bs(t)
and the corresponding effect B(z,t) the following
conditions are obeyed [22].

C1: Linearity. This corresponds to the super-
position principle in its simple version implying
that the output is a linear functional of the input

oo

B(t) = / R(t,7)B. () dr

—0o0

(71)

C2: Time-translation invariance. In this case
the linear functional can be expressed as

B (z,t) = /R(t—T)BS (1)dT = R(t) * Bs (1)

—00

(72)

C3: Primitive causality condition. The in-
put cannot precede the output. As consequence,
R (7) should be a causal function. Moreover, this
is equivalent to setting the lower terminal in the
() and (72)) equal to zero, as mentioned in pre-
ceding point related to the fading memory con-
cept.

Now, we can turn on magnetic field diffusion mod-
els with memories.

5.1.2. Fading memory in magnetic field
diffusion

The fading memory concept was touched earlier
with equation (BI)). Actually, we immediately
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jumped to the model where instantaneous term
(long time term) does not exist thus entering into
the area supported by the concept of the Con-
tinuous Time Random Walk (CTRW) where long
time term does not exist. This was done espe-
cially in order to demonstrate how time-fractional
Caputo derivative can be implemented in a dif-
fusion model with respect to the non-locality,
i.e. the causality principle. Moreover, the mod-
els with the Caputo derivative are more familiar
and the solutions developed can be easily under-
stood. This models, could be applied (not in the
scope of this work) to composite magnetic media
where small magnetic particles (of nano or macro
sizes) are dispersed (almost homogeneously) is
non-magnetic matrix; the gaps between the mag-
netic kernels are zones with high resistances with
respect to the magnetic field lines, such as gaps
and obstacles in porous media where fractional
modelling is widely applied.

However, let us consider the case where all terms
of (BI)) take place. In the context of the magnetic
field diffusion, this precisely means that after the
initial relaxation and disappearance of the send
term, there is continuous magnetic energy supply
through the boundary z = 0; the simple exam-
ple is the Dirichlet problem. In such a case the
complete model is

) 0B
JB (IE,t) __DBO O (l’,t)—
£ 73)
OB (
—Dpgy / R(t—T) B2 (x,7)dr

—00

If the memory function is chosen to be singu-
lar power-law then the second term becomes the
Riemann-Liouville fractional integral (34]) and the
flux-gradient relationship has be presented by an
extended version of (B3]), namely

0B
— Dp1 I} ((%) (74)

After application of the continuity equation (32I)
we get

0B 0’B 0’B
—, = Dno + Dp1 1} < )

o~ D 2P
JB Boax

ot e e (75)

Here the non-locality is presented by the last
term. This construction shows the main idea how
non-locality has to be implemented at the level of
constitutive equation. We will discuss a magnetic
diffusion equation with exponential kernel next.

5.1.3. Memory kernel effect on the fractional
model

Now, let us follows the main line drawn in the
preceding point of this section and consider that
flux gradient relationship contains all elements of
the fading memory functional but now the con-
volution integral has exponential memory kernel,
namely

t
. 0B (z,
JB = —DBO/5D (2) B(i Z)dz
0

t (76)

1 -2 0B
—D31/6<t7 208 (2,2) (x’z)dz
T ox

0

where the first term is the instantaneous one since
the memory kernel is the Dirac delta dp, while
the second term has exponential memory as in
the classical Cattaneo concept. This flux-gradient
construction was investigated in [23] and resulted
in a diffusion equation with a non-local damp-
ing term expressed through the Caputo-Fabrizio
time-fractional derivative (78]

0B 0’B
- = Dnro

0B
8t 8x2+D31(1—a)CFDta|: :|

dx?
(77)

solved in semi-infinite [25,126] and finite domains
[27].

In (77), the operator “F D¢ is the Caputo-Fabrizio
time fractional derivative of order « [24]

CFDeB (x,t) =

M (o) /texp [_a(t—s)]dB(x,s) L ®
0

1—« 1—-« dt

and the relaxation time 7 in (76) is related to
the fractional order o as 7(0,00) = (1 — )/
0 < a < 1 (see extended analysis in [28]) . More-
over, the concept expressed by (76 is valid even in
the case when the material exhibits spatial mem-
ory and leads to a spatial Caputo-Fabrizio deriva-
tive with exponential kernel [28,29]. It is obvious,
that the non-locality is not lost despite the use of
exponential kernel since the last term in (77) is
responsible for this.

Similarly, any other relaxation functions invoked
by the type of the relaxations in the observed
physical problems, may form kernels of non-local
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terms, but this problem is more general and be-
yond the scope of this work (some examples are
available in [30]).

6. Conclusion

This study addressed the magnetic field diffusion
model solved in various situations by tools of frac-
tional derivatives. The main results can be out-
lined as:

e The semi-derivative approach to the par-
abolic model (8) with Dirichlet boundary
condition, and especially with time ramp-
ing (power-law) boundary condition al-
lows a direct relation between the func-
tion and the gradient, and easy integra-
tion of the boundary condition. Moreover,
the approximate integral-balance solution
needs only a single integration step.

e The integral-balance method by the tech-
nology of double integration (DIM) allows
straightforward approximate solutions of
magnetic diffusion with field-dependent
diffusivity (with negligible Joules effects,
i.e unchanged material resistivity). The
solutions, sharp and almost rectangular
waves, are moving with finite speeds (due
the degenerate nature of the model).

e The magnetic field diffusion with mem-
ory was demonstrated on the basis of a
singular memory kernel (power-law allow-
ing the Caputo time-fractional derivative
to be applied. This fractionalization be-
haviour is analogue of the CTRW concept
and allows easy the approximate integral-
balance solutions to be applied.

e The fading memory approach and the
causality principle were used to formu-
late a general approach to implement non-
locality in constitutive equation, and con-
sequently to conservation laws; in the
present case to the magnetic diffusion
model.

e The problems and solutions presented
demonstrate a variety of approaches
where the fractional calculus can be ap-
plied efficiently for solving diffusion mod-
els, and particularly to the problems re-
lated to the magnetic field (straight lines)
diffusion in ferromagnetic materials. This
is only a step towards solutions of more
complex problems and we see the use of
the fractional calculus is promising.

Acknowledgments

The author thanks the editors of IJOCTA for pos-
sibility to create this special issue devoted to frac-
tional calculus and publish results from my re-
search program.

References

[1] Wilmot-Smith, A.L., Priest, E.R. & Horning,
G. (2005). Magnetic diffusion and the motion
of field lines. Geophys. Astrophys.Fluid Dyn.,
99(2), 177-197.

[2] Adam’yan, Yu.E., Vyrva, E.A., Krivosheev,
S.I., & Titkov, V.V. (2013). Diffusion of
a pulsed magnetic field and electromagnetic
forces in ferromagnets. Theor.Math. Phys.,
53(10), 1397-1403.

[3] Schnitzer, O. (2014).Fast penetration
of megagauss fields into metallic con-
ductors.  Phys. Plasmas, 21, 082306,
doi : 10.1063/1.4892398.

[4] Xioa, B., Gu, Zh.W., Kan, M.X., Wang,
G.H. & Zhao, J.H. (2016). Sharp-front wave
of strong magnetic field diffusion in solid
metal. Phys. Plasmas, 23, 082104 doi
10.1063/1.4960303.

[5] Yan, C., Xio, B., Wang.G.H., Jkan, M.X.,
Duan, S.C., Li, P. & Sun, D. (2019).The
second type of sharp-front wave mechanism
of strong magnetic field diffusion in solid
metal. AIP Advances, (9), 125008, doi
10.1063/1.5124436.

[6] Chaikovsky, S.A., Oreshkin, V.I., Datsko,
I.M., Labetskaya, N.L., Rybka, D.V. &
Ratakhin, N.A. (2015). Experimental study
of the nonlinear diffusion of a magnetic
field and skin explosion of cylindrical con-
ductors. Phys.Plasmas, (22), 112704 doi
10.1063/1.4935401.

[7] Agrawal, O.P. (2004). Application of frac-
tional derivatives in thermal analysis of disk
brakes, Nonlinear Dynamics, (38), 191-206.

[8] Kulish, V.V. & Lage, J.L. (2000). Fractional-
diffusion solutions for transient local temper-
ature and heat flux. J. Heat Transfer, 122(2),
372-376.

[9] Oldham, K.B. & Spanier, J. (1974). The Frac-
tional Calculus, Academic Press, New York,
USA.

[10] Goodman, T.R. (1958). The heat balance in-
tegral and its application to problems involv-
ing a change of phase. Transactions of ASME,
80(1-2), 335-342.



14 J. Hristov / IJOCTA, Vol.11, No.3, pp.1-15 (2021)

[11] Hristov, J. (2009). The heat-balance integral
method by a parabolic profile with unspeci-
fied exponent: Analysis and Benchmark Fxer-
cises. Thermal Science, 33(2), 27-48.

[12] Hristov, J. (2016). An alternative integral-
balance solution to transient diffusion of
heat (mass) by time-fractional semideriva-
tives and semiintegrals: fixed boundary con-
ditions. Thermal Science, 20(6), 1867-1878.

[13] Carslaw, H.S. & Jaeger, J.C. (1959). Con-
duction of Heat in Solids, Oxford University
Press, London.

[14] Hristov, J. (2017). Double integral-balance
method to the fractional subdiffusion equa-
tion: approximate solutions, optimization
problems to be resolved and numerical sim-
ulations. J. Vibration and Control, 23(7),
2795-2818.

[15] Hristov, J. (2016). Integral solutions to tran-
sient nonlinear heat (mass) diffusion with a
power-law diffusivity: a semi-infinite medium
with fixed boundary conditions. Heat Mass
Transfer, 52(3), 635-655.

[16] Hristov, J. (2018). Integral-balance solu-
tion to nonlinear subdiffusion equation, in
Frontiers in Fractional Calculus, 2018, S.
Bhalekar, Ed. Bentham Publ., Sharjah, vol.1,
171-106.

[17] Storm, M.L. (1951). Heat conduction in sim-
ple metals. J. Appl. Phys., 22(7), 940-951.
[18] Coleman, B. & Noll, W. (1961). Foundations
of Linear Viscoelasticity. Rev. Modern Phys.,

33(2), 239-249.

[19] Coleman, B. & Gurtin, M.E. (1967).
Equipresence and constitutive equations for
rigid heat conductors. Z.Angew.Math Phys.,
18(3), 188-208.

[20] Gurtin, M.E. (1968). On the thermodynam-
ics of materials with memory. Arch.Rational.
Mech. Anal., 28(1), 40-50.

[21] Gurtin, M.E. & Pipkin, A.C. (1968). A
general theory of heat conduction with fi-
nite wave speeds. Arch.Rational Mech.Anal.,
31(1), 113-126.

[22] Nussenzveig, H. (1972). Causality and disper-
sion relations, vol.95 of Mathematics in sci-
ence and engineering, Academic Press, NY.

[23] Hristov, J. (2016). Transient heat diffusion
with a non-singular fading memory:from the
Cattaneo constitutive equation with Jeffrey’s
kernel to the Caputo-Fabrizio time-fractional
derivative. Thermal Science, 20(2), 765-770.

[24] Caputo, M. & Fabrizio, M. (2015). A new
definition of fractional derivative without sin-
gular kernel. Progr. Fract. Differ. Appl., 1(1),
73-85.

[25] Avci, D., Yavuz, M. & Ozdemir, N. (2019).
The fundamental solutions to Cauchy and
Dirichlet problems for heat conduction equa-
tion with Caputo-Fabrizio operator. Chapter
4, In: Heat Conduction,J. Hristov and R.
Bennacer,(eds), NOVA Sci. Publ., 95-107.

[26] Sene, N. (2019). Analytical solutions of Hris-
tov diffusion equations with non-singular frac-
tional derivatives. Chaos, 29, 023112, doi :
10.1063/1.5082645.

[27] Iskender Eroglu, B.B. & Avci, D. (2021). Sep-
arable solutions of Cattaneo-Hristov heat dif-
fusion equation in a line segment: Cauchy
and source problems. Alexandria Engineering
Journal, 60(2), 2347-2353.

[28] Hristov, J. (2018). Derivatives with non-
singular kernels from the Caputo-Fabrizio
definition and beyond: Appraising anal-
ysis with emphasis on diffusion models,
In:Frontiers in Fractional Calculus: Chap-
ter10, Bentham Science Publishers, 270-342.

[29] Hristov, J. (2017). Steady-state heat conduc-
tion in a medium with spatial non-singular
fading memory:  derivation of Caputo-
Fabrizio space-fractional derivative with Jef-
frey’s kernel and analytical solutions Thermal
Science, 21(2), 827-839.

[30] Hristov J. (2019). Bio-heat models revis-
ited: concepts, derivations, nondimensaliza-
tion and fractionalization approaches. Fron-
tiers in Physics, 21 (November) 2019, doi :
10.3389/ fphy.2019.001897 : 189.

Jordan Hristov is a Professor of Chemical Engi-
neering. His areas of interest are Transport Phe-
nomena, Mathematical Modelling, Fractional Calcu-
lus, Heat Transfer, Approximate analytical methods,
Dimensional analysis. With 185 research papers in
various journals of high repute and listed by Web of
Science he got total citations more than 2150 with h-
index of 22 (Web of Science). In 2020 he was enlisted
in the Stanford list of highly cited scholars among the
first percent (at 318 position in Chemical Engineer-
ing). Professor Jordan Hristov is a Member of Edito-
rial Boards of: Thermal Science, Particuology, Frac-
tal and Fractional, Progress in Fractional Differentia-
tions and Applications. The principle direction of his
research in the last decade is related to approximate
analytical solutions of non-linear and fractional prob-
lems, applications of non-singular fractional operator
to mon-local problems, fractional viscoelasticity, heat
conduction, non-linear diffusion.
https://orcid.org/0000-0002-7957-8192


https://orcid.org/0000-0002-7957-8192

Magnetic field diffusion in ferromagnetic materials: fractional calculus approaches 15

An International Journal of Optimization and Control: Theories & Applications (http://ijocta.balikesir.edu.tr)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit
http://creativecommons.org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/

An International Journal of Optimization and Control: Theories & Applications

ISSN:2146-0957 eISSN:2146-5703
Vol.11, No.3, pp.16-27 (2021)
http://doi.org/10.11121 /ijocta.2021.1065

RESEARCH ARTICLE

1JOCTA

An International Journal of
Optimization and Control:
Theories & Applications

On self-similar solutions of time and space fractional sub-diffusion

equations

Fatma Al-Musalhi®* and Erkinjon Karimov?,°

@ Center for Preparatory Studies, Sultan Qaboos University, Oman
b V.I. Romanouvskiy Institute of Mathematics, Uzbekistan

¢ Ferghana State University, Uzbekistan
fatma@squ.edu.om, erkinjon.karimov@mathinst.uz

ARTICLE INFO ABSTRACT

Article History:

Received 21 December 2020
Accepted 22 September 2021
Awailable 1 November 2021

Keywords:

Self-similar solution
Erdélyi-Kober fractional derivative
Hilfer derivatives

Hyper-Bessel operator

Successive iteration method

AMS Classification 2010:
26A33; 33E20; 33E30; 35C06; 45J05

In this paper, we have considered two different sub-diffusion equations in-
volving Hilfer, hyper-Bessel and Erdélyi-Kober fractional derivatives. Using a
special transformation, we equivalently reduce the considered boundary value
problems for fractional partial differential equation to the corresponding prob-
lems for ordinary differential equation. An essential role is played by certain
properties of Erdélyi-Kober integral and differential operators. We have ap-
plied also successive iteration method to obtain self-similar solutions in an ex-
plicit form. The obtained self-similar solutions are represented by generalized
Wright type function. We have to note that the usage of imposed conditions
is important to present self-similar solutions via given data.

(co) IS

1. Introduction

Fractional calculus became one of the intensively
developing theories in modern mathematics due
to its wide range of applications in real life pro-
cesses and also its generalized nature [1I]. In
particular, fractional derivative operators allow
the description of memory and hereditary prop-
erties and are useful for modeling dynamic. Re-
cently, several fractional operators have been de-
veloped to analyze the systems and models such
as Caputo-Fabrizio, Hilfer, hyper-Bessel, Erdélyi-
Kober fractional derivatives and many others. For
instant, in recent papers [213], fractional differen-
tial equations are used for modeling applications
in blood alcohol and fish farm models and in [4]
fractional partial differential equation is used for
Frankl-Type Problem.

Fractional order partial differential equations
(FPDE) is one of the key objects in mathemat-
ical modeling of many diffusion-wave processes

*Corresponding Author
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[5]. Different kind of direct and inverse prob-
lems for such equations were studied using dif-
ferent approaches, such as, integral transforma-
tions (Laplace, Fourier, Mellin), Green function
method, method of separation of variables and
etc. For PDEs, in general, one can determine spe-
cial type of solutions, which are invariant under
some subgroup of the full symmetry group of sys-
tem. These ” group-invariant” solutions are found
by solving a reduced system of equations having
fewer independent variables than the original sys-
tem [6]. Such solutions named as self-similar solu-
tions which play an important role in understand-
ing of fundamental processes in mathematics and
mechanics, we refer readers to [7] for application
in problems of imploding shock waves and to [§]
for filtration-slow groundwater motion in porous
media.

The self-similarity of the solutions of partial dif-
ferential equations has allowed their reduction to
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ordinary differential equations, which often sim-
plifies the investigation. They have also served as
standards in evaluating approximate methods for
solving more complicated problems [8]. Moreover,
they often describe the intermediate asymptotics
behavior of solutions of wider classes of problems,
for more details see [§].

The idea of self-similarity of solutions and Lie
group analysis have been extended to fractional
differential equations. For instant, in [6] and [9],
the Lie group analysis of the equation

o
0xb’

0%u

bl
ote

£>0,t>0,d>0, a, B3>0

has been discussed by Buckwar, Luchko and
Gorenflo. Namely, the scale-invariant solutions
were found by solving an ordinary differential
equation of fractional order with a new indepen-
dent variable n = mf%. The general solution for
this equation is obtained in terms of the general-
ized Wright function.

Furthermore, the existence and uniqueness of the
space-fractional PDE with Caputo fractional de-
rivative

ou 0%
—=— 1 <2
ot  O0x%’ Sas

was discussed, under the self-similar form

u(e,t) =f (57 )+ (@,6) € [0.X] x [t9,00),

where X, tp > 0, § € R [10].

In [6], an admitted group dilations is found for the
linear wave-diffusion equation of fractional order
and these transformations are used for the con-
struction of self-similar solutions. In [I1], the
methods of Lie continuous groups for symme-
try analysis of FDEs were adapted and prolon-
gation formula for fractional derivatives was pro-
posed. Then, in [I2], this formula is used for find-
ing the exact solutions for nonlinear sub-diffusion
equations with the Riemann-Liouville and Caputo
fractional derivatives.

In [13], the similarity solution of the fractional
diffusion equation

d"p(r,t) 1 0 ( 4_,0p
ot _rds—lg T @ 5 7'>,t>0,
(v = %, ds = % is the spectral dimension of

the fractal) was considered and through the in-
variants of the group of scaling transformations,

authors derived the integro-ordinary differential
equation for the similarity variable.

In [I4], fractional nonlinear space-time wave-
diffusion equation was considered and solved by
the similarity method using fractional derivatives
in the Caputo, Riesz-Feller, and Riesz senses.
Some particular cases are presented and the cor-
responding solutions are shown by means of 2-D
and 3-D plots.

The following time-fractional cylindrical KdV
equation with Riemann-Liouville fractional deriv-
ative

0%u n U np ou n d3u
e ue— 4 ="
ote 2« O0r Ox3

=0, a€(0,1)
was reduced to the nonlinear fractional ordinary
differential equation with Erdélyi-Kober frac-
tional differential operator, using similarity trans-
formation u(x,t) = t_%af(z) along with the sim-
ilarity variable z = xt~5 [I5].

There are other approaches, were authors have
found self-similar solution by reducing considered
PDEs to the hypergeometric equations. For ex-
ample, Hasanov and Ruzhansky have found self-
similar solutions for degenerate PDEs of the sec-
ond, third and fourth orders using special method
(see for details [16]). Precisely, they considered
the following fourth order degenerate PDE:

2" — Uy = 0, n,k=const>D0.

They are looking for a solution of this equation as
u(z,t) = P(t)w(o),
where

1 -1 k+1
P: 7tk+1 = —— TL+4'
<k+1 > T T ikt

Then they have got the equation with respect to
w:

xgwmmra: + (3 +c1+co+ Cg)xQmex
+(1+ ¢y +ca+cg+crea + cres + cac3)Twant+
(c1cc3 — )w, — aw = 0,

which has special solutions represented with hy-
pergeometric functions ,Fy.

The main motivation of the present research is the
consideration of combinations of special fractional
derivatives such as hyper-Bessel, Erdélyi-Kober
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(due to singularity) and Hilfer (due to generalized
character). The obtained self-similar solutions
will allow specialists in applied mathematics, who
may deal with such FPDEs to study in details,
since an explicit form of solutions are available.
Moreover,the offered approach can be developed
to conduct further investigations for more general
FPDE with aforementioned fractional derivatives
and also will contribute in studying the symmetry
group analysis of FPDEs with these derivatives.
In the present paper, we consider two problems,
namely, fractional differential equation involving
time and space Hilfer derivatives

Dgtéu(t x) = Dgg’fu(t,x), 0<a<l,1<p<2,

and fractional differential equation involving
hyper-Bessel operator in time and Erdélyi-Kober
fractional derivative in space variable

o\ o°
(t‘g 825) u(t,z) = x_ﬂpwu(t,x),
where 1 < <2, 0<a<1.

The key result is the finding of self-similar solu-
tions of the above given equations with the spe-
cific conditions. The main tool is the reduction of
considered FPDESs to the integral equations using
specific transformation.

In literature, we refer some works devoted to
the considered fractional derivatives, for exam-
ple, hyper-Bessel operator was used to general-
ize the standard process of relaxation [17] and to
model fractional diffusion equations governing the
law of the fractional Brownian motion [18]. Also,
FPDEs with hyper-Bessel operator were consid-
ered in [19] for studying direct and inverse source
problems and in [20] for non-local problem of
mixed type equation. Furthermore, there are dif-
ferent works related to applications of Erdélyi-
Kober and Hilfer fractional derivatives such as
fractional diffusion with Erdélyi-Kober derivative
[21] and higher order partial differential equations
with Hilfer fractional derivatives [22], for more de-
tails see the reference therein.

The rest of the paper is organized as follows. In
the next section, we recall preliminaries related to
some fractional derivatives. The main results are
given in Section 3. The conclusion of the work is
given in the last section.

2. Preliminaries

In this section, we present some basic definitions
on fractional operators and their properties that
are used further in this article.

Definition 1 ( [1]). The Riemann-Liouville frac-
tional integral of order o > 0 is defined by

T = 7

a > 0.

o / (t— ) f(s)ds

Definition 2 ( [23]). The right-sided Hilfer frac-
tional derivative of order a and type & is defined
as

I(S(n a) d” A" (a-8)(n— oz)f(t), (1)

a,d

wheren —1<a<n,0<§<1.

For § = 0, Hilfer fractional derivative is reduced

to the Riemann-Liouville fractional derivative, i.e;
5

Dgt f(t) = D, f (D).

Now, we recall the following property [24]

17, D7, f(t) = I3, D £(t)

n-l,. a)o—k-1
= py - Y A

n—k—1n—o
P(O’ - k) Da+ Ia+ (a)?

(2)

=

=0

where o0 = o+ 6 — «f.

Definition 3. ( [25]) The left and right-sided
Erdélyi-Kober fractional integrals of order «, re-
spectively, are defined as follows:

I3 f(t) =

B ptta) (4B a1 BT
T(a) ' " /o(t s)r st f(S)djg)

Jﬁ’ f()_

B 87 B Bye—1lg—Blyta—1)=1 £\ s
(@) /t e 7 " (4)

where a, 5 > 0 and v € R.

Definition 4. ( [25]) The left and right-sided
Erdélyi-Kober fractional derivatives of order a,
respectively, are given by (n —1 < a <n,n €N)

Dga 1:[(7+]+Btjt> I’7+an ozf(t)7
(5)
and
v, o . 1. d Yta,n—a
Pg f(t):H(’H'J Etﬁ)t] f(#), (6)
=0

where v € R, > 0.
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The following property of Erdélyi-Kober frac-
tional operators [25]

N f(a) = I f (@), (T)
n—1
Ig’aDg’af(x) = f(z) — Z cpa AR o (g)
k=0
are true, where
= Mlim 2BA+Y+E) o
P(Oé — )cc—)O
n—1 d
I @+r+i+ —xd—)ﬂ*a” “f(x).
i=k+1 B

Furthermore, the Erdélyi-Kober fractional opera-
tors of power function are needed in the compu-
tations [26]:

T,0p F(a+7—_p/ﬁ)p T —

Bt = =5 T wB )
T,Qp __ F(T_p/ﬂ) P o
T = S p/B>0  (10)

L(y+1+p/B)
Nla+~vy+1+p/8)

Iyt = P, y+14+p/B > 0. (11)

Definition 5. ( [27/) The hyper-Bessel operator
of order order 0 < a < 1, is defined as

tejt) (1) =

(1— 9)%—0—9)&10 TE(), if 0 < 1,
(6 — 1)1y - o o f(t), if @ > 1.

(12)

Note that Ig’fa = D/ga’a and when 6 = 0, this
operator coincides with the Riemann-Liouville
fractional derivative.

Also, we need to recall the generalized Wright
function:

Definition 6. ( [9,[28/) The generalized Wright
function is defined by the series expansion:

K
ZF (a+ pk)T(b+ vk)’

W), v,0)

where
v,u €R, a,beC.

3. Main Result

3.1. Fractional differential equation
involving Hilfer derivative

Consider a time and space-fractional PDE

Dg‘téu(t,x) = Dgfu(t,:n), 0<a<l,1<p<2,

(13)

with the following conditions:
0 o5_ _
o Loz "u(t,0%) = agrtattzmis,
v (14)
Ig, ™u(t,01) = birte=ml/s,

where a, b are constants and m = 5+ § — 30.
We start by using similarity method to FPDE
([I3) to determine a symmetry group of scaling
transformations. We introduce new independent
and dependent variables

Au.

t=X\t, T=Xx, uw=

The time fractional derivative becomes (o7 =
a+0—ad, i =061-—a))

D*u(t,z) = I DY (L, T)
BTy R Ry
T(1—o) ot J, s u(A’s,x)ds

e A\t 9 /A o o
= (I‘(l—al)at/o (=) )

xT(\s, T) ds

c+boq t
)\73 (t — 7')_01> u(r,T)dr
0

I'(l—o0y)0t
)\c-{—bal t 51 ) b
— 1—-1poiz =
= IW/O (t —s)" 7 D7'u(N’s, T)ds
)\c-l—bal t

/A
= 7F(51) /0 (f)fb — s)él*nglﬂ()\bs,E)ds

)\c+b01—b—b(61—1) £ B
] [
I'(61) 0

)\c+ba151DU1 ( 7*)
Ac+baDa5 (L, 7).

T)‘Sl_nglﬂ(T, T)dr

One can do the same for the space-fractional de-
rivative, we have

DEu(t, z) = AP D27 (T, 7).

From the above we get

DMu(t,z) — DEu(t,z)
= A+ D% (E, 7) — AP DE0u(E, T) = 0,
if b= é Thus, we choose the following invariant

o
of scaling transformation
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u(t,x) =0U(n), n=at"""" >0

Now, using the above transformation, we have the
following result:

Theorem 1. The transformation

u(t,x) = U (n), n =t~ */7 (15)
reduces FPDE (I3) to the following ODE
82,0 82,0 )
TIROPR U () = DGYU (), (16)
with
DIG™U(0%) = a and I5,™U(0T) =b,  (17)

where 01 = a+d —ad, 6o = 1 — 01 and 61 =
(1 — ).

Proof. We begin by calculating the time-
fractional derivative in terms of U(n) using trans-
formation (I5]). Using the definition of Hilfer frac-
tional derivative ([Il) for n = 1, we have

0
DS u(t, z) = Iélaﬁ%m(xt—a/ﬁ). (18)
. N n\ P/
Now, using the substitution 7 = ¢ <7) , the
S

second integral of (I8]) can be reduced as follows:

127U (xt=/P)

t
— F(EQ) ; (t— T)‘SQ*ITVU(M'*O‘/'B)dT
6 oo
_ 5t 2+V7]5/a(7+1) / (Sﬁ/a . nﬁ/a)&z—lx
aF(ég)
876/0‘(7+52)71U(3)d3
= 011U ().

Then, taking the derivative of the above integral,
we arrive to the following

d
v (/B
g7 (z )

a d
<7 + 02 — Bndn> T3ERU(n)

_ t62+'yflpg/-;52701 U(n).

— t(52+’y—1

Using the above result and proceeding the same

. o n\ B/
as above using substitution 7 = ¢ <—> and re-
S

lation z = 27~*/#, the expression in (I8) becomes

d
I 120U (wt=/B
A C )

1 t
= g =P

_ B {Y+o2+d1—1 nﬂ/a(”y+52)

o Bla . BJaydi—1
S

x s~ Alalr o =)L pUE RO () ds.

The power v+ d2 + 1 — 1 =y — « and hence the
time fractional derivative can be written as

¥ — +62,0 +62,
Do ult,x) = 07T g " Py > Uln).

Next, we compute the space-fractional derivative

in terms of U(n)

5?2
Doy ult,x) = 01 S5 19U (et=/%), - (19)

where 03 = (2 — )(1 — ¢) and 64 = 6(2 — 3). We
use the substitution & = st~%/# then the inner
integral of (I9) can be written as

1 mx—363_1 st=/PYds
5 [ @9

[ -9t v = ).
0

19U (zt=/P) =
B o0 /B
 T(8)

Computing second derivative of the above gives

82 5 ) d2 d
7[(2*/8)(17 )U(I‘tia/ﬁ) = ta( 372)/572-[ SU(n)a

Ox? dn
since

a_du dn

de  dndz’

Now, we do the same for the first integral of (I9)
with € = st7%/ and z = st=*/8 we obtain

2
I548—2I53U(a:t_a/3 )

alss-2)/8 fa 2
= e / (x — 5)64_1d—I63U(z)d5
0

['(64) / dz?
to(93+04—2)/B  rn 5iot d2 s
= — )11y (6)d
1o | -9 g1 uiee
=t % —_]% .
e U(n)

Thus, space-fractional derivative can be written
as

Dgfu(t, x) = tV_O‘Dng(n).
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Substituting the time and space-fractional deriva-
tives after transformation, we get the desired or-
dinary differential equation ().

The solution of the fractional ordinary differential
equation ([I6]) is given in the next theorem.

Theorem 2. The solution of FPDE ({13) using
transformation (13) with conditions (I7) has the
following form

u(t,z) =t [an™ 'T(y+1—a(m—1)/8)x

W(a,m).(—an+1-am—1)/8)(1°)
+on™ 20 (y + 1 — a(m — 2)/8)) x

W(g.m-1)(—ar+1-am-2)/8)1°)]
(20)

where m =+ 8 — 68, n = xt—*/B,

W (.m),(—an+1—am—2),8) 10°) =
00 Uﬁk

Z Fm+kB)I(y+1—ka—(m—1)a/B)

k=0

and

V})/o(,&m—1),(—a,'y+1—a(m—2)/g3€(n'8) =

n
kgoF(m—1+k6)F(7+1—ka—(m—2)0¢/5)'

Proof. Applying Riemann-Liouville fractional
integral I® to both sides of differential equation

(I6) and using property (2), we have

m—1 m—2

an b’l] B 77+02,01 py+d2,01
— I ) P ’ .
v I'(m) i I'(m—1) 75/ sja U)

Then, the solution can obtained using successive
iterations method. We set

1
+

anm— m—2

U%(n) = ) i

L(m—1)

so the nth term U™ can be written as

n d2,0 02,01 77N—
U™ () = U°(n) + 1703702 PY o7 U= ().

Now, we compute U as follows:

Uln) =U0) + 17300 Py U0 ().

Using properties ([@)and (I0]), we calculate the fol-
lowing

42,0 2,
Iﬁjg}i;f 1Pg/—f(—12 01U0(n) —

187+ an™ ' T(y + 0y + 01 — (m = 1)/ B)

B/a T'(m) TD(y+6 —(m—1)a/B)
L b T4t or = (m— 2)04/6)]
T(m—1) T(y+0—(m—2)a/B)

_ 18 [anm—l L(y+8s + 01 — (m — 1)a/B)

Fgm) I(y+d2+ 61— (m—1)a/B)

N ™= I(y+0d2+01 —(m— 2)04/5)]
I'(m—1)T(y+ 2+ 01 — (m —2)a/B)

) [anm%—l L+ 1 (m— 1)a/d)
F'm+pB)T(v+1—a—(m—1)a/p)
bnm+ﬁ—2

L(y+1—(m—2)a/p) ]
F'm+p—-1)T(y+1—a—(m—2)a/8)]

Hence, U'(n) is given by

1
Ul — m—1 m+pB—1
(m)=a Ty

F(y+1—(m—1)a/B) >
Fm+B8)IT(y+1—a—(m-—1)a/p)

+b (F(nﬂbl_l)nm—2 + nm+ﬁ—2
P(y+1—(m—2)a/B) )
'm+B8-1)I(y+1—a—(m-2)a/8))"

Similarly, we compute U?(n)

62,0 02,0
U(n) = UO(n) + 17T, 2 P U ()

82,8 82,0
=U0(n) + 1P 0> P07 x

al(y+1— (m—1)a/B)y™0!

UO(T’) + F(m + 5)F(")/ +1—a— (m - 1)0(/5)
bL(y+1— (m—2)a/B)y™ 72

T(m+p -y +1-a—(m-2a/f)]

One can check that

m+ Iy +1-a—(m—1)a/5)
T(m+28)0((y+1—2a— (m—1)a/B)

and

Iﬁjg+£2,5lpgzé270'lnm+ﬁ—2 — nm+26—2x
Fm+B8-DI'(vy+1—a—(m—2)a/b)
Fm+28-1DI'(y+1-2a— (m—2)a/B)

Thus,
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%nm71 + nerﬁ*lx
POy +1 = (m=1)a/B)
L(y+1—(m—1)a/B)ymt28-1 )
+b (r(m1)”m_2 A2
I(y+1—(m—2)a/B)ymtF—2
T(m+B8—1C(y+1-a-—(m-_2)a/B)
4 My+1—(m— 2)04/5)77m+2g_2 )
T(m+26 - D07 +1—2a— (m—2)a/B) )

U*(n)=a

We similarly compute U3(n) and get

Us(n) =a %m)nm‘“r
L(y+1—(m—1)a/B)ny™*+o
L(m+ B ((y+1—a—(m—1)a/p)
L(y+1—(m—Da/B)n™+2""
F'm+28)(y+1—-2a—(m—1)a/p)
JEECEIMEN Y
T'(m +135)F(’y +1—-3a—(m—1)a/p)
+b (F(m — 1)77 +
L(y+1—(m—2)a/B)n™ 52
F'm+pB-1)T(v+1-—a—-(m—-2)a/p)
D41 (m — 2)a) )07
Fm+28—-1I(y+1-2a—(m—2)a/8)
L(y+1—(m—2)a/B)ym™+3—2 )
I'm+38-1DI'(y+1-3a—(m—2)a/B))"

+

Now, we can write the nth term as follows:

U™(n) = an™ 'T(y+1 - (m - 1)a/B)x
kz;) Fm+kB)I'(y+1—ka—(m—1)a/B))
+bi" 2T (y 4 1 = (m — 2)a/B)
kzof‘(m—i—k:ﬁ— DP(y+1—ka—(m—2)a/B))
As n goes to infinity, then
Umn) =an™ 'T(y+1—(m~—1)a/B)

xWig, sy~ at1-m-ba/2) (n°)
+bon"™T'(y+1— (m —2)a/p)
XW(g,m—1),(—apy+1—(m—2)a/8) (7).

Substituting U(n) in the transformation (I3, we
get the desired solution (20).

Remark 1. For § = 0, Hilfer fractional deriv-
ative is reduced to Riemann-Liouville fractional
derivative and this case was considered by Luchko
and Gorenflo in [9]. The ordinary differential
equation becomes

J'y,l aP'y ,Q U(T/)

— DB
sja Lol (M) = DaUM)

and one can check that the solution has the fol-
lowing form

=an’ 'T(y+1-a+a/B)
XW(s,8),(~ant1-atas) (1°)
+on" 2T (y + 1 — a + 2a/8)

XW(g 8-1),(—any+1-a+2a/8) (1°);

U(n)

which coincides with their result.

For 8 =2 and 0 < a <2, this case was studied by
Buckwar and Luchko, for more details see [6,[28].

Remark 2. One may consider the same problem
withn—1<a<nandn—1<pg<n:

D u(t, ) = Dy u(t, z)

with conditions

DR u(E,0%) = ¢p, m= B +6— 35,

and then use the same transformation in ({I3) to
find the exact solution. Proceeding the same, the
solution has the following form:

tVZcZn Ly

F(7+1—( —2—1)06/5)
XW(B.m—i) (—am+1—(m—i—1)a/8) (1)

3.2. Fractional differential equation

involving hyper-Bessel operator

Consider the problem

« B
(ﬁ §t> u(t,z) = a:_ﬁpaiﬁu(t, 2, (21)
with the boundary conditions:
i p(B-1) d 0,2—8 —
lia V(1= -+ a1 u(t,a) =
Upt'—ar(B-1)/8
(22)
im P(8—2) 1 d\02-8
ili%x (2—-8+ fx@)fp u(t,x) =
Uy tr—ar(B-2)/8
(23)
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where 1 < 6 < 20 < a <1 p=1-06,

a (e
<t98t> stands for hyper-Bessel operator defined

B
by (I2]) and % =D, P8 vepresents the left-sided
x

Erdélyi-Kober fractional derivative.

First, we use similarity method for FPDE 2] to
determine a symmetry group of scaling transfor-
mations. We introduce new independent and de-
pendent variables as before

The time fractional derivative becomes

<t9§t> u(t,T)
= pt= P10~ pu(t, T)
— D, (e, )

1.d
(1—04+ptdt> 10 °u(t, @)

8 \

:poztfpa
1. d\ pt—rl-a) 3
—ptre(1—at—t— ) — [ (t—s)®
p Q “ts dt) F(l—a)/o( °)
x sP~ 1 (sA%, T)ds

p )\bp(lfa) E_P(l_a)
I'l—a)

_ 1_d
= PN PN —a + —E—
’ (1o i)

72N
X / (AN — 5)"sP (AP, T)ds
0

+ L4
p dt

p \bpox t—p(l—a)

— aAbpaE_Pa 1—a
g ( [(-a)

t —

< -
0

— paAbpaE—Pa Q‘l —a+ 1td) [01 o

dt pit
= \bpa (t‘) ;) u(, 7).

Similarly, we do for the space-fractional derivative
and deduce

(7, T)dr

u(t, )

D, 2P, )
! d
H(l—,6’+k+ —z— >1025(tx)
k=0 P dz
1 _
1. d p)\p( B) z—r(2—8)
H(l‘/”“‘””d) rz- )

//\
x/ (/X — s)' PP~ u(t, s\)ds
0

! 1_d\ pz—Ph)
H(““’”p%x)m—m

/ “Br1a(t, 2)dz

_H<1—5+k+ dd>102 Pu(t, )
k=0
=D, 2"u(t,T).

From the above we get

if b= é Thus, we choose the following invariant
Q
of scaling transformation

n=atP,

u(t, x) = ”U(U%

The result related to equation (2I)) is given in the
following theorem:;

Theorem 3. The transformation given by (I3)
reduces the FPDE (Z1) to the following ODE

l—«o ,Q _
PP U () = DU ), (24)
with
d
p(ﬁ 1 J— — 0’2_5 =
limn ‘(1 ﬁ+ dn)fp U(n) =Uo (25)
and
d
P(B-2) 0.2-5 _
Joany 72— B+p ap) e U = U1 (26)

Proof. We start by rewriting the time-hyper-
Bessel operator using definition (I2)):

98 “ ap—pa 70,0 4y
t 5 u(t,z) = p =Py " tU(n).

B
Then, make change of variable 7 =t ( ) and
s

simplify as follows
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1.d _
= ot (1 —a+ t> 1P U (/)
ti
“Tpa) T a)

P D, U )
dt
1 —p(l—a)
- ( d) pt
p dt
¢
x/ (t* —T’))_O‘T’)_HVU(J:T_O‘//S)CZT
0

1 d tYpPB/a(l+v/p)
=t (1 L) PO
p dt ol'(1 —«)
« (Spﬂ/a _npﬁ/a) asfpﬁ(lfaﬂ/p)*lU(S)dS
7
o e 1,dY\ J14q/p1-a
= ptIP <1—a+ tdt) T U ().

Thus, we arrive

PP D (1T (1) )

apy—po Y « 1+ d—a
=pitrr (1—04+p—p577dn)t7p5/’ya/p U(n)
_ apy—pa pl-aty/oa
= p PP U (),
1+7/p’1 “ and P;B/ZJFWQO‘ are right-sided

Erdélyi- Kober fractional operators. Similarly, we
transform the space fractional derivative

where J

D—ﬁ Pu(t, z)

d
— H (1 —ﬁ+k+ e ) 19278y (=P,
and substitute s = x <Z> in the above in the

n
integral as follows:

197 PU (wt—/P)
Y x—P(2=8)
= Ptr(f; ey /0 (xf — sp)l_ﬁsp_lU(st_a/ﬁ)ds
tYn—P(2=B) .
= 7PFE72 — 5 /0 (nf — 2°)t Bor U (2)d=
= 01,27 U ().

Hence,

D, Pu(t, x)
t7H<1—/3+k‘+ ndd>102 BU )
=D, WU()

Finally, substituting the transformed time and
space fractional derivatives in differential equa-

tion (1), we get

1—a+ — —
PP U () = 2D PP ()

which can be written as ordinary differential equa-
tion (24)).

In the next theorem, we give the self-similar solu-
tion (invariant solution) of equation (ZI):

Theorem 4. The solution of FPDE (Z1) using

transformation (13) with conditions (23)-(20) has
the following form

ult,z) =t [np(ﬁfl)p(z +1+4%-a)
xWig,8),(—a 7+1+E*a)(pan6)
+77p(ﬁ 2)p( +14 26(1 —a)
xW( ,%+1+%‘—a)(ﬂ )| .

(27)

ﬂ_lvﬁ)v(_a

Proof. Applying Erdélyi-Kober fractional inte-
gral to both sides of equation (24]) and using the
property (B)), we have

U(n) = Cp np(ﬁ_l) + c1 fr/p(ﬁ_2)

_ 1— )
+paIp /Byﬂnﬁpppﬂ/?;ﬂ“ﬂp aU(n)’

o _ U
I'(8) rp-1)
Also, using property (), we get

U(fr]) — CO np(ﬂfl) _|_ cl np(ﬁfz)

where ¢y = and ¢; =

Note that I;ﬁ"gnﬁp = nﬁplg’ﬁ, see [25].

To find the solution of the above equation, we use
successive iteration method. We start with

U = ¢onPB=1 4 ¢pPB=2)

and

Un(n) =U°+ panﬁpjg,ﬁppl/g—/zﬂ/p,a(]n—l(,,7)'

The first iteration is

Ul(n) =% 4+ panﬁpjg,ﬁpsﬂ—/tyv/p,a(]o(n)
_ 7170 Bp 70,8 pl—a+v/p,a
=U" + p*nPPI, Ppﬂ/a
(conp(lg_l) _|_ ClnP(B_Z)) .

Compute the second term of U!(n) using property

(D), we have
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0,8 pl—a+vy/p,o pP(B=1)
Ip Ppﬂ/a

_ oo F(;+1+%—a)
F(%+1+%—2a)
: P(ﬁ)r(%+1+%—a>

T(28)T (%+1+%—2a)’

= 770(6_1

and similarly we do for the last term

1P P P p(5=2)
r(5—1)r( +1+——a)

F(26—1)F<;+1+%"‘—2a)

Substituting back the above results in Ul(n), we
get

Ul(n) =co [np(ﬁ—l) + pop(26-1)

) F(ﬁ)l“(%—l—1+%—a>

T(26)0 (% +1+9 20
+Cl [np(lg_2) _|_ panp(2ﬁ_2)
r@-Dr(2+1+% —a)
r(26 — )T (;+1+7—2a>
Repeating the same procedure, one can compute
U*(n) :
U?(n) =

X

1—a+ ,
UO 4 panﬁplgyﬁppﬂ/z 'Y/p aUl(T])

So,
Igyﬁpgg/z+7/Pvanp(2ﬂ—l)
i o
r (p +1+9 2a)
0l a
T (p +1+% 3a)
i o
T(28)T (p +1+% Qa)

PEAT (24145 —30)

— I[gﬂnp(Z,B—l)

and

P(26-2)
(25—1)r(1+1+2—“—2a)
I(36 — 1) ( +1+2 3a)

0,8 pl—a+vy/p,a
Ip Ppﬁ/a

= np(25_2)

Thus, U?(n) can be written as follows

U?(n)
r(ﬁ)r(%+1+%—a)

= ¢ | PP 4 papp(26-1)
T(28)T (% +1+8 - 2a)

I‘(B)F(%—l—l—&-%—a) ]

+p2anp(35—l)
D(36)0 (% +1+8 - 3a)

+cl{np(ﬂ2)

LB (2+1+2% —a)
I‘(26—1)I‘(1+1+2—“—2a)
F(,B—I)F( +1—|——oz>:|
PEA- DN (2+1+2 —3a) |

+panp(2ﬁ—2)

+p2a np(3[3—2)

Now, the nth iteration can be written as

U”(n):U0F<g+1+%—a)
n pkanp(kﬁ—l)

D

k=0 I'(k +1)B)T <1+1+%—

+U1F< —i—l—i-f—oz)
n pkanp(k,@—Q)

2 1)F(g+1+%a—(k+1)a)

(k + 1)a>

k=0 I'(k+1)8 —

and as n approaches infinity, we have

U(n) = Ul (% +1+ G- a) PP
W(s.8).(~a, ARG (p"n”)
+U T (7 +1+ 7 — a) nPB=2)
W(5—1,ﬂ),(—a,g+1+%a—a)(PO‘??’B)-
Substituting U(n) in the transformation (I5), we
obtain the desired solution (27]).

Remark 3. Particular case when p = 1, the frac-
tional derivatives in (21) are reduced to Riemann-
Liouville fractional derivatives and the problem
was considered by Luchko and Gorenflo as men-
tioned above, for more details see the reference
therein.

4. Conclusion

To summarize, Fractional Partial Differen-
tial Equations (FPDEs) involving hyper-Bessel,
Erdélyi-Kober and Hilfer fractional derivatives
were main targets in this investigation. Using
special transformation (see (15)) we first reduced
the considered FPDES to the fractional ODEs (see
Theorem 1 and 3) and then we solved these ODEs
using successive iterative method (see Theorem 2
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and 4). The obtained self-similar solutions are ex-
pressed in terms of generalized Wright type func-
tion.

Our motivation is based on possible usage of sub-
diffusion equations with such special fractional
operators by specialists in applied mathematics
who may deal with such sub-diffusion equations.
Moreover, we believe that suggested approach
can be applied for investigation of more general
FPDEs and also in studying the symmetry group
analysis of these of derivatives.
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The fear response is an important anti-predator adaptation that can signifi-
cantly reduce prey’s reproduction by inducing many physiological and psycho-
logical changes in the prey. Recent studies in behavioral sciences reveal this
fact. Other than terrestrial vertebrates, aquatic vertebrates also exhibit fear
responses. Many mathematical studies have been done on the mass mortality
of pelican birds in the Salton Sea in Southern California and New Mexico in
recent years. Still, no one has investigated the scenario incorporating the fear
effect. This work investigates how the mass mortality of pelican birds (preda-
tor) gets influenced by the fear response in tilapia fish (prey). For novelty, we
investigate a modified fractional-order eco-epidemiological model by incorpo-
rating fear response in the prey population in the Caputo-fractional derivative
The fundamental mathematical requisites like existence, uniqueness,
non-negativity and boundedness of the system’s solutions are analyzed. Local
and global asymptotic stability of the system at all the possible steady states
are investigated. Routh-Hurwitz criterion is used to analyze the local stability
of the endemic equilibrium. Fractional Lyapunov functions are constructed
to determine the global asymptotic stability of the disease-free and endemic
equilibrium. Finally, numerical simulations are conducted with the help of
some biologically plausible parameter values to compare the theoretical find-
ings. The order a of the fractional derivative is determined using Matignon’s
theorem, above which the system loses its stability via a Hopf bifurcation. It is
observed that an increase in the fear coefficient above a threshold value desta-
bilizes the system. The mortality rate of the infected prey population has a
stabilization effect on the system dynamics that helps in the coexistence of all
the populations. Moreover, it can be concluded that the fractional-order may
help to control the coexistence of all the populations. @) o |

sense.

1. Introduction

The primary line of anti-predator behaviour is to
avoid detection. Due to predation risk, prey may

The conventional notion that predator affects the
prey population only through direct killing has
been changed to a great extent in recent past [1].
The population dynamics of the prey is more af-
fected by indirect interaction with a predator as
compared to direct killing [2]. In addition to
killing, predators often elicit a fear response in the
prey population which brings about many psycho-
logical and physiological changes in the prey [3].

*Corresponding Author
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compromise with the source and choice of for-
aging, which ultimately affect personal or com-
munity growth and thereby affecting reproduc-
tion [2,4]. Fear may affect the physiological con-
dition of the juvenile prey, and this could leave
a negative effect on their survival as adults [4,5].
In the experiment conducted by Zanette et al. [6],
it is observed that song sparrows had a reduced
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growth rate due to the perceived predation risk
even after the absence of direct killing. So, preda-
tors frequently affect the prey, indirectly, enforc-
ing a stressful life.

Similarly, fear-induced phenomena can also be
found in different fishes in marine ecology. In
rainbow trout species (Oncorhynchus mykiss), for
example, reproduction timing may vary due to
stress like disturbance or handling. However,
Tilapia (Oreochromis niloticus), when subjected
to a stressed environment, show different types of
the psychology of reproduction depending on its
maturity [7]. It is observed that the minimum
threshold of stimulus that is required to elicit
a behavioral response in prey is lower for fishes
(prey individuals) who are previously exposed to
higher levels of predation risk. Fish actually op-
timizes their feeding rate under the constraints of
predation severity leading to mortality [8].
Physiological changes are observed in the body of
the prey as a response to the actual presence or
background knowledge of predators. These phys-
iological changes are brought about by hormonal
or neuronal changes that bring about different
responses in organ systems and ultimately lead
to altered reproductive capacity. Showing anti-
predator behaviour costs a rebalance in energy
allocation and subsequently could affect the re-
production process [9].

Salton sea is a very stressed environment for fish.
From 1970 onwards, the total fish biomass of
Salton sea has been crashed many times due to
three physiological stressors viz. extreme tem-
perature fluctuation, increasing salinity, and high
sulphide levels and anoxia associated with mix-
ing events [10]. This stress environment affects
the vital life functions of fish, mainly population
growth via reproduction [9]. Although the role
of stressors directly from the environment has an
active role in the life cycle of fish species at Salton
sea, another stress, that is, fear of predation, can
not be ruled out considering recent discussions in
literature [2].

Avian botulism(Clostridium botulinum type C)
is a regular outbreak causing sizeable mortality
among the piscivorous birds of the Salton sea
since the twentieth century [11]. In 1996, around
9000 white Pelicans and around 1200 brown Peli-
cans were killed due to this dreaded disease. How-
ever, the mortality number has dropped signifi-
cantly, and white pelicans were affected less in
mortality than brown pelicans [12]. Type C bo-
tulinum toxin formed inside the gastrointestinal
tracts of Tilapia, infected by a variety of bacteria
like vibrato, is considered to be the main cause of
death among pelicans.

Mathematical modeling has a very important role
in studying the interaction among the predator
and prey species. After the pioneering work of
Kermack and Mc Kendrick on SIRS type, epi-
demiological modeling has been studied widely in
recent years by various researchers [13H17]. Math-
ematical modeling of the fear effect in prey species
was first proposed by Wang et al. |[18] in the year
2016. Subsequently, some fear-induced mathe-
matical studies of predator-prey interaction have
been carried out [19-21]. In their study, Hossain
et al. investigated the effect of fear in a three-
species intraguild predation model. Their analy-
sis revealed that fear could stabilize the chaos pro-
duced due to omnivory predators [19]. Predators
that follow cooperation strategies while hunting
also creates fear upon the prey. Combining hunt-
ing cooperation (by predators) and fear effect (in
prey), Pal et al. investigated a Lotka—Volterra
type predator-prey model. Their study shows
that an increase in the hunting cooperation in-
duced fear may destabilize the system and pro-
duce periodic solutions via a Hopf-bifurcation
[20]. Panday et al. in [21] studied the impact
of fear in a tri-trophic food chain model. They
observe that fear can stabilize the system from
chaos to stable focus through the period halving
phenomenon. Till now, we have not come across
any literature where the role of fear has been an-
alyzed in the case of the marine ecosystem. This
has motivated us for the present investigation.

In recent years, researchers have shown more in-
terest in using fractional-order differential equa-
tions (FDE) in mathematical modeling rather
than integro-differential equations (IDE). FDEs
can be used to model universal phenomena with
greater precision [23,[24]. In [23], Heymans et
al., through a series of examples, have demon-
strated that it is possible to attribute physical
meaning to initial conditions expressed in terms
of Riemann—Liouville fractional derivatives. Un-
like IDEs, FDEs are non-local operators where the
succeeding state of any function depends not only
on their existing state but also on all preceding
states [25,26]. In addition, classical IDEs are inca-
pable of providing data between two distinct inte-
ger values. To overcome such restrictions, various
types of fractional-order operators were adopted
in the available literature [27,[28]. Moustafa et al.
in [29] investigated an eco-epidemiological model
with disease in the prey species in terms of Caputo
fractional derivative. Khan et al. in [26] investi-
gated a fractional SIR model with a generalized
incidence rate using both Caputo and the recently
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developed Atangana-Baleanu-Caputo (ABC) de-
rivative [28]. The ABC derivative having non-
singular and non-local kernel contains a strong
memory effect of the system. Recently, Singh et
al. investigated a fractional guava fruit model in-
volving ABC derivative for investigating the in-
teraction between guava pests and natural ene-
mies [30]. Tuan et al. studied the existence and
uniqueness of a mild solution to an initial value
problem for a fractional Rayleigh—Stokes equation
driven by fractional Brownian motion [31]. Fuzzy
ABC fractional derivative, fuzzy ABC fractional
initial value problems, and fuzzy ABC solutions
are discussed and utilized for the first time in [32].
Bonyah et al. studied a fractional optimal control
model of coronavirus in ABC derivative sense [33].

Mathematical research work on large-scale mor-
tality of pelicans in the Salton Sea was first car-
ried out by Bairagi et al. [34] in 2001. Through-
out their article, the authors presumed that peli-
cans only come into contact with infected tilapia.
Using the same perspective, Greenhalgh et al.
[36] in 2007 proposed a ratio-dependent predator-
prey interaction model ignoring the predation of
susceptible prey. In their research work, they
adopted a purely logistic growth function of the
susceptible prey. The predators do not have any
alternative food resources, and they prey only on
infected prey. So, their carrying capacity depends
only on infected prey. In their research, Chat-
topadhyay et al. [35] modified the previous study
by introducing an interaction between pelicans
and susceptible fish. The authors presumed that
the death rate of the pelicans is increased due to
feeding on infected fish. Later in 2017, Green-
halgh et al. [37] modified their earlier studies in
[36] by taking into account that predators feed on
both the susceptible and infected preys(tilapia).
Furthermore, they presumed that the diseased
prey significantly influences the growth rate of
susceptible prey and the carrying capacity of the
predator is dependent on the total number of prey
(tilapia). To make the discussions more realis-
tic and novel, we have considered the fear effect
in the prey (tilapia) due to predation (by peli-
cans), since Tilapia (Oreochromis niloticus) un-
der stressful circumstances (like predation risk)
react by boosting or completely hindering repro-
duction [7].

In this paper, we extend the mathematical model
proposed by Greenhalgh in [37] by incorporating
the fear effect in the susceptible prey (tilapia)
in terms of Caputo fractional derivative. The
integer-order derivative does not contain the com-
plete memory, and it does not describe the phys-
ical behavior of the model. The memory effect

in FDEs that provides data between two dis-
tinct integer values motivates us to study the
model using a fractional derivative. Besides ter-
restrial ecosystems, the fear effect also influences
marine ecosystems. Therefore we are interested
in exploring the complex dynamics of the critical
ecosystem of the Salton Sea (which became a dan-
gerous habitat for birds during the 1990s) with
fear effect. Additionally, the fear effect induced in
the prey population due to predation risk makes
the scenario a novel one and biologically more
realistic and meaningful. The paper is organized
as follows:

In section 2, we describe a modified predator-prey
interaction model with fear effect involving Ca-
puto fraction derivatives. In section 3, we provide
some mathematical preliminaries used for analyt-
ical discussions of our model. Fundamental math-
ematical results like the existence, uniqueness,
non-negativity and boundedness solutions of the
modified model are carried out throughout sec-
tion 4. In sections 5 and 6, the modified model’s
equilibrium points and their local stability are an-
alyzed. In sections 7 and 8, the global stability of
the disease-free equilibrium, positive equilibrium,
and condition for Hopf bifurcation at the disease-
free equilibrium is discussed. In section 9, nu-
merical simulations are carried out using biologi-
cally feasible parameters. Finally, in section 10, a
summary of the outcomes obtained from the cur-
rent study is provided. The conclusions derived
are purely on the basis of theoretical results. Ex-
perimental verification will suggest modification
required in fundamental assumptions.

2. Model formulation

In this section, we discuss a modified form of
a predator-prey interaction model initially for-
warded by Greenhalgh et al. [37]. The model
in [37] is based on the critical ecosystem of the
Salton Sea located in Southern California, New
Mexico, where pelicans and tilapia are the preda-
tor and prey, respectively. The disease is assumed
to spread among the prey through close contact.
The vibrio-infected prey is classified into suscep-
tible and infected prey and are represented by
S(T) and I(T') respectively. So, at any instant
T, the total number of prey (tilapia) population
is N(T') = S(T') + I(T"). Only susceptible prey
(tilapia) take part in reproducing offsprings, and
population growth is in logistic fashion with a car-
rying capacity of k > 0. The predators (peli-
cans) feed on both susceptible and infected prey,
preferably the infected ones, since they are easily
catchable. They assumed that the predators feed
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on the prey with a ratio-dependent functional re-
sponse. With these basic assumptions, the model
is,

ds S+1 pY S
R 1273 Y e
ar =" ( k ) AT =y s
dl cYl
R _ _ 1
ar ~ My (1)
dy hY
ST sy (1o B
dT g < S + I>
with the initial condition S(0) > 0,1(0) >

0,Y(0) > 0 where,

r: rate of growth of the prey species in the re-
producing population group,

k: total capacity of the system,

A: the disease transmission coefficient,

p,c: catching rate of predators (pelicans) to-
wards susceptible and infected prey (tilapia),
respectively,

m: a strictly positive constant,

~: the mortality rate of infected prey per capita,
d: rate of growth of the predator (pelican)
species per capita,

h: a constant which is related to the density-
dependent death rate of the predator(pelican)
population.

The modified fractional-order model of the system
(1)) is presented as follows

¢ o B S+1 pY S
DtS(T)—rS<1 i ) AST Y £S5
o _ _ar
DY I(T) = AST Y 1 ~I
. B hY
DtY(T)—(SY(l S+I>

(2)

Since the induced fear in the prey (tilapia) due
to predation risk reduces their reproduction rate,
therefore we modify the first equation of system
by multiplying the breeding rate r with a fac-
tor g(f,Y) as below,

I
DES(T) = rS <1 - SZ) 9(f,Y) — AST
3
s @
mY + S

where Y describes the biomass of the predator
(pelican) and f describes the strength of fear due
to predation risk in the prey (tilapia). To make

f,Y and g(f,Y) biologically feasible it is appro-
priate to assume that [18]

g(O,Y) = 17g(f70) = 11fhﬁrglog(fay) =0,

99(f,Y) 99(f,Y)

oF o <0.

(4)
Here we consider g(f,Y) = ﬁ which satisfies
condition . Then the system becomes:

e S+ 1\
prsir) =rs (1-520) (1) s

lim g(f,Y) =0, <0,
Y —oo

__pYS
mY + S
cYl
‘DI(T) = \NSI — —~1
e e At
hY
‘DY (T)=6Y |1 - ——
YT =29 < S+I)

(5)
with the initial condition S(0) > 0,1(0) >
0,Y(0) > 0.

Now define T' = At,r; = 5,p1 = §m = %,51 =

%, c1 = 5. Then the system reduces to

e S+1 1
st =ns (1~ ZE) (1) s

__pYS
mY + S
61YI
‘DI(t) = ST — —mnl
pI(t) =5 mY + 1 gt
hY
‘DY (t)=01Y [1— ——
ey =av (1- 5'1;)
(6)
with the initial condition S(0) > 0,1(0) >

0,Y(0) > 0.

3. Mathematical preliminaries

Throughout this section, we present a few prelimi-
nary definitions as well as some important lemmas
for Caputo fractional derivative [22}24,38.|39].

Definition 1. [2/] Let g be any function such
that g € C™([to, +00),R) then the Caputo frac-
tional derivative of ¢ having order « is defined
by

¢ (n)
¢ Moy 9" (s)
toDs g(t) = T(n—a) /to (t — s)o—ntl ds

where I'(.) is the Gamma function, n is a non-
negative integer such that n — 1 < a < n and
t > to. In particular, when 0 < a < 1

¢ pogpy L ' g(s)
VR0 = g J, T
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Lemma 1. 38/ Let g(t) € Cla,b] and § Di'g(t) €
Cla,b],0 < a < 1, then

(i) for each t € [a,b], g(t) is non-decreasing
provided § Di*g(t) >0, a <t <b.

(i1) for each t € [a,b], g(t) is non-increasing
provided { Di*g(t) <0, a <t <b.

Lemma 2. [2// Consider the Cauchy problem

oDFE(t) = A2(t) +g(t)
#(a) = b (b€ R)

with 0 < a < 1 and X\ € R. Then the solution is
of the form

(t) = bEa[A(t — a)?]

+ / (- 9@ VB, [A(t - s>“] 9(s)ds

while the solution to the problem
CDPR(t) = Ni(t)
Z(a) =b (b eR)

(7)

s given by

2(t) = bE, [/\(t - a)a}

The preceding lemma is quite important to ver-
ify that the system @ is uniformly bound which
is the generalization of the Lemma [2| provided
in [40].

Lemma 3. [22] Consider a function u(t) con-
tinuous on [tg, +00) satisfying
£ Du(t) < — Ma(t) + p
== ®)
u(to) = 1y,

where 0 < a < 1,(\,p) € R, and X # 0 and
to > 0 is the initial time. Then

at) < (w, — 5) Ba [FAE =t + 5 (9)

Lemma 4. Consider a function u(t) continuous
on [tg, +00) satisfying

¢ Dea(t) >Xa(t) — p
ﬂ(tﬂ) = U,
where 0 < a < 1,(\,p) € R, and X # 0 and
to > 0 is the initial time. Then

a(t) > (ato - %) Eo [Nt —t0)*] +

(10)

>I=

(11)

Proof. This lemma can be proved using the sim-
ilar approach used in the proof of the lemma

(3)- O

Lemma 5. [39] Consider z(t) € Ry be a contin-
uous and derivable function. Then for any t > ty

z(t
2% In $A(*)]
X
jj* C (0753
< (1 - j:(t)) to DF (1),
¥ eRy, Vae(0,1)

;D?Fawﬂf—

(12)

4. Mathematical analysis

In this section, we present the fundamental math-
ematical requisites like the existence, uniqueness,
non-negativity, and boundedness of the solutions,
as desired in any population dynamics.

4.1. Existence and Uniqueness of the
system

We investigate the existence and uniqueness of the
solutions of the fractional-order system @ in the
region B X [tg, T| where

B={(5,1,Y) € R® : max {|S|, |I|, [Y]} < ¥,
min {[S], ], Y|} > ¥o} and T < +cc.
(13)

Theorem 1. For each Xy = (S0, o, Yo) € B,
there exists a unique solution X (t) € B of the
fractional-order system @ with initial condition
Xo, which is defined for all t > 0

Proof. We denote X = (S,I,Y) and X =
(S,1,Y).

Consider a mapping

M(X) = (M(X), M2(X), M3(X)) and

S+1 1
o0 =ms (1- ) (1) o

. mYS
myY + 8
i 61YI
My(X) = SI = = I
hY
M3(X)=0Y (|1———
0 =ar (1- 47

(14)
For any X, X € B it follows from equation
that
[M(X) — M(X)]

= |M1(X) — My (X)|
+ [Ma(X) — Ma(X)| + [M3(X) — M3(X)|

(15)
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|M1(X) — M (X)]
= |rms <1—Sk+l> SI—J;ZSS—nS <1—SZI>

_ Y3
+SI+T::;/+SS
_ Tl(S_S)_28(S+I)_SI_ﬂfllfi—ss_gg(5+f)+gj+nf)lfy+ss
< n(s—S)’+2 (5% - 5% +(2+1)‘(51—5f)‘+]2 (S—5>‘
+p|(Y Y)‘

= 2r - 71 - 1 -
< _ i) _ - _ - _
<nls— 8|+ tuls S|+<k+1>\IJ|S 5|+(k+1)qf|1 7l
+ PS8+ |y — ¥
m —
|Ma(X) — Ma(X)]
__ _ aYI aYI
= (ST = 8I) — (I —1)— L
(ST=SI) =m( ) (mY+I>+<mY+I>‘

<\I/‘S S’—i-\I/‘[ I‘+’Y1|I I‘—i— ‘I I‘+01|Y Y‘

|

IM3(X) — Ma(X)| = |81y <1 - Shyl) 57 ( ShYJ)‘
<51!Y—Y|+61hSYrI SH‘
<oy — v+ a2 )(S+(?+1)(5§ )) YT - I)‘
LIS S Y’+f&ﬁrY2<s—S>\+g%\Y2u—f>|
<afY ¥4 By -7 5;’;‘5 (5= 9)| 5;’;§1y2u-f>y

Then equation becomes,

2rq

1M (X) = M(X)|| <71 = S|+

\I/\S S\+( +1>\IJ\S S\+(%+1>\IJ\I—I‘]

1M (X) -

M(X

+%|S—S’|+p1|Y—Y|+\P]S—S!+\IJ|I—I_]+’71|I—I_|

ilu—f\ Lol — Y|+ a|Y — V] +26h0)Y — V| +&]Y - V|

51h\11 S h 02 51h\11
\112

—|Y - Y|+

(8 = S)l+ g V21 = 1)

3’F1 51h\1’2 — 1 C1
< Moo w2 _ (7 2)\11 =
_{r1+(k+> +m+4\1:g S =S+ (7 + Tt

512 _ 51hU _
+ = }!I—II+{p1+cl+5l+ l\p }IY—YI
0

i

< Ljx - X|

33
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where
3r1 p1 6 hU?
C1 51h\1’2
AR
(k+) ALt e
0 hv
pL4cr+ 01+ — }
|0

Therefore M (X)) obeys Lipschitz condition which
implies the existence and uniqueness of solution
of the fractional-order system @ O

4.2. Non-negativity and boundedness

Consider the set

By = {(S,I,Y) eB:SeR, I eRy
andY€R+}

where R is the set of all non-negative real num-
bers.

Theorem 2. All the solutions of the fractional-
order system @ initiating in the region By are
non-negative and bounded uniformly.

Proof. For the proof we follow the approach used
in [22].

First, we prove that the solutions S(¢) that initi-
ate in By are non-negative i.e., S(t) > 0 for all
t > ty. Let us assume that is not true, then there
exists t > tg such that

S(t)>0,tg<t<t
S(t1) =0,
St <0, tt={t:t>t}
Based on and the first equation of system ([6])

we have
to D8 S(t1)]s(t1)=0 = 0

(16)

O<axl
(17)
Using Lemma (), we get S(tf) = 0, which is
a contradiction as S(t{) < 0. Hence S(t) > 0
for all t > ty. In similar way we can get
I(t) > 0,Y(t) >0 for all t > t,.
Now to prove the boundedness of all the solution
of system initiated in the region B, we define
the function V(t) = S(t) + I(t) + Y (¢), then we
have,

where

DRV () + V(1)
S+1 1
=5 () -

__mYS
mY + S

aYl hY
+SI—mY+I—”)/1I+51Y<1—S I>+7]S
+nl+nY
T1 pY S aYl
< _ 2 _ _ _
sms kS(S+I) mY +S mY +1 nl
5 hY?
0y — S I Y
+ 01 T+5 +no+nl+n
1 2 51h 2
< (r1+mn)S— ?S +Y (61 +1n) - 7\IIY +(n—y)1
<(m S — "1 4 V(6 +n)— My
S (M7 k 177N o
]{?(7“1 + 77) k‘(’l‘l + 77) o1h
< - _ _Ar
" <S 27«1 L 2
51 + W(o +m)\? | (0 +n)?
201h
_ K o
- 4rq 201h
where = 1. By Lemma [3] we have,
k(ri+n)*  ¥(d1 +n)°
< _ _
v < (Vi) - 0 "
o] | k(ri+n)? | ¥(6 +n)?
Ea|: n(t — to) :| + i + 25.h
k(ri+n)* | ¥(d1 +n)°
- 47’1 251h ’t oo
(18)

Hence, all the solution of the fractional-order sys-
tem (@ which initiate in B4 are restricted to the
region I', where

U(514n)?2
20 h ~ T 6E> 0

r:{ (SIY)€Q+|5+I+Y<(’“1+77)}
_|_

(19)
this completes the proof of theorem. O

5. Equilibrium points

The fractional-order system (@ has the following
biologically feasible equilibrium points.

(1) The trivial or vanishing equilibrium
E1(0,0,0) which always exists. In an eco-
logical sense, trivial equilibrium is impor-
tant since all populations will never be-
come extinct simultaneously.

(2) The axial equilibrium E(k,0,0) where
there is only susceptible prey, which al-
ways exists.
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(3) The disease-free equilibrium
hk(ri(h
Es5(Ss,0,Ys) where S5 = WM’Y?’ -

k(ri(htm)—p1)
fkpi+hri(h+m) -
The disease-free equilibrium Fj3 exists if

and only if r1(h +m) > p.

(4) The predator-free equilibrium
E4(Sy, 14,0) where Sy = vy, Iy = %_r?l)

which exists if and only if Ry > 1 where
Ro Ro is the basic reproduction
number of the epidemic theory deter-
mined with help of next generation matrizx
method [41].

The positive or endemic equilib-
rium E*(S*, I*,Y*): From the equation
of predator nullcline we obtain ¥ = 2 ZI .
Solving susceptible prey and infected prey
nullcline equations and substituting Y*
gives,

c18* —m(S*)? + yymS*
—c1 —y1h + hS* — yym + mS*’
S*(S* =)
(h+m) (S* *’)/1) *Cl.
Substituting I* and Y* in susceptible prey
nullcline equation gives the following fifth
degree polynomial equation,

p0S™ 4+ p1S* 4 paS*

I =

Y* =

2 (20)
+p3S™ +psS*T+p5=0
where pg,p1,p2,03,04 and ps are given in
the appendix.
I* and Y* are uniquely defined if S* is
a solution of the above equation . If
S* = 0 is a real positive solution of the
polynomial equation (20f), then I* and Y*
are real and positive if,

c1 +1h+ym

c1+ym
h+m ’

m

< S* <

For the parameters provided in section 9
with f = 0.05,m = 5,h = 0.5,k = 350
equation has a unique non-zero posi-
tive real root S* = 41.59 for which the cor-
responding [* = 50.57 and Y* = 164.31.

6. Local stability analysis

Throughout this section, we investigate the lo-
cal stability of the equilibrium points of the
fractional-order system @ For local stability
analysis of the positive equilibrium, we use the
Routh-Hurwitz criterion.

35

6.1. Local stability of E;(0,0,0)

The Jacobian matrix of the fractional-order sys-
tem @ is not well-defined at the equilibrium
point E1(0,0,0). In order to show that Ej is un-
stable, it is sufficient to prove that not all the
trajectories initiated in the neighborhood of FEj
approach Fq. Suppose a trajectory which initi-
ated with Y (0) = 0 and S(¢) > 0, then we have
Y (t) =0 but S(t) > 0V ¢t. Hence

| B S+1 r
S tD S( ) 1 (1 7]{ > 1> 5
— ¢D2S(t) > S (%)

Now, if S and I are small enough then by using
Lemma

S(t) > SoEq [ (t—to)}

for t > tg. Therefore the trajectory cannot ap-
proaches to Fy. Hence Ej is locally asymptoti-
cally unstable.

6.2. Local stability of Es(k,0,0)

The Jacobian matrix of the fractional-order sys-
tem @ is not well defined at the axial equilib-
rium Es(k,0,0). To prove that Es is unstable we
presume that E5 is locally asymptotically stable
(LAS). Now suppose a trajectory which is initi-
ated with Yy > 0 and either Iy > 0 or Sy > 0.
Hence either I; > 0 or S; > 0 V t. Therefore
iDpy () > T

Then by using Lemma
é
Y (t) > YoEq [21@ — to)]

for t > to. Therefore the trajectory never ap-
proaches to Fo. Hence Es is locally asymptoti-
cally unstable.

6.3. Local stability of F3(S3,0,Y3s)

Theorem 3. If Ry < 1+ % then the disease-
free equilibrium Es of the fractional-order system
@ 1s locally asymptotically stable under the con-
dition 26y > BL and ry > BL

Proof. The Jacobian matrix of system (6)) at Es
is given by

Jii Jie Jis
Jo, = 0 Joo O
J31 Jz2 Jss
B((2he+ tm)py— (htm)*r1)
where Jy; = (h+fk)(h+m)? ’
Ji2 = _ h((h+m)ry pl)(fkp1+(h+m)(k(h+fk)+h”))

(h+fk) (h+m)(fkp1+h(h+m)r1)
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hp1 ((h2+2fkh+ fkm)ri— fkp:)

Jis = — (ht fk) (h+m)?r, ’

Jop = Mltmiri(m(k—m)—c1)—kp1(fer+m(htfr1))
22 m(fkp1+h(h+m)r1) ’

Ja1 = L, Jsp = 5, J33 = —01.

The eigenvalues of the Jacobian matrix of the
system at the equilibrium point F5 are the roots
of the following equation

(Jog —01) (6 — Ao+ B) =0 (21)
where
hpi(fk + 2h +m) — (b4 m)? (61 (fk + h) + hry)

A:

(h+m)2(fk + h) ’

01 (ri(h+m) —p1) (fkp1 + hri(h +m))
ri(h+m)2(fk+h) '

The characteristic equation have the following

roots,

_hri(h+m) (m(k—v1) —e1) = kp1 (eo f +m (o f + 1))

N m (fkpi + hri(h + m))

~ hpi(fk+ 2k 4+ m) — (h+m)? (61(fk + h) + hrq)

B 2(h +m)2(fk+ h)

B:

o1

o2
A
2 /ri(h+m)2(fk+h)

_ hpi(fk+2h+m) — (h+ m)? (01(fk + h) + hr1)
73 = 2(h+ m)2(fk + h)

A
NN TR gy

A ) h2ri(fk +2h +m)

A= ¢ —2pir(h+m)? ( S0+ B3R+ 2m) — ham) )
x pt (K211 (fk + 2h +m)? + 461 fk(h +m)?(fk + h))
+ri(h+m)t (hry — 61(fk +h))?

If Ro <1+ % then |arg(or)| = m > % where
_ kpi(crf+m(n f+h))

X = hri(hrm)

The eigenvalues 023 have negative real parts if
201 > B and |arg(ogs)| =7 > 9, V0 <a <L
Therefore according to Matignon’s condition [42],
the disease-free equilibrium Fj is locally asymp-
totically stable if iy < 1+Cvllinff with the condition

that 26; > 2L and ry > 2L O

6.4. Local stability of E4(Sy, I4,0)

Theorem 4. The predator-extinction equilib-
rium point E4 of the system (@ is locally asymp-
totically unstable if Ry > 1.

Proof. The predator-free equilibrium F, exists
for Ry > 1. The Jacobian matrix of system @ at
E, is given by

_rm _(ktro)n frim(n—k)—pi(k+r1)
(k; ) k k+r1
I, = Tik—m _
E4 k+r1 0 Cl
0 0 01

The eigenvalues of the Jacobian matrix of the sys-
tem at F, are the roots of the following equation

k k
Clearly one eigenvalue of the characteristic poly-
nomial is Ay = ;. Therefore the system @ is
locally asymptotically unstable at Ej. O

(81— Ay) (A2 pom ke 71)) —0

6.5. Local stability of E*

The Jacobian matrix of system @ at E* is given
by

Vi Vo V3
Jpe=| Va V5 W
Vi Vg Vg
where
— (k — I* — 25%)
fEY* + k
_ mpy (Y*)? 4+ I* (mY™ + §*)?
(mY* + §*)?
Ve — S (fRY +E+r)
27 Y + k
o <fr1 (~k+I"+ 8"  pS >
k(fY*+1)>2 (mY* 4 5%)?
Vy=1I"
Vs = (S* — ) (MY* + I")* — eym (V*)?
(mY™* + I*)?
I*)?
V= ) !
(mY™* + I*)
N 2
S1h (Y)
Vi= ———4
(I* + S%)
_ Gh (V)
s (I* + 5%)?
_ 81 (—2hY* + I* 4+ S%)
9= T* 4 S*

and the corresponding characteristic equation is
of the form

(22)
where w;,(i = 1,2,3) are given in the Appendix.
By Routh-Hurwitz stability criterion the positive

equilibrium E* will be locally asymptotically sta-
ble if wy > 0,w3 > 0 and wiwsy > ws.

U3+w102+w20+w320

7. Global stability analysis

In this section, we study the global asymptotic
stability of the disease-free equilibrium point and
the positive equilibrium point by constructing
suitable Lyapunov functions.
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Theorem 5. If R < k(53— %)_l then the
disease-free equilibrium Fj3 is globally asymptoti-
cally stable.

Proof. Proof of the theorem is given in the Ap-
pendix. O

Theorem 6. The positive equilibrium E* is glob-
ally asymptotically stable with respect to solu-
tions initiating in the interior of the region I' if

Lz =1 (1 + W}M) and gy > ey

Proof. Proof of the theorem is given in the Ap-
pendix. O

8. Bifurcation analysis

Throughout this section, we analyze the possi-
bility of occurrence of Hopf-bifurcation at the
disease-free equilibrium point FE3 and positive
equilibrium E*. Oscillating behavior is one of
the most frequent dynamical behavior appears in
the nonlinear mathematical study of population
dynamics, which lead to the Hopf-bifurcation of
the system.

From the equation , the characteristic equa-
tion of the Jacobian matrix of the system at Fs
has a pair of purely imaginary eigenvalues for
A =0 and B > 0 which implies,

. 2hp1 + mpy

U7 R2 4 2hm + m2
h2ry + 2hmry — 2hpy + m*r1 — mpy
kpy
m (hri(h+m) (k=) —kp1 (nf + 1))
fkp1 + hri(h +m)

5 — h (pl(fk +2h+m) — rl(h+m)2)

b (h+m)2(fk + h)

f>

c1 >

(23)

Since we are discussing the effect of fear for the
model, so we use rate of fear f as the bifurcation
parameter. Again the characteristic equation of
Jg= is of the form,

(24)

The positive equilibrium E* experiences a Hopf
bifurcation for some free parameter say f at a
threshold value f = f*if wy(f*), wa(f*), w3(f*) >
0, A = i (f* )l f*) — ws(f*) = 0 and 22(f*) £
0. Next, we mention Matignon’s criterion for the
existence of a Hopf bifurcation when the order
a of the fractional derivative passes through the
threshold value a = o*.

Theorem 7. ;4] (Existence of Hopf bifurca-
tion) When the bifurcation parameter a passes

03+w102+w20+w320

through the critical value @ = o* € (0,1), the
fractional-order system (@ undergoes a Hopf bi-
furcation at any equilibrium point E' if the follow-
ing conditions hold

(a) the Jacobian matriz of the system at the
equilibrium point E has a pair of complex
conjugate eigenvalues ;\2,3 = u * v where
u > 0 and one negative real root Al

(b) m(a*) = a*§ — minj<i<z [ arg(\;)| = 0.
(c) d”;éo‘) la=a* # 0 (transversality condition)

9. Numerical simulation

Throughout this section, we compare the analyti-
cal findings using a biologically plausible parame-
ter set. Approximate solutions for our fractional-
order system are determined using the general-
ized Adams—Bashforth—Moulton type predictor-
corrector scheme [43]. We took the major-
ity of our base parameter values from the eco-
epidemiological study of pelicans in the Salton sea
by Chattopadhyay et al. [35].

r =3/day, c¢=0.05/day, v = 0.24/day,
0 =0.09/day, A= 0.006/day, m =1
Additionally, we take f = 0.2, p = 0.03/day,

h=0.2.
With these parameter values,

3 0.03
=500 =9 P =g ™ b
0.05 0.24 0.09
C1 , M1 = h =0.2.

~ 0.006 0.006" "'~ 0.006
Now, we fix total capacity of the prey to be
k = 75. For the choice of parameter values men-
tioned above, S3 = 45.76 and (% +’yl) = 48.33
satisfying S3 — £ — v < 0. Equivalently, o <

k (Sg — fn—l)_l, which is the condition for global
stability of E3 obtained analytically in Theorem
With these set of parameter values the equi-
librium points of the fractional-order system @

are
Ej = (45.7692, 0, 228.846), E4 = (40.,30.4348, 0)

Under the above parameters no positive equilib-
rium appears. Between the two equilibria, Fj
is unstable (Theorem [4) and Theorem [5| is sat-
isfied for global asymptotic stability of E3. It is
observed that all the trajectories of the system
@ initialed at different values approach to the
disease-free equilibrium FEj3, see Figure Next,
we consider f = 0.05,,m» = 5,h = 0.5 and
k = 350 along with the other parameters men-
tioned above. For these parameters S3 = 328.46,
(2 + 1) = 41.66 and S3 — < — 4, > 0 which is

m

equivalently R > k (S5 — %)_1. The equilibrium
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points of the fractional-order system @ which ex-
ist under these parameters are
E; = (350,0,0), E3=(328.462,0,656.923),
E4 = (40, 182.353,0),
E* = (41.5882,40.5682,164.313). Among these
equilibria, F3 is unstable since the Theorem [5| is
not satisfied for the parameter set. From numer-
ical simulations, it is found that trajectories of
the system tend to the positive equilibrium E*
with the increase in time irrespective of the ini-
tial value (Figure5). This suggests that the posi-
tive equilibrium E* has a large domain of attrac-
tion. Again we set the parameter values h = 0.04,
k = 75 together with p1,m,~1, 51 as mentioned in
the beginning of section 9. From the first condi-
tion in equation ,

r1 > 4.9926

So we fix ry = ch)ﬁv then from the second con-
dition f > 0.466311. Again we fix f = 0.5,
then from third condition ¢; > 1.59729, so we
fix ¢ = %. Finally for the fourth condition
01 = 0.0124456 which implies 6 — 0, i.e., the re-
production rate of predator population becomes
very very small. For rq,c1,0; as above, keep-
ing other parameter values fixed with f = 0.6
and initial population (55,75,190), the eigenval-
ues of the Jacobian matrix of the system at the
disease-free equilibrium FE3 are M= —46.156,
5\2,3 = 0.0143594 =+ 0.244213i. From the second

condition of Theorem [7]

2 0.244213
* = —arctan | —————| = 0.962611 = 0.962
« arctan 0.0143594 0.9626 0.96
and from the last condition,
dm T
-0 =220
do|,_ v 2 7

which implies that the transversality condition
holds. Hence the fractional-order system @
at the disease-free equilibrium FE3 experiences a
Hopf bifurcation when the bifurcation parame-
ter o passes through a critical value a* ~ 0.962,
see Figure [2l Our main interest is to discuss the
fear induced in the prey as an anti-predator reac-
tion. We fix the rate of fear f as a free parame-
ter. The system @ exhibits oscillatory behaviour
at the disease-free equilibrium Fj3 for f = 0.7,
ri1 = 1/0.006, ¢; = 0.05/0.006, 6; = 0.0124456
and a = 0.98, see Figure We take the initial
population (55,75,190) and o = 0.98 with the
fear coefficient f as a free parameter. It is ob-
served that increasing the fear effect f from f =
0.466311 the disease-free equilibrium FE3 becomes
unstable due to a Hopf bifurcation when the bifur-
cation parameter f passes through a critical value

J* = 0.48, see Figure[d Again we set the parame-
ter set f =0.05,m =5,h = 0.5, k = 350 together
with other parameter values as mentioned in the
beginning of section 9. In Figure || we plot the
trajectories of the system @ for a = 0.99 with
initial population (55,170, 450) which approach to
E*(41.59,40.57,164.31). Moreover, for these pa-
rameter values wy > 0, wy > 0 and wiws —w3 > 0,
which confirms that the Routh-Hurwitz stability
criterion satisfies.
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Figure 1. Phase diagram of the sys-
tem (@ at the disease-free equilibrium
FE3 with different initial values with
a=0.9.
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Figure 2. Bifurcation diagram of
the system at Fs with respect to the
bifurcation parameter a.
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Figure 3. Time series of the
fractional-order system @ at E3 for
f=0.7Tand o =0.98
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Figure 4. Bifurcation diagram of

the system at E3 with respect to the
fear effect f for a = 0.98

In Figure[6, we compute orbits with above param-
eters and a = 0.99 from several starting points
and observe that all trajectories of the system
@ approach to the same positive equilibrium
E*(41.59,40.57,164.31). This suggests that E*
has a large domain of attraction. We fix the pa-
rameter values f = 0.05,m = 5,h = 0.5,k = 350
together with the parameter values mentioned in
the beginning of section 9 and keep 71 as free
parameter. For ~; = % and a = 1 it is ob-
served that for all the trajectories of the system
@ undergoes a Hopf bifurcation, see Figure
and Figure @ Increasing v; from ~; = %
to vy = , it is observed that the positive
equilibrium E* undergoes a backward Hopf bi-
furcation at 1 = 0.1284/0.006, see Figure [9]
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Figure 5. (a) Time series of positive
equilibrium point E* for a = 0.99, (b)
Phase diagram of positive equilibrium
point E* for o = 0.99.
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Figure 6. Phase portrait of the pos-
itive equilibrium E* of the system ()
for a = 0.99.

For v = % the eigenvalues of the Jacobian
matrix of the system at the positive equilibrium
E* are \; = —19.0552, Ay 3 = 0.849491+32.1521.
From Theorem [7}

« 32.1521
o = % arctan ‘m’ = 0.983184 ~ 0.983
and .
m s
- —- 0
do | o 2 70

Population

Figure 7. Time series of the
fractional-order

system @ for
= % and a =1

Figure 8. Phase diagram of the
fractional-order system (6] for 1 =

0.12 —
0.006 and a =1

1 %
25 2 A5 2 25 25 2 25 a2 25
T b
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Figure 9. Bifurcation diagram of
the system at E* with respect to mor-
tality rate of infected prey ~; for a =
1.
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- i - Hence Hopf bifurcation occurs in the system @
u . - at the positive equilibrium E* when the bifurca-
0 O tion parameter a passes through a critical value
- S — : _ .07

' a* = 0.983, see Figure For v = % and
% 7 I a = 0.99 all the trajectories of the system

“ I shows oscillatory behaviour via a Hopf bifurca-

¥ j: """"""""""" k tion, see Figure and Figure . Increasing
..................... if v from v = 8:6 to 1 = 8:88, it is observed
: that at the positive equilibrium E* the system @

undergoes a backward Hopf bifurcation when the

0 0 :
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(a) (b) bifurcation parameter y; passes through a critical
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value 77 = ggog» see Figure
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Figure 10. Bifurcation diagram of
the system at E* with respect to the
bifurcation parameter c. E
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i | Figure 13. Bifurcation diagram of
G R e e el e o the system at E* with respect to mor-
fime tality rate of infected prey ~; for a =
0.99.
Figure 11. Time series of the system For h = 05,k = 2500, f = 0.05 along with other

@ for v1 = g5 @ = 0.99.

parameters as mentioned in section 9 and ini-
tial population (55,170,450) all the population
coexists with population E*(40.93,154.9,39.18)
(Figure . For f = 0.12 the eigenvalues
of the Jacobian matrix of the system at the
positive equilibrium E* are A= —20.8432,
Ao,3 = 2.29661 % 70.1413i. From Theorem [7}

. 70.1413 N
o = arctan 2.29661‘ =0.979163 ~ 0.979
and .
m i
do| e 2 7 0.

Hence a Hopf bifurcation occurs in the fractional-
Figure 12. Phase diagram of the order system @ at the positive equilibrium E*
system for v; = 29 and o = 0.99. when the bifurcation parameter «a passes through
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a critical value o = 0.979, see Figure [I5] With a
increase in the fear coefficient all the trajectories
of the system @ at the positive equilibrium E*
undergoes a Hopf bifurcation. In Figure the
oscillatory behaviour of all the population is pre-
sented for f = 0.12 and a = 0.98. Increasing f
from f =0.05 to f = 0.18, it is observed that the
positive equilibrium undergoes a forward Hopf bi-
furcation when the bifurcation parameter f passes
through a critical value f* = 0.1, see Figure
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Figure 14. Time series and phase
diagram of the system for
f=10.05,a =0.98.
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Figure 17. Bifurcation diagram of
the system at E* with respect to to
fear coefficient f for a = 0.98.

9.1. Impact of the disease on predators in
the absence of susceptible prey

In the absence of susceptible prey both the in-
fected prey and predator populations become ex-
tinct, and the system approaches the trivial equi-
librium Fj. Analytical discussion of the situa-
tion can be found in literature [37]. Here we
are exploring this scenario numerically for dif-
ferent values a. We fix the parameter values
m=1.¢c = %771 = %751 = %)h =02
and consider other parameters to be 0. From Fig-
ure it is observed both the infected prey and
predator populations approach towards extinc-
tion for the initial population (I = 75,Y = 120).
The behaviour of the infected prey and predator
towards extinction under different values « is pre-
sented in Figure Increasing the order «, the
time duration of extinction for both the species
become reduced.

10. Conclusion and discussion

In this paper, we investigate a modified eco-
epidemiological model incorporating the fear ef-
fect. The model equations are constructed with
the help of Caputo fractional-order differential
equations. Fundamental requisites such as exis-
tence, uniqueness, non-negativity, and bounded-
ness of the solutions of the system are discussed.

Population

Figure 18. Time series of the sys-
tem in absence of susceptible prey for
a=0.9.

-
W —dd L K‘

— " \\

Infected prey

(a) (b)

Figure 19. (a),(b) Time series of the
system when S = 0. Infected prey
and predator approach towards ex-
tinction for different values of a.

Biologically possible equilibrium states of the
model are determined. The basic reproduction
number Ry of the epidemiology theory is deter-
mined. Local and global asymptotic stabilities of
the equilibrium states are presented. The disease-
free equilibrium Fj is globally asymptotically sta-
ble if 8y < k (Sg — %)_ , where ¥t is the basic
reproduction number of the epidemic. The global
stability condition of the endemic case, i.e., the
positive equilibrium, is also discussed. We deter-
mine the threshold parameter values for which
the disease-free case and the endemic case be-
come unstable. In equation we present a
parametric condition for which the disease-free
equilibrium loses its stability due to a Hopf bifur-
cation. With biologically plausible parameters,
we conduct numerical simulations to visualize the
system’s behaviour near the equilibrium points.
To explore the role of the order («) of the dif-
ferential equations towards the stability of the
equilibrium states, we use Matignon’s theorem.
Global stability of the system at the disease-free
equilibrium Fs is presented in Figure (1l The tra-
jectories of the system at the equilibrium E5 with
« as a free parameter are presented in Figure
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2l Applying Matignon’s theorem, we determine
the threshold value of o as a* =~ 0.962. When
a passes through the critical value a = a*, the
endemic equilibrium E* of the system becomes
unstable via a Hopf bifurcation. An increase
in the fear coefficient f through a critical value
[* = 0.48 (with o = 0.98), the system shows oscil-
latory behaviour at the equilibrium F3 via a Hopf
bifurcation (Figure {4)). From an ecological point
of view, an increase in fear due to predation risk
above a threshold value decreases the prey pop-
ulation’s reproduction rate, forcing the system
towards extinction. Global asymptotic stability
of the positive equilibrium can be observed in Fig-
ure[6] Behaviour of the system at E* with respect
to a can be seen in Figure Mass mortality
of the pelicans was taking place mainly because
of consuming infected tilapias in the Salton Sea.
Numerically, it is observed that the parameter v;
could stabilize the system dynamics at the posi-
tive equilibrium when it passes through a critical
value y1 = 7§ = 0.093/0.006 (Figure [13). For
a different set of parameters, the system shows
oscillatory behaviour through a Hopf bifurcation
when « passes through o« = o* ~ 0.979 (Figure
. It is also observed that the rate of fear in
prey due to predation risk is responsible for the
stability of the endemic equilibrium. An increase
in the rate of fear due to predation risk enforces
the endemic equilibrium to lose its stability via a
Hopf bifurcation (Figure . In ecological terms,
all the populations exhibit oscillatory behaviour
with a certain increase in the rate of fear due to
predation risk. From the numerical simulations,
it is observed that below some threshold value
0 < a < o all the population coexists. So, it
can be concluded that the system’s fraction-order
() can help to control the coexistence of all the
species populations. In the absence of suscepti-
ble prey, both infected prey and predator extinct
after a specific time. The effect of infected prey
on the existence of the predator population is
discussed numerically in subsection 9.1. It is ob-
served that with an increase in the order «, the
time of extinction for both the species get reduced

(Figure [L8)).

We have already given brief summary of the
models in [3437] at the introduction part. As
per the authors’ information, fewer studies have
been done in epidemic models with the fear ef-
fect. In [46], Wu et al. studied a delayed epi-
demic model incorporating fear effect in prey
and refuge. Pal investigated a modified Lesli-
Gower eco-epidemiological model with fear ef-
fect in prey [47] and observed that an increase

in the fear coefficient stabilizes the system dy-
namics. In [49], Sha et al. investigated an eco-
epidemiological model with disease in the prey.
They assumed that the induced fear also reduces
disease transmission along with reproduction and
obtained fear-induced backward bifurcation and
bi-stability. Our model differs from the model
proposed by Sha et al. [49] in functional response,
fear effect (no impact of fear effect in disease
transmission ), and type of the equations. In
a fractional-order sense, Mandal et al. [48] dis-
cussed an epidemic model with the fear effect of
an infectious disease. Our model is more realistic
than the models studied in [35,37] in the sense of
fear induced in prey and the type of the differen-
tial equations. The reproduction rate in the prey
population is affected because of the predation
risk that controls the system dynamics. Again,
the fractional-order of the equations may help to
control the stability of the coexistence equilib-
rium state. Interested readers can modify this
model by involving non-local, additionally, non-
singular fractional derivatives such as the ABC
derivative. Holling type IV functional response
can be assumed as most prey shows antipredator
defense mechanism. Group defense is a popular
anti-predator response where the prey defends
themselves by making groups; see [45]. More-
over, one can investigate the model, including the
impact of fear in the disease transmission by in-
volving fractional derivatives, see [49)].
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Appendix A.

Coefficients of S* in (20))

po = fkm(h + 2m),

p1 = —c1fk(h +3m) — fkpi(h+m) — (h 4 2m) (hri(h +m) — km (=3 f +h+m)),

p2 = c1 (—k (=2v1 f(h + 3m) + h? + 5hmm + 5m?) + fkpy + hr1(2h + 3m)) + ¢} fk
—kpi(h+m)(=3v1f+h+m)+ (h+2m) (ri(h +m) (Bnh+ k(h+m))
—3mkm (—nf 4+ h+m),

ps =c1 (— (mk (1 f(h+ 3m) — 2 (h* + 5hm + 5m2)) = 2kp1 (=mf +h+m)
+ 71 (k (3h2 + 8hm + 5m2) + 2v1h(2h + 3m)) — 3 (k (yif — 2(h +2m)) + hry)
=71 ((h+2m) (yikm (v f = 3(h +m)) + 3ri(h +m) (nh + k(h +m)))
= 3kp1(h +m) (=n.f +h +m),

ps=—(c1 +v(h+m)) (61 (vik(h +3m) —ry (v1h + 3hk + 4km) + kp1) + c%k‘
= (kpr (nf = 3(h+m)) + (h+2m) (r1 (b + 3k(h +m)) — y1km)),

ps = —k(c1 +71(h+m)) % (crrs + 1 (r1(h +2m) — p1)).

Proof of Theorem [G

Proof. At the equilibrium point F3 the system @ reduces to,

I 1 Y-
r153<1—53+ 3)( )_53[3_191353:07

k

Consider the Lyapunov function,

Y3

We calculate the a-order derivative of W(S,I,Y") along the solution of the system (@ and applying
Lemma [5] we get,

W(S,I,Y):Nl <S—53—531n5>+N21+N3<Y YE;—YE;IHY>
3

DYW(S,1,Y)
S-S Y Y-
_Nl( 2 )t o)+ e + 8 (52 ) £, pev )
. S — S S+I 1 p1YS
-4 (557) [ (- 5) (5) - -aes

YT Y —Y; 5%
+N2<SITnYJrI%I)HV?’( Y )[51Y<1S+Iﬂ
S+1 pY Ss 1
—Nl(S_S?’)[ (1_k> I_mY+S_”(1 k>1+fY3

p1Ys aYl hY
P8 LN, (ST I )+ N3 (Y = Y3) |6 (1 — ——
ng+SJ+ 2( mY + I %)Jr 3 3)[1( S+I>
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< Ml§ =5 k(ff?@,) - Tl(slj ! k(ff;i@,) T m];}i 5
5 ] (1 L, ) v [0 50

<0559 7 - <?1> = Sg)gi;xgg(s P
~Tr e sy |+ (ST sy~ ) M -1

S-l—f Sg-l—[g) S3 + I3

[ (S — S3) + Y (I — I3) (ng)}

< fNiri (S —S3) Y3

<y s s ags - s TR

o3 N1p1 (S S5)% — (S — S5)(Y — Vi) 7 +]\;1)1(D71n6;?;3 - Ngézgifl;)ggYs)z
(S - S?Z)S(i E)E)Ngélh Ngéth?:giY Y <51 B mc}l/Y—:'I . )

<My s - - g 0

N3y h Nip1S
+ [(S —S3)(Y — Y3){ (S +1)S3 B (mY + S)(mYs + Ss3) }

I+ fY3(S+ I)} N361hY3Y { I+ fY3(S+1) H
NSz 1 - N ST+ ———
+ Ny 3{ + 1+ fYs + S 1 + 1+ fYs
01YI
+N2(SImY+I’le)

Suppose —BL- < % and 01 < S,1,Y < 05. We choose Ny and N3 such that

m2Ys

Ny mm{ 20253 (03(m + 1) (fY3 +2) (mY3 + S3) + Oap1 Y3 (fV3 + 1)) 203p1.53 }
Ny S1hfF(m + 1) (fY3 + 1) (mY3 + S3) " 01h62(m +1)Y3
N3 - 20355 (62 — fr1Y3)

N1~ 6ih(fYs+1) (Ys (67 + S3) + 20 (Y5 +1))

Then §, DfW(S,1,Y) < Ny (S1 - g;ﬁﬁf - nt)

Clearly, DO‘W(S 1,Y) <0 when S5 — & — 57 < 0 which is equivalent to Ry < k (Sg — C—l)
Hence the proof. 0

1

Proof of Theorem

Proof. At the equilibrium point E* system @ reduces to,

\ S* + I* 1 e PIYESY
o (1 k )<1+fY*)SI my 5

Cly*I*
S — ——— =y I[*=0 25

hY™*
1Y (l—-——1]=0

To study the globally asymptotically stability of E* the following positive definite Lyapunov function
is considered:

W(S,1,Y) = L, <s—s* 5*1n5*> + Ly <1—1*—1*1n11*> + Ls <Y—Y*—Y*ln;:*>.
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We calculate the a-order derivative of W(S,I,Y") along the solution of the system @ and applying
Lemma [5| we get,

¢ Nna S_S*c «a I_I*c @ Y_Y*c «a

t()Dt W(S, I, Y) - Lthth S(t) + LQ?tth I(t) + Lthth Y(t)

S — S* S+1 1 mY S
=L 1-— — ST —
175 [’”15< k > <1+fY> S mY—IrS]
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7 |:SI— mY—}—I_MI] + L3 v |:51Y (1_S—I—I>:|
S+I p1Y
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. 8% hY*
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L1p1S . Lgclf(Y—Y*)(I—I*)

Y -Y*)(S—-5%

© (mY + S)(mY* + 5%)
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Then fODf“W(S, LY) <0.

Expressions of w;,(i = 1,2, 3) in equation ,
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models associated with power-law distribution, kernel singular, non-local and
non-singular. The fixed-point theorem employed to present the existence and
uniqueness for the hired arbitrary-order model and convergence for the solution
is derived with Banach space. The projected scheme springs the series solution
rapidly towards convergence and it can guarantee the convergence associated
with the homotopy parameter. Moreover, for diverse fractional order the physi-
cal nature have been captured in plots. The achieved consequences illuminates,
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1. Introduction most elegant discipline. Most of the concept in
nature associated with the rate of change, varia-
tion and modification are necessitates differential
calculus. Recently, many researchers came with
limitations of classical concept particularly to
capture power-law, non-local, non-singular, het-
erogeneities, exponential decay, fading memory,
fatigue effect, and other functions. Later, math-
ematicians suggested an old tool and which is
rooted soon after the classical concept, called frac-
tional calculus (FC). Many senior pioneers prear-
ranged the reputation of FC and proposed distinct

Mankind is always looking for innovation, devel-
opment, novelty, modernization and modification
in science and technology to lead daily life in a
convenient manner. In this connection, mathe-
matics is the basic, essential and pivotal tool and
which aid us to study, investigate and predict the
essence of life associated with surrounding na-
ture. Among this tool, calculus with differential
and integral operators is the most efficient and
favourable instrument and it has been recanalized
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notions and properties [1-15]. In a while, the
fundamental theory and extensive claims of es-
sential properties are broadly employed to model
diverse physical mechanisms and everyday prob-
lems [16-22].

The essence of studying the mathematical models
with differential equations of fractional and inte-
ger order is always a hot topic, and hence many
researchers are magnetized towards the new ap-
proaches with numerical and analytical methods.
For instance, authors in [23] find the invariant
solution for Bogoyavlensky-Konopelchenko equa-
tion, the fractional-reaction diffusion trimolecu-
lar models is studied in [24], the fractional-order
Gross—Pitaevskii equations are examined with the
help of unified method by researchers in [25].
Similarly, authors derived interesting results for
Calogero-Bogoyavlenskii-Schif [26] and coupled
Korteweg—de Vries equations [27] with similar
techniques. To show the essence of the Lie sym-
metry analysis, authors in [28] investigated about
the Bratu Gelfand model, the effect of fractional
derivatives are illustrated by authors to capture
the stimulating results associated with fifth-order
Schrodinger equation [29], COVID-19 [30], Mac-
cari systems [31], chaotic system [32], the math-
ematical model of Tumour invasion and metasta-
sis [33], and modified coupled Korteweg—de Vries
system [34]. The Lump and optical solitons solu-
tions are derived by researchers in [35] with the
analytical method, and authors in [36] derived
some stimulating results associated with bipar-
tite graph and fractional operator. The projected
method is hired by the scholars to investigate
the system associated with Jaulent—Miodek sys-
tem with energy-dependent Schrodinger poten-
tial [37], the epidemic model of childhood disease
[38], liquids with gas bubbles models [39], the Za-
kharov—Kuznetsov equation in dusty plasma [40],
and Degasperis—Procesi equations [41].

In a two-dimensional channel flow, the impact of
bottom configurations on the free-surface waves is
investigated with the help of the forced Korteweg-
de Vries equation. The bottom topography
plays a vital part in the study of shallow-water
waves, and which can significantly evaluate the
behaviours of wave motions [42}43]. Shallow wa-
ter or long waves are the waves in water shal-
lower than 1/20 their actual wavelength. When
the bottom configuration is more complex, the in-
terplay between the bottom topography and soli-
tary waves can demonstrate more stimulating dy-
namics of the free surface waves. When the rigid
bottom of the channel has some obstacles and
for an incompressible and inviscid fluid, the two-
dimensional channel flow with free surface waves

have been studied [44}145]. Fluid flows over an
obstacle, the forcing approximately with the KdV
equation can portray the development of the free
surface. The FKdV equation is very important
while describing the nature sine Gordon equa-
tion as well as the nonlinear Schrédinger equa-
tion. Further, the proposed model has numerous
applications in the connected branches of math-
ematics and physics. This equation is consid-
ered an essential tool to study the propagation of
short laser pulses in optical fibres, atmosphere dy-
namics, geostrophic turbulence and magnetohy-
drodynamic waves [46,47]. Particularly, it offers
stimulating results associated to physical prob-
lems such as acoustic waves on a crystal lattice,
tsunami waves over obstacles, and shallow-water
waves over rocks.

Here, we consider the forced KdV equation with
the free water surface elevation measured u (z,t)
on critical flow over a hole from undisturbed wa-
ter level and which introduce and nurtured by Wu
in 1987 [48], and presented as follows:

10u 3u(z,t)] Ou

P T A S
_WPu _19f (x) (1)

6 0x3 2 0Oz '

where F). is Froude number and it also calls as the
critical parameter, h is the sea mean water depth,
f (z) is the external forcing term and define as

_ pa(®) Pa(z)

air pressure, and b(x) is rigid bottom topogra-

Here, is the surface

x

phy and is defined by b (z) = —0.1e~ © — 1. The
Froude number (F,) plays an important role in
Eq. , since its value elucidates the kind of crit-
ical flows over the localised obstacle. Specifically,
for > 1, =1 and < 1 respectively represent the
flow is considered as supercritical, trans-critical
and subcritical. In the rigid bottom topogra-
phy b(x), two different kinds of hole examined,
namely for 5 = 2 and § = 8. The behaviours
of b(x) for two distinct cases is cited in Figure
1. These cases respectively signify the hole is ex-
pected an inverse of bell-shaped and the hole is
more flattened at the bottom as well as wider.
Authors in [49], considered the simplified above
equation by eliminating surface air pressure and
presented it as follows

10u 3u(z,t)] Ou
cor T D=5 o
h?3%u  10b(x)
608 2 s "V (2)
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In the literature, we have diverse fractional op-
erators and the most familiarly used are includ-
ing Riemann-Liouville (RL), Caputo [3], Caputo-
Fabrizio (CF) [50] and Atangana—Baleanu (AB)
[51] operators. However, mathematicians and sci-
entists are always looking and searching for the
tool which can help to derive and find the re-
quired consequences at a particular situation in
specific context. In this regard, each earlier pro-
posed concepts have their own confines. Includ-
ing, the RL operator be unsuccessful to admit the
universal truth of derivative and then M. Caputo
suggested new notion which overcame this draw-
back. Recently, researchers cited some additional
properties need to be incorporate with this opera-
tor and many new fractional operators with their
own merits are suggested by mathematicians.

Recently, many researchers are hired them as
generalizing tool to investigate diverse phenom-
ena and achieved some stimulating consequences
[6,(16],43]. Particularly, these operators aid us
to investigate the long-range memory, hetero-
geneities, exponential decay and non-local and
non-singular, non-Gaussian without a steady-
state and crossover behaviour. Now, we consider
the fractional-order forced KdV (FF-KdV) equa-
tion by trading the time derivative with three
fractional operators. Now, the FF-KdV equation
is defined as follows

D¢ (x,t) = —c ( |(F — 1) — %u(zi)} Qu
Bg-p), o
OCFDtO‘u (x,t) = —c <[(FT —1)— %u(i,t)} %
gy ) "

m‘%
(o)
w

IS

Q
8
ol
N[ —
Q)
8

where o (0 < a <1) is fractional-order. The
considered model offers an interesting insight into
diverse physical phenomena and hence it magne-
tizes researchers with different tools to present
their viewpoints with corresponding derived con-
sequences. For instance, authors in model [52]
find the analytic solutions to the projected model;
author in [53] presents some interesting result for
the proposed model; considering the model for
waves generated by topography, authors in [49,54]
find the approximated analytical solution by using
the HAM; authors in [55] investigated the consid-
ered problem and presented dynamics of trapped

solitary waves; lines and pseudospectral solutions
has been investigated by authors in [56].

The hired scheme is a blend of Laplace transform
(LT) with homotopy based scheme [57,/58]. The
uniqueness of g-HATT is that it does not require
assumptions, perturbations, conversion of nonlin-
ear to linear and PDE to ODE [59]. Moreover, it
is the generalization of many methods (results at-
tained by this technique is a particular case for the
value of parameters associated to method). The
projected algorithm has been employed due to its
efficiency and accuracy to examine the extensive
classes of complex as well as nonlinear models
and problems and also for the system of equa-
tions [60-67]. Recently, many interesting conse-
quences are derived by using the projected scheme
while analyzing the real-world problem.

The rest of the manuscript is systematized as fol-
lows: We followed the next section by basics and
essential notions of both FC and LT. In Section 3,
the solution for the hired model with three frac-
tional operators are presented and also the exis-
tence and uniqueness of solutions with two frac-
tional operators for the model is presented using
Banach space within the frame of fixed-point the-
ory. With the aid of attained outcomes and corre-
sponding consequences, the discussion about the
results is presented in Section 4 and finally, the
concluding remarks on the present study are pre-
sented in the lost segment.

2. Preliminaries

Here, we recall few basic notions of FC [3,[50451},
68,69 :

Definition 1. The Caputo fractional derivative
of f € C", is presented for n € N as

d"f ()
den

1 t o

- _ n—a (n) .
F(n—a)/o(t v) @) dd, n—1<a<n.
(6)
Definition 2. The fractional Caputo-Fabrizio

(CF) derivative in Caputo sense for a function
f € H' (a, b) (b > a) is presented as follows [68]

Dy f(t) =

a=mn €N,

CFCDt (f()

/f

=Ml] =

{_ s 19)] ) (7)

1) is a normaliza-

1 —
where M [a] (M
tion function.

Definition 3. The fractional Atangana-Baleanu-
Caputo derivative for f € H! (a, b) (b > a) is
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Figure 1. Nature of b(z) at § =2 and 8.

2 PCDY (f (1) (8)

=1 [r o[ e

Definition 4. The fractional AB integral is pre-
sented as

aB I (f (t)) = (t)
T M@ INAC )a L. 9)

Definition 5. The Laplace transform (LT') for
a Caputo fractional derivative Df* f (¢) is defined
for (n —1 < o <n), as

n—1

SPF (s) = > s (0T, (10)

r=0

LIDYf )] =

where F' (s) is LT of f(t).
Note: According to [68], the following must hold

2(1—-a) n 2
2-a)M(a)  (2-a)M(a)

which gives M () = 5%-. By the assist of the
above equation researchers in [68] proposed a
novel Caputo derivative for 0 < a < 1 as fol-

lows
-
=T1o a/ f(t) exp [ a] dg.(12)

Definition 6. The LT for a CF derivative
FFC D¢ f (t) is presented as below

L[§re Dt s o)

_ s"HLL[f()] =5 f(0) =" f (0) == £7(0)
s+(1—s)a :

Dy (£ (

(13)

Definition 7. The LT of AB derivative is defined
by

L [3PRDg (f ()]
_ Bla] s"L[f (8)] — "' f (0)
l-a +(a/(1-a))
Theorem 1. The Lipschitz conditions for the RL

and AB derivatives are respectively held the fol-
lowing results [51|]

(14)

|55 Dy f1 (t) — 287 Dy fs (¢

< Killfi(z) = f2 (@) (15)
and
|25€ Dy f(8) — 25 D fo (1) |
<K |fi(z) = f2 ()] (16)

Theorem 2. The fractional-order differential

equation 2BC DY fi (t) = s(t) has a unique so-

lution [51] and which is

Ft) =35 ()

+B[o¢]F(o¢ fo (€) (t— )a_ldg' (17)

—1,0<a< 1,(11)3. Solution for FKDV equation

The considered solution procedure is presented
for the FKDV equation with three fractional op-
erators to find the series solution. Further, for
both CF and AB fractional operators existence
and uniqueness is derived with fixed point theory.

3.1. Caputo Sense
Consider the equation defined in Eq.

D (z,t) +c ([(F — 1) — 4] ou
2 93y ob(x
EE-E) -0
with
2e*
w(z,0)= ——— . 19
(z,0) 1t e? (19)

Taking LT on Eq. and using Eq. , we
get
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~ s { [k -

Now, N is presented as

Nlp(.60] = Llo ot - & (~5255)
+ SL{|(F—-1) - 390xtq]8go(th)
3 T -
et _ Jo), (21)

At H(x,t) = 1, the deformation equation pre-
sented as

L [t (2, 1) — kmtm—1 (2,1)] = FRp [Wm—1] . (22)

where

g{m [ﬁm_ﬂ = ,C [um_1 (l’, t)]
km 1 2e”
- (1 - n) {s <_(1+ew>2>}

C 8Um71 3 8um717i
+ G L{E ) o Z w1t

0 2h P ox
h2 83um_1 10b ( )
6 0x3 2 Ox - (23)

On employing inverse LT on Eq. , one can
get

U (2,8) = kU1 (2, )+ ELTH{ R [Wn_1]} -

(24)
On simplifying the above equations by assist of

uo (x,t) = — (1i€ vy We can evaluate terms of se-

ries

w (@) = uo (2,1) + i i (2, ) <i>m (25)

m=1
as

ht*
'+ 1]

6e%*(—1 + e®)
(1+e*)°h

(e(

up (x, t) =

T(_1 11e® — 11 2x 3x h2 22
_ef(=1 4 1le ¢ e W 0025654
3(1+e%)

+2ex(—1—|—ex)(—1+Fr)

(1+e7)?

);

3.2. Caputo-Fabrizio Sense

Consider the equation defined in Eq.

§F D (, ) + [(Fr - 3“]

ou_ W 100
dr 6 0x3 2 Ox
with initial conditions Eq. . Taking LT on

Eq. and by the assist of Eq. , we get

>_Cs+(18—s)a

) =0, (26)

£[u(x,t)]:1<—(

2e”

1+ ev)?

{3 )

Now, N is defined as

S

. _ . 1 2e*
N lp (e, t0)] = Llp (e, t0)] - 1 (525
+c S+(1g8)a£{ |:(Fr _ 1) _ %W(x};tQQ)}

dp(xit;q) _ h2 Po(a,tq)
Ox 6 o3

At H(z,t) = 1, the deformation equation pre-
sented as

_ 19va)y

2 Ox (28>

L[t (@, 1) = kmtm—1 (2, )] = MR [Wm-1], (29)
where
R [Wm—1] = L [tm—1 (z,1)] — <1 — k:)
1/ 2 CS-I—(l—S)a
Hem=3) )
-1
h2 83um,1 1 8b( ) )
6 03 2 Oz b

Now, by the help of the initial condition, we can
derive the terms of Eq. as

6e%® (—1 + %)

uy (z, t) = h(l —a+ at)(c
(o )= R e o
z_1+11x_112m+ 3x h2 22
e £ Tl )1 002505
3(1+e%)

27 (14 (C14 )

T

Here, the existence and uniqueness are illustrated
with CF operator for the considered Eq. as

OCFDta [u (‘Tv t)] = Q($7t7 u)7 (31)
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Now, using Eq. and results derived in [46],
we obtained

u(z, t) —u(z, 0)

=Cﬂm&w<@>—n—2“ﬁ”qu

A PEL O ®
Then we have from [41] as follows

ule, 0 = ulz, 0) = 2o

+@_;ﬁM&UAZN%C#ﬁK (33)

Theorem 3. The kernel Q admits the Lip-

schitz condition and contraction if 0 <
(C(Fr — 1) A= 3 A(ar+ag) — 243 - %Ag) <
1 satisfies.

Proof. Consider the two functions A and A; to
prove the theorem, then

HQ(x,t,u)— Q(xv t, Ul)H
= (B~ 1) o fua,1) — (2, 12)
3 ou (z,t) ou (z,17)
o [0 P ) P
h? o3 10b ()
_Fﬁ[ u(r,t) —u(z,t1)] - 2 On |
= fle((Fy — 1) 2 u 1) — u 2, 12)
_i |:;88 [ 2(,13 t) (m,tl)ﬂ
h? 93 10b(x
—G&ﬁmmw—uuun—Qa;M
< |le(Fr —1)/1—7/1[ u(z,t) —u(z,tr)]
2
S ) — e )
<c((Fr—1)A— %A (a1 + a2)
2
N A8 ) —u ), (34)
where a; = |ju| and a2 = |lui|| be
the bounded function and [[b(z)]| = ¢&
is also a bounded function. Set ¥ =
c ((Fr 1) A= B A(ar +ag) — A3 - %Ag) in

Eq. , then

HQ($7 t>u) - Q(x7 t, Ul)”

< llu(z, t) —u(z, Bl (35)

Eq. provides the Lipschitz condition for
Q. Similarly, we can see that if 0 <
¢ ((FT — 1) A= B A(ar +ap) — A3 - %Ag) <

1, then it implies the contraction. By the assist
of the above equations, Eq. simplifies to

2(1 —«)
(2—a)M (o)

+2_a /Q C,u)

Then we get the recursive form as follows

u(z, t) =u(z, 0)+ Q(x, t,u)

(36)

2(1—a)
(2 - a)./\/l ()

Un (‘ra t) = Q($, t?“’n—l)

Now, between the terms the successive difference
is defined as

On (x, 1) = up (z, t) —up—1 (z, t)
 2(1-a)
— m (Q (.’E,t,un_l) - Q (wat7un—2))

20

i J, Q)
— 9 (z,t,up—2))dC.

(38)
Notice that
Un (l‘a t) = Z¢l ('Tv t)' (39)
i=1
Then we have
[6n (@, D) = [[un (z, 1) = tn-1 (z, 1)
2(1—-a) .
(2-@) ( )(Q( ) ta n—l))
2c
—Q(x, t,up— 2)+m (40)

/Dt(Q@“v tun—1) — Q(z, t,un_g))dCH.

Application of the triangular inequality, Eq.
reduces to
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[6n (2, Il = llun (2, 1) —un (2, 1)]|
2(1-a)

(2—a)M(a)

H(Q (.CU, tvun—l) - Q(£, t, Un—Q))H

PR LR (41)

2—a)M(a)
‘/Ot(Q(:c, t tun_1) — Q (x, t,unQ))dCH.

The Lipschitz condition satisfied by the kernel ¢4,
then

16 (2, D = llun (2, 1) = un—1 (2, )|

2(1 - a)
= mwﬂ%—n (z, t)]  (42)
2a t
Jr(2—04)/\/1(04)W/0 [d(n—1) (z, )] dC.
O

By the aid of the above result, we state the fol-
lowing result:

Theorem 4. If we have specific tg, then the solu-
tion for Eq. (@ will exist and unique. Further,
we have

2(1-a) 2

oM@’ T oM@

Uty < 1.

Proof. Let u(z,t) is the bounded functions ad-
mitting the Lipschitz condition. Then, we get by

Egs . and

165 &, D) < lfun (2, 0)] (43)
2(1—-a) 2 "
e aM@ " <2—a>M<a>“} |

Therefore, for the obtained solution, continuity
and existence are verified. Now, to prove the Eq.

is a solution for Eq. , we consider

u(z,t) —u(x,0) =uy(x, t) =K, (t). (44)

Let us consider

_q2-0a)
n Ol = 5= o e
20 t
TR M / (Q(@, ¢u) = Q@ ¢ un-1))d(]

2(1-«a)

< m\l(Q(fm tou) — Q(x, t, un_1))

2a t
+m/o 1(Q(z, ¢,u)— Q(x, (,un—1))|ld¢

< Pl — |

+(2_O?)7QM(Q)W”U—U7L71H75- (45)

This process gives

1 ()]

2(1—a) 201 ot
= ((2—a>M<a> - <2—a>M<a>t)
wn+lM.

Similarly, at tg we can obtain

1K ()] <

2(1-a) 2a i n+1
((2—a>M<a>+<2—a>M<a>t°) v

As n — oo, from Eq. (46)), [|K, ()] — 0 pro-
. 2(1—a) 2

vided =M@ T (27a)°/‘\4(a)to < 1. Next, for

the solution of the projected model, we prove the

uniqueness. Suppose v* (z, t) is another solution,

then

(46)

u(z,t) —u* (z,t)
2(1—a)

= m (Q((L’,t, u) — Q (Jf,t7 u*)) (47)
2c t .
+(2—oz)/\/l(a)/0 (Q(,¢,u) = Q(x,¢,u")) de.

Now, employing the norm on the above equation
we get

[u (2, t) = u” (z,1)]|

| 20-9) N O (e b
‘H@—aw(a)(g( hu) = Q@ & w))
2c
T M@
[ e - ewcuw
_2(=0) u(x,t) —u” (z
S(Q_Q)M(a)wll (z,t) (z, 1)l
2a X
+M—M@Wt||u(x,t)—u (x,t)|. (48)

(Q(z, t,u) — Q(z, t, u,_1)) On simplification

lu(z,t) — u* (x,t)]
_ 2(1—a) . 20
<1 Tam@ Y~ Tamaw ¥ t) <0.

From the above condition,
u(z,t) = u* (z,t), if

(49)

it is clear that
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o
(1~ 25t ¥ ~ i V1) 2 0 O O ),
Hence, Eq. . proves our required result. ° D) . 6e%* (—1 + e7) _e”C (—1 + 11e® — 11e%* + e3x) h?
3.3. Atangana-Baleanu Sense (1+ el")5h 31+ 61)5
Consider the equation defined in Eq. —0.025e_§az N 2e” (—1 + &%) (—31 + F)) ),
(14 e7)
49 D)+ of (- 1) - 5 50| 2

In the segment, the existence and uniqueness are
illustrated for the considered equation associated
with AB operator. We have from Eq. ,

h?233u  10b(x)
6 03 2 Ox

)=0, 0<a<1, (51)

with initial conditions . Taking LT on Eq.
and using Eq. , we have

2)‘3@
(1—a+%> L{[(Fr—l)—;ﬂ %
h?33u  10b(x)

6 0z3 2 Ox b
Now, N is defined as

2e*

1+ e?)

L[u(x,t)]:1<—(

S

(52)

N (,t9)]
= Llp(z,t;q)] + - ! <(1ieea:)>

c
_° (1= Bl
+B [a] < ot s“)
3¢ (z,tq)] Op(x,t:q)
L -1
(|- - 3E5E) 22
RO (a,tg)  10b()
6 Oad 2 Oz b (53)
The deformation equation at H(x,t) = 1, is given
as follows

L [t (2, 1) = ktim—1 (2,8)] = ERp [Wm—1] , (54)
where
9L{m [7m—1]
km 1 2e”
= L [upm—1 (z,t)] + (1 — 7) {g <—(1 n e$)2>}
c o OUp—1
g (1ot @) HE - =5
3 el aum_l_i h2 03um_1 18()( )
_%Zzoul or 6 Oz3 2 Oz g
(55)

Now, by the help of the initial condition, we can
derive

fBC Diu(z,t) = G (x,t,u), (56)
and the above equation is considered as
A€ Dp u (2, 1)] = G (). (57)
We have from Eq. and Theorem 2
1
umwﬂmwawsbumw<w
+O‘/1ux<uﬂt—ow4a
B(a)I' () Jo T '
Theorem 5. The kernel G admits the Lip-
schitz condition and contmctz’on if 0 S
(c((FT—l)é—%é(a—i—b) 55))
satisfies.

Proof. To prove the theorem, let us consider the
two functions v and wup, then

”g(l’,t, u) _g(x7t7 U1)||
= || (B~ 1) o [ 8) — w11)]
3 [ (1) ou(z,t) Bu(x,tl)}

~3h u(x, . u(z,t1) 5

h? o3 10b(x)

~ 5 58 @t —ulz,t)] - 5 —

(z,t1)]

—1)5—%5[u(x,t)—u

_2253 — 10b ()
6 2 Ox

< C(Fr

u(z,t) —u(x, ty)]|

§c<( )5—35(a+b)—hz§5—;5§)

h 6
X Hu(:ﬁ?t)_u(xvtl)Ha (59)

where a = ||u|, |lui]| (since w and wug
are the bounded functions) and |b(x)]|
is also a bounded function. Putting n =
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c((Fr—1)6— 35 (a+b)— 5% - %55) in Eq.
(), then

Hg (xv t, U) -G ($, t, ul)”
Sn”u (xvt)_u(x7t1)H' (60)
By the assist of forgoing relation, the Lipschitz
condition is achieved for §G. Further, we can see
that if 0 < (%62 + A (a + 0% + ab) ) < 1, which
leads to contraction. The recursive form of Eq.

is presented as
(1-a)
Unp, (l', t) B (a) g (.’B, t, un—l) (61)

0 e o) (- 0
), S Cu =0,

and initial condition

u(z,0) =ug (x,t). (62)

The successive difference between the terms is
presented as

On (x,t) = up (x,t) — up—1 (z,t)

::(2253)(glcat,un_l)—-Q(aat7un—2x

L ' €T U _ a—1
+B(a)r(a)/0 G (@, C,up1) (t— Q)" 71dC. (63)
Notice that

Uy, (z,t) = Zdh (x,t).
i=1

Plugging the norm on the Eq. , and by the
assist of Eq. , we get

(1-«
6, .0 < 5

+B(a)r(a)"7/0 |b(n—1 (. Q)| d¢. (65)
O

(64)

by @)

By the assist of the above result, we prove the
following theorem.

Theorem 6. The solution for Eq. will exist
and unique if there exist a ty then
(1-a) o
n+
B (c) B(a)T («)
Proof. Let us consider the bounded function
u (x,t) satisfying the Lipschitz condition. Then,
we get by Eq. and Eq. , one can get
¢ (z, )l < [lun (z,0)] (66)
(1—a) N a "
Bla) " B@r(@"]

n <1

Therefore, for the obtained solutions, continuity
and existence are verified. Now, to prove the Eq.

is a solution for Eq. , we consider
u(x,t) —u(x,0) =uy, (z,t) — Ky (x,).
Now, we consider
(1-a)
B(a)

(67)

1K (2, )] = | (G (z,t,u) = G(z,t, un-1))

T BT ()

/0 (t— 0P (G (.6, u) — G (2, Counr)) dC|

(1-a)
= Bl

+W /() Hg (l’, ¢ u) -G (.’IJ, G un—l)H dg

Hg ('T7 Cau) - g ($a Caunfl)H

(1-0a)

< —

=~ B(Oé) 771 HU un*IH
@

—I—Wm lu — wp—1|| t. (68)
Similarly, at tg we can obtain
(1—-a) a ty il
n 7t S
@0l < (pay + Berm

n" M. (69)
As n tends to oo, then ||, (z, t) || approaches to
0 with respect to Eq. .
u(x,t) —u* (x,t)
=22 Gty — G (ot w))
- B (Oé) » Y » Y
&[G -G
+/ g xaC?“ _g JZ’,C,U* d<
B(a)T (a) Jo
The Eq. simplifies on applying norm,
Ju(z,t) —u (z,2)]|

(70)

- H (;zao)o (G (z,t,u) — G (x,t, u¥))
s [ © <m,<,u>—g<x,c,u*>>d<H
(1 B a) *
< By @t - @
+mn tllu (z,t) — u* (2, )] (71)
On simplification
u (z,t) — " (z,)] (72)
a (1-a)
<1‘B<a>r<a>”t‘ B(a) ’7> =0

From the above condition, it is clear that

u(z,t) = u* (z,t), if
(1-a)
B («)

(- s@r@ B ) 20 @
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(©)

Figure 2. Surfaces of ¢-HATT solution for (a) Caputo, (b)CF and (¢) AB fractional operator
atn=1 A=-1, =2, a=1and F, = —1.

 a=1 — — — @=075 —————— @=050 (=01 06f — a=1 —— — a=075 -~~~ =050 (=02

ulx, )

u(x, )

Figure 3. Response of obtained solution with distinct o and time at n =1, A= -1, § =2

and F. = —1.
Hence, Eq. (73) evidence required conse- 4. Results and discussion
quence. O

In this section, we consider two cases as men-
tioned above to analyze the hired model with a
hole, and presented in Figure 1. In the first case
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10f — ulx}
| F=nt
— b(x)

(©)

~1010

Figure 5. Surfaces of ¢-HATT solution for (a) Caputo, (b) CF and (¢) AB fractional operator

atn=1 Ah=-1, =8, a=1and F,. = —1.

for p = 2, the behaviour of b (z) is a lock-like re-
ciprocal of bell-shape and also sharp at the bot-
tom. For the second case (i.e., § = 8), the hole
at the bottom is more flattened and wider. In
the present investigation, we consider constant
wave speed ¢ & /g x h = /9.8 with a mean
water depth of the sea h = 1. For g = 2, the
nature of archived results for the FF-KdV equa-
tion with different distinct fractional operator and
fractional-order is captured respectively in Fig-
ures 2 and 3. In Figure 3 we can observe that at
x = —2 and 2 the behaviour of water evaluation is
overlapped for different value of «v and moreover
the change in time shows stimulating variation in
the behaviours. The nature of the water elevation
with sea bed topography with 5 = 2 and 8 are
presented in Figures 4 and 7 for different Froude

number in order to understand the importance of
b(x) and (8 in the obtained solution at the partic-
ular values of the time. In the same manner, for
n = 8 surfaces for an obtained solution with a dis-
tinct fractional operator is cited in Figure 5. The
response of ¢-HATT solution for FF-KdV equa-
tion with distinct « is dissipated in Figure 6 for
£ = 8. In this case, also we can notice the huge
change in the behaviours with a small change in
time with fractional order.

The considered method is highly noticeable for
the parameters associated with the algorithm and
which help to make more convergence (they are
proposed based on the topological concept). To
illustrate the nature of the solution obtained with
homotopy parameter (&), the A-curves are plotted
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— a=1 ——— a=075 --—---- =050 (=01

(x,1)

— a=1 ——— a=075 ------ @=050 (=02

— a=1 ——— a=075 ------ @=050 t=1

Figure 6. Response of obtained solution with distinct o and time at n =1, A= -1, § =38

and F, = —1.

— u(xh

C— b

— ulxf)
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T
— bl)

—0.26F
[ a=1 |
-0z8;~ Sl - a=0.75]
-0.30} @=0.501]
= -032+ ]
2 [ ]
S _034f ]
—036 o - ]
—038).--" RN
://_/—N:

~0.40
-2.0 -15 -1.0 -0.5 0.0

~0.004 =1
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—0.006¢ @ =050
= _0.008
=
1

~0.010 [

-2.0 -15 -1.0 -05 0.0
)
(b)

Figure 8. fA-curves for ¢-HATT solution with distinct & when n = 1 and ¢ = 0.01 with

(a) B=2atx=1and (b)f=8at x =5.

with different o for both cases (i.e., f = 2 and 8)
and are respectively captured in Figure 8. Line
flat segment designates the convergence provi-
dence of the solution.

5. Conclusion

In this study, the ¢-HATT is applied lucratively to
the analyzed effect of parameters associated with

the method (rigid bottom topography and Froude
number) by finding the solution for an arbitrary
order shallow water forced KAV equation describ-
ing the free surface critical flow over a hole. The
derived results show the effect of rigid bottom to-
pography and Froude number with change in time
and space with different fractional order. By us-
ing the considered model, two distinct kinds of
hole are analyzed and which shows that for § = 2
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exhibits a hole in inverse-bell shape and at 5 =8
shows a hole has a sharp edge on two-sides and
also it has a flattened base. The condition is de-
rived for the considered model to illustrate the ex-
istence and uniqueness within the frame of fixed-
point theory using Banach space. The effect of
three fractional operators is presented and other
effects are illustrated with respect to the Caputo
operator. These fractional operators are playing
a vital role in generalizing the models associated
with power-law distribution, kernel singular, and
non-local and non-singular (respectively, Caputo,
CF and AB operators). Finally, the present study
is to demonstrate the effect of fractional order, pa-
rameters associated with models as well as meth-
ods with their corresponding consequences.
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1. Introduction

The fundamental idea behind fractional calculus
is simply to replace the traditional integer orders
in integral and differential operators with arbi-
trary constant orders. Although it seems an el-
ementary consideration, fractional order opera-
tors play an important role in describing many
physical phenomena and have interesting impli-
cations. [1},2].

The introduction of the notion of variable-order
(VO) integral and differential operators together
with their some main properties was firstly initial-
ized by Samko and Ross 3] in 1993. By these op-
erators, one can define the order of the fractional
integral and derivative as a function of indepen-
dent variables such as time and space variables.
In view of the characterization of the non-fixed
kernel, this operators allows us to designate the

*Corresponding Author
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memory and hereditary features of natural phe-
nomena in a better way. By virtue of its poten-
tial efficiency to model real world problems, this
topic has attracted many researchers in ongoing
decades. In this direction, lots of papers have
been published on different branches of science
and engineering such as viscoelasticity, medicine,
signal processing, control systems, so on [4-7].
Since its difficulty in getting an explicit solutions
for fractional differential equations of VO, many
papers have been devoted to find numerical solu-
tions for this type of problems. See [8-13] and the
references cited therein. Hovewer very few paper
on existence, uniquness and stability properties
of fractional variable order differential equations
have been published recently [14-20].

When we conduct an overview of the literature,
increasing number of authors from several areas
of the scientific community have focused on inves-
tigating the existence and uniqueness of fractional
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constant order differential and integro-differential
equations [21-26].

In [27], Devi et al. studied the following Caputo’s
fractional boundary value problem by taking into
consideration the monotone iterative technique.
{ CDIy = F(t,u, I9(u)) + G(t,u, 19(u)),
9(u(0),u(T)) =0
where 0 < ¢ < 1. As a consequence, it has been
shown that the established monotone flows con-
verge uniformly to the coupled extremal solutions
of the considered problem.
In [28], some sort of stability results were studied
for fractional integro-differential equations involv-
ing Hilfer fractional derivative 1 Dg‘f Y () with
0<a<land0<pB<1.
In particular, Bai and Kong [29] considered the
existence of the solutions for the following initial
value problem

{ “Dgiy(t) = f(ty(t), I y(t), t € la,b],
y(a) = Zaq,

by employing the upper and lower solution ap-
proach. The operators CD8‘+ and [ stand for
the Caputo-Hadamard fractional derivative and
Hadamard fractional integral operators of order
a € (0, 1], respectively.

Motivated by the preceding works, we deal with

the following boundary value problem on J :=
[0, b] such that

{ Dyt = By, I v®).
y(0) =0, y(b) =0,

0,

where 1 < u(t) < 2 and CDgf), Iéﬁ(rt) are consid-
ered as in the sense of Caputo fractional derivative
and integral of variable-order u(t), respectively.
Our purpose is to investigate the existence and
uniqueness of the solution of equation . We
further show the stability of the solution in the
Ulam-Hyers-Rassias (UHR) sense.

2. Mathematical Preliminaries

This part covers some fundamental concepts and
lemmas that will be needed to understand the
main theorems discussed in the subsequent sec-
tions.We also introduce some of the specifications
for variable order operators.

Let C(J,R) denote the the set of all real-valued
continuous functions from J into R. For an el-
ement x € C(J,R), define the standart norm
x|l = Sup{|x(t)| : t € J}, and with this norm
C(J,R) becomes a Banach space.

For —oco < t1 < t3 < 400, let the mappings to
be defined w(t) : [t1,t2] — (0,400) and v(t) :

[t1,t2] — (n — 1,n). Then, the left Riemann-
Lioville(R-L) fractional integral of VO w(t) ( [30])

is given as

u(t)m B t (t— s)“(t)—lm e
Itir (t) —/t1 7F(u(t)) (s)ds, t>t1, (2)

as well as the left VO Caputo derivative ( [30]) is
defined by

t (4 \n—u(t)—1
Cyp(t) (t—s) (n)
D t) = _ ds, t>ty.
" m(t) /tl T — o(0)) m\"™ (s)ds, >( )1
3

These definitions, as expected, correspond with
the usual R-L fractional integral and Caputo frac-
tional derivative, respectively, when w(t) and v(t)
are constant.see e.g. [3},30,31].

Lemma 1. ( /31]) Let o1, 02 > 0, t; > 0,
m € L(t1,t2) and CDt+m € L(ty,t2). Then, dif-
1

ferential equation

¢ ng(t) =0
has the following general solution
m(t) = ag+ar(t—t1)+ao(t—t1) 2 +...4om_1 (t—t1)" !

wheren —1 <oy <nanday (¢ =0,1,....n—1)
are taken as arbitrary real numbers.

From that Lemma we deduce the next relation
IZ; CDZ;m(t) =m(t) +ag+ a1t —t1)
+oag(t —t1)? + oy (t—t)" !

Furthermore,
CD;’IjIgm(t) = m(t).
and
It(’flg?m(t) = ijfjlgm(t) = I;’Tﬁﬂm(t).
Remark 1. ( [32]) It’s worth noting that the

semigroup property isn’t mostly satisfied by gen-
eral functions u(t), v(t), i.e.,

I:T(t)lgft)m(t) ” Jz‘lft)*”(“m(t).
Definition 1. A function p € C(J,R) is said to
be a Cs class function if it belong to the set
Cs(T,R) = {n € C((0,8].R) : th € C(T, R)}
for0<é6<1.

Lemma 2. [13] Assume that u : J — (1,2) is
a continuous function and m € Cs(J,R). Then

the fractional integral Igﬁt)m(t) of variable order
exists for each point on J.

Lemma 3. ( [15]) Let v € C(J,(1,2)) and
m € C(J,R) then I'"m(t) € C(J,R).

We now give the well-known Schauder fixed-point
result.
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Theorem 1. ( [31]) Assume that E is a Banach
space and @) is a nonempty conver subset of E
and moreover F' : (Q — @ is compact, and con-
tinuous map. Then, there exist fized points of F
mn Q.

Definition 2. ( j23]) The equation is called
Ulam-Hyers-Rassias (UHR) stable with respect
to the function ¢ € C(J,R") if there exists
cg > 0, such that for any € > 0 and for each
solution z € CY(J,R) of the inequality

ODy2(8) — B(t, (1), 1 2(0)] < ewt), te T,
there exists a solution y € C(J,R) of equation
with

|2(t) —y(t)] < coetp(t), t € .

3. Existence Results

Let us begin with introducing the following as-
sumptions:

(Hl): Let P = {jl = [O, bl],jg = (bl,bg],jg =
(b, bs], ...Jn := (bp—1,b]} be a partition of
the interval 7, and let u(t) : J — (1,2] be
a piecewise constant function with respect

to P, i.e.,
ut, Zf te g,
. u2, Zf t e Jo,
u(t) =Y ugly(t) =
=1
Up, 1f tE€ Tn,

where 1 < uy < 2 are constants, and I, is the in-
dicator of the interval J; := (by—_1, by],
¢=1,2,...,n, (with by = 0, b, = b) such that

1, forteJ,
0, for elsewhere.

I(t) = {

(H2): Let t°¢ : 7 x R x R — R be a continuous
function (0 < ¢ < 1), there exist constants
K, L > 0, satisfying the inequality
t5|@(t7 w1, Zl) — @(t, wa, ZQ)‘ S K\wl — w2|
+L|Zl — ZQ|,
For each ¢ € {1,2,...,n}, the set E, = C(J;,R),
represents the Banach space of continuous func-
tions y : Jy — R equipped with the sup norm

lyll &, = sup [y(t)],
teJy

where ¢ € {1,2,...,n}
We now analyze BVP defined in . On account
of , the solution of can be stated as

S)l—u(t)
(1)), (4)

|y v s = ate o). 5

for t € J. If we employ (H1), the foregoing equa-
tion can be written as

b (t - 5)171“ "
/0 my (s)ds + ...

t — g)l—we
N /b U= 8) ™ ns)ds = B(t, (), T y(1))

(2 —uy)
()
forte Jp,£=1,2,...,n.
The solution to the BVP (1)) will be introduced
in the following definition.

Definition 3. BVP has a solution, if there
are functions yp, = 1,2,...,n, such that y, €
C([0,be],R) satisfying equation (3) and boundary
conditions yy(0) = 0 = yp(by).

Based on the preceding observation, BVP can
be represented as in and, with considering
Jo,l € {1,2,....,n} as in (f).

Since we define y(t) identically 0 for ¢ € [0,by_1),
then the equation is expressed as

Dy y(t)=(ty(t). L (1), te T
-1 -1

We shall deal with following BVP
CDY y(t) = Bt y(t) I y(t))
y(bf—l) = an(bf) = 07

for t € Jy. On the way to achieve our purpose,
the upcoming lemma will play an important role.

(6)

Lemma 4. A function y € E; establishes a so-
lution for (@ if and only if y fulfills the integral

equation

t—bp— U U
y(t) = ——— = [T d(t,y(t), I y(t)
be—bp_1 | i1 -1 t=by
I Bt y(1), I y(t).
{—1 £—1
(7)

Proof. We first assume that y € FEy is solution

of the problem @ If we apply the fractional op-

erator I:j;’ to both sides of (ﬁ) and considering
—1

Lemmal [I} we obtain
y(t) = ar+as(t—bea) + i fy, (E—5)" !
<85, y(5), 1% y(s))ds

£—1

for t € Jy. By y(by—1) = 0, we get a3 = 0.
Taking into account another boundary condition
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y(be) = 0, it follows that

0 = Oég(bg—bg_l)
+ 1 /bé (b s)“‘f_1
- . —
I (up) bo_1
xP(s,y(s), Ib+ y(s))ds
az = —(by— bZ—l)illgLf 1@(t,y(t),[éf 1y(t))
- - t=by

Then, we observe that
y(t) = —(be—be-1)
I

Nt —be-1)
O3 o(0)

TORKITON

On the contrary, let y € Ej be the solution of
integral equation . Taking into account the
continuity of function t°® and using Lemma ,
we conclude that y is the solution of the problem

(). O

We can now show our first existence result which
is based on Theorem

Theorem 2. Assume that conditions (H1), (H2)
hold, and if

2(be—bg—1)"“e~ (b 0~y 9 (be—bg_1)"¢
oty K L)

then, there exist at least one solution for the prob-

lem(@onj.

Proof. Let us set the operator W : E, — Ey such
that for t € Jy

Wy(t) =

t=by

+ LY 2t te .
—1

<1,

—(bg = bg1) " (t = bp)
<[ty ateate. s )

g J, =0
X B(s,y(s), 1 y(s))ds.

The operator W : Ey — FEy descrlbed in 3.1 is well
defined, as seen by the properties of fractional in-
tegrals and the continuity of function t°®.

Let

t=by

+

2mg (bg—by_1)"¢

T(up)

> 4
sl . Q(bl_beil)uéfl(b}—é_ —

Ry :
/—1
o) ug) (K+L

(bp—bg_1)%e )’
T(up+1)

with
1o = sup [(t,0,0)].
teTy
We generate the set

Br, ={y € E¢: |lyllg, < Re}.

It is clear that Bg, is nonempty, closed, convex
and bounded.

Now, we will see that W satisfies the claims of
the Theorem . We demonstrate it by using
following stages.

STEP 1: We show that W (Bg,) C
For y € Bg, and by (H2), we get

(be—be—1) 1 (t=bg_1)
Wy(t)| < bt b

% fbbf,l(bﬁ _ S)ue—l

x|P(s,y(s), I y(s))lds

(BRz)'

¢ wy—
+ﬁ fbé—l(t o 8) o

x|P(s,y(s), I y(s))lds

= F(W) fbe 1 (be — ) W_l

x|®(s,y(s), It y(s))lds

b wy—
= r(i,g) fbf,l(bf — )t
x|D(s,y(s), Ib+ y(s)) — 2(s,0,0)[ds

fbe (be = 5)" M (s,0,0)|ds

b w1 —
< F(i,g) fb/f_l(bf —s)ets™

X(Kly(s)l + LTt y(s)l)ds

il

2(bg—bg_1)¢ 1

< T'(ug)

fb(’ 1

X (K + L 2=y (s)|ds

2n0 (bg—bg_ )“Z
T T'(ug) '

2(by—bg—1)"e " (by°—b,~9)
- (1=6)T (ue)

x(K + LU )R,

< RZa
which yields that W (Bg,) C Bg,.

STEP 2: W is continuous.
We assume that the sequence (y,) converges to y
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in Ey. Then,
[(Wyn)(t) — (Wy)(t)]

< (be—be—1) " (t—be_1) [be (b

_ g)ue—1
= T(ug) be_1 5)

X |@(s, yn(s), Ib+ yn(s)) = s, y(s), It y(s))lds

X< |P(s,yn(s), It yn(s)) = (s, y(s), I u(s))lds

. bg—sw |
X |P(s, yn(s), Ib+ yn(s)) — D(s,y(s), Ib+ y(s))|ds
7 o 570 (b — sy

(Klyn(s) —y(s)| + LI:f lyn(s) — y(s))])ds

W)Hyn Yl &, fbg 1 s 0(by — 5)" " ds

\ /\

X

+ r%fe)HI:f (Yn — )|l B, sz ) 5(by — s)“~ds
- W)”yn yle, fbf,l s79(by — s)ue1ds
—(%b+ﬁgﬁﬁlﬂw vz,

x [ s70(by — sy ds

< 2(be=be1)"™ L' =0 —bp_1179)
- (1=0)T (ue)

(be—by
X (K + LG

[(Wyn) —

As a consequence, the operator W is a continuous
on Ey.

)H?Jn y||E, i-e., we obtain

Wuyllg, -0 as n— oo.

STEP 3: W is compact.

We will prove that W (Bpg,) is relatively compact,
which means that W is compact. In view of step
1, W(Bp,) is uniformly bounded. Namely, we
have W(Bg,) = {W(y) : y € Bgr,} C Bpg, thus
for each y € Bgr, we get [|[W(y)||g, < R¢ show-
ing that W(Bg,)is bounded. Finally, It must be
demonstrated the equicontinuity of W (Bg,).

For t1,t2 € Jp, t1 < t2 and y € Bg,, we write

[(Wy)(t2) — (Wy)(t1)]
_ —1(to—
_ ‘ (b b4_112(u[()t2 be_1) biz,l(bf _ S)W_l

x ®(s,y(s), f;ﬂ’f y(s))ds

) Joe (2 = 9)" ' (s,y(s), If y(s)ds

+ (bg—by_ 112(W()t17bz71) bbf,l(bz

X B(s,y(s), % y(s))ds

ooy Jor, (t1 = 8)" 7 (s, y(s), I y(s ))ds|

gﬁ%%g—ﬁh—w4y4h—@4g

X Jyt (be = 8) @ (s, y(s), It y(s))lds
i i, ((t = syt = (1 = syt

X |(s,y(s), Is y(s))lds

Ug) f lo — s ue 1‘@(8 y( ) Ib+ y(s))’ds

_ S)ug—].

gﬁ%%L(@—wqw%h—wﬂﬁ
X fbil_l(bﬁ s)“ (s, y(s), Ib+ y(s))
— &(s,0,0)|ds

(be—by_1) "
+ (e
X biil(bg—
rtiy oy (2 =907 = (01 =9
X [B(s,y(s). It y(s)
rt i (02 =907 = 0 )

x [@(s,0,0)|ds + s )7

—bp1) — (t1 — be—l))

s)“=td(s,0,0)|ds
— &(s,0,0)|ds
(tg — S)W_l

x |2(s,y(s), It y(s))

uz) f

— &(s,0,0)|ds

ty — 8)“~1|®(s,0,0)|ds

g +<< -t
b= By, 5 ()
— @(S,0,0)|ds

1
4 % ((t2 — bg,l) — (tl - b@*l))

s)" 1 ®(s,0,0)|ds
w) sz 1 ( to— )"t — (1 — s)“’f—l)
X |D(s,y(s), [b+ y(s))

rt i 1< 2= )" 1—(751—8)W_1)

X [B(s,0,0)|ds + py Ji2 (t2 — 5)"

be

— &(s,0,0)|ds
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+

X

_l’_

X
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Some qualitative properties of nonlinear fractional integro-differential equations of variable order 73

&(s,0,0)|ds

i S (82 — )" (5,0,0)|ds.

i (12 = bm) = (11 - beﬂ))

sz (by — s)“~tds

e (e

x (Kly(s)| + LIt y(s))ds

+

0 t1

ug) Joes ((tg — s)ue 1_ (tl — 5)W—1>d8

Svon 2570ty — s)uet

x (K|y(s)| + L|I;Jf71y(s)\)ds

+ T ttf (ta —s)“tds

S %(“2 —be—1) = (t1 — be—1)>
x (Kllyll g, + LHI;E‘f_IyHEz) b 8 0ds

_l’_

_|_

no(bg—bg_1)"e~!
T(ue+1)

((tz —bg1) = (t1 — bﬁ—l))

oy Kyl + LHI;;_I:UHEE)

X fyb s70((ta — )" Y)ds

4 1m0 ((tz—befﬂu‘v’  (ta—t)™e (tl—beﬂ)“f)
I (ue) Uy Uy Uy
_ up—1 u t
+ Ty (Ellle + LILE ls) s~
no _ (ta—t1)"e
- F(?31’.) Up
< (be—be—1)"e=2(b' 0 —by_1'7%)
= (1-0)T (ug)
X ((ta —be—1) — (t1 — be—1))

x (Kllyll s, + L™

+

_l’_

X

X | (tg —bp—1)™ — (ta — t1)™ — (t1 — be—l)“£>

_l’_

I1yll )

T'(ug+1)
be—b,
Ol (12— be-) = (11— b))

((tl1_57bg,11_§)(t27t1)“1’.71 >
(1=0)I"(ur)

(be—be_1)
L F(u[-f-l

(Kllyllz, + “lylle) + 2o

(t21 5 t11 5)(t2 t1)uf 1

(1=0)(ue)

be—by_1)" L

< %((tz —by_1) — (t1 — be—1))
b (b = )"~ 5T (K ly(s)| + LI y(s)))ds
no(be—be—1)""

(KHyHEZ + LM”?JHL%) + M

I(ug+1) I(ue+1)
< (O L)
R e
X ((752 —bp—1) — (t1 — bz-1)>

1_6_17[ 1

to _
+ (7(1*5)11(”@)

X (tg — tl)ue_l

be—b
(K + Lo et

lyls,)

+ %((fz —bp_1)" — (t1 — bg_l)w>

Hence [[(Wy)(t2) —(Wy) (1)l 5, = O as [ta—t1] =
0. It implies that W (Bpg,) is equicontinuous.

As a consequence of the Theorem , the prob-
lem @ has at least a solution y; in Bpg,.

Let
0, tel0,bp—1],

=9 _ (8)
Yo, te e,
We know that y, € C([0,b/],X) defined by
satisfies the equation

by (t _ S)lful Y

/0 WW

Eo(t— g)lwe Y y
+41&wxow“m‘¢wwm%w@»

for t € Jp, concluding that y, is a solution of
with y,(0) = 0, ye(be) = ye(be) = 0.

(s)ds + ...

Then,

tejl)

05 tejl?
t) = ~
y2< ) { Y2, tej?

0, tel0,bp—1],
t) = ps
yn(t) { Yo, t€ T
constitutes a solution for BVP.

The principle of Banach contraction is used to ar-
rive at the following result. O

Theorem 3. Assume that the assumptions (H1),
(H2) hold and if

2(bg" 0 — by 70 (be — bp_y)" !
(1 =&)L (ur)
L(bg —by_ )W

then the problem @ has at most one solution in
Ey.
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Proof. The Banach contraction concept will be
used to demonstrate the unique fixed point for W
specified in Theorem .

For y1(t), y2(t) € Ey, it follows that

[(Wy1)(t) = (Wy2) ()]

(be—be_1)~L(t=bs_1) b
< i“(w) = beefl(bf

X|(s,y1(5), Tt 1(8))=P(s,2(s), I y2(s))lds

t wy—
+ﬁfb271(t_8) o

_ S)ue—l

X\¢(s,y1(8)7fff y1(8))=P(s,y2(8), Lt ya(s))lds
< 5y Jo (b =)

X|D(s,y1(s), I y1(8)=P(s,42(8), It ya(s))lds
ol

(Kl () = wa(s) 4+ LL Jua(s) = (o)1 ) ds

1875

| /\

(be — s)*

X

b _
< tug 1 — w2l fyf | 570(b — 8)" s

b - —
+ %ngzél(yl - yg)HE[ fbgil S 5(be _ S)u[ lds

K b -~ B

< Igiud”yl - yQHEZ fbf_l s 6(bZ _ S)ue ldS

2L(by—b b _ B

* %”yl y2||E,3 fbf_l S 5(1)5 _ S)Ug 14s
oK | 2L(bg=b

= (F(ue) + F(u,f)r(fuh >||y1 v2|

x szg,l s70(bg — s)“lds

< 2(521_5—174711_5)(b4—b£,1)url

- (1—-0)I'(ug)

<K+ %)Hyl y2l e,
Therefore, by considering @D, the operator W
is a contraction. Employing Banach contraction
mapping, we result in that W has only one fixed
point, say it y; € Ep, which also concludes that
the problem @ has got unique solution.
We let
0, te [O,bgfl],

Yo = (10)
g@? te \757
We know that y, € C([0,b],R) defined by

satisfies the equation

/bl (t — 5)1_u1 I
o TE@—uw)

t —s 1—up " y
+/b,_;_1 (;(2_)1@315 (s)ds = (¢, yg(t)’IOerE(t)),

(s)ds + ...

for t € J;, which yields that y, is a unique solu-
tion of with yg(O) =0, yg(bg) = gg(bg) =0.

This led us to

yl(t)a tejl)
0, te,
y2(t>_{ Y2, t€ T

0, t€l0,be1,
n(t) =14 =
Ky() {% te 7,

which is the unique solution of the boundary value
problem . [l

4. Ulam-Hyers-Rassias stability

Theorem 4. Suppose that the conditions (H1),
(H2), together with (9) hold. Assume further that

(H3): The function ¢ € C(Je, Ry) have increas-
ing property and there exists Ay > 0 such
that

I () < A1)

then, under these assumptions, the equation
has UHR. stability with respect to ¢

Proof. Suppose that z € C(Jp, R
of the following inequality

\CDIZIM(U = P(t,2(), I, ()] < ew(t),(11)

for t € Jy. Let us denote y € C(Jr, R) to be the
unique solution of the problem

D L y(t) = Bt y(), I Ly(t), tET;
(béfl) =0, y(be) =0
By using Lemma , we have

) is a solution

yt) = - (be = be—1) ' (t = by—1) /be (by — s5)te-1

[ (up)
xP(s,y(s), Ib+ y(s))ds

1 ! Ug—1
+ T (up) /b[ 1(15—5)
< (s, y(s), I y(s))ds

be—1
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By integrating both sides of and utilizing

(H3), we find

by—b by_
‘ ()+(z él“)(ug)(t ¢—1)

X bl:f_l(bg — §)“-1d(s, 2(s), Ib+ z(s))ds

ik (0 ) (s, 2(6), T ()|

S)ué—l

t —
< esz71 . I (ug) (s)ds

< eApp(t)
In addition, we get for each t € J;

|2(t) — y(1)]

Z(t) + (bé_be_i")(;xt_bz_l)

X Jor, (b = 8)" 1@ (s,y(s), I y(s))ds

= i) Jop, (= )" (s, (). I y(s))ds

Z(t) + (bz—be—;)(;xt—bz—l)

X [ (by — 5)“e=1d(s, 2(s), Lt #(s))ds

i) Jop, (8= 9" (5, 2(5), I 2(5))ds

(be be— 1 lt be—1) f ul—l
be— 1

x|P(s, z(s), I+ z) d(s,

b} y(s), 1 b+ y)lds

t w—
+ﬁszf1(t_ 8) ot

x|D(s, 2(s), [1 2) = &(s,

g y(s). I y)lds

< Apep(t)

by—b be_1) (b wr—l
4 (be=be- F)(W)(t 0-1) be{l(bg—s) e=lg=0

X(Klz(s) —y(s)l + LI [2(s) = y(s)])ds

1 t —1.-6
) fb[_l(t—s)uf s

X(K|2(s) = y(s)| + LI |2(s) = y(s)))ds

be—bg_1)*“!

< dger(t) + Pl

% (Kllz = yllz, + LIS z=wlls, fy s

by—b, up—1 ”
+ O Kz = ylle, + LILE (2= )llz)
X fbtg,l s7%ds

(b[_be_l)ue—l(bilfé_be_llfé)

< Agedp(t) + = (T=8)[(uz)

be—b, L
x(Kl|z =yl + L%u 2= yllp,)

(bi be—1) (1 0—bp_1179)
(1=6)T (ue)

be—b,
(K2 = yllm, + L% 2 = ylls,)

by—by_1) )%~ 1(p 1—§_b _ 1-6
< Apeth(t) + 2(be—by 1)(1[75)(112(”@) -1 °)

by—b 4
x(K + LU= 12—y g,

which gives

Iz = yllz

(T be 11 5)(172 be_y)"e!
x (1 T u

(bg—b Z
(K+L éuﬁ-i-ll >

< Aypedp(t)
For each t € Jy, we arrive at the following relation

Iz =yl =

Ayep(t) ;
= 2(bp1=0—by_11=9)(by—by_1)"L~
(1- =paom) (K+L

=[1- 2(bg 0 —bp_1' ) (bp—bp_1)“¢ !
B (1=6)T"(ue)

(bg—by_1)"¢
Tl )

be—b AN
X (K + LG =y e(t)
= cpetp(t)

which concludes that the equation @ admits
UHR stability with respect to v for each i €

{1,2,...,n}.
Consequently, main problem has UHR sta-
bility with respect to 1. O

5. Example

Consider the fractional boundary value problem
that follows:
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Dyy(t) = — —
(e TFF 44e2011) (1 y(0) [+ 5 Dy (1))

)

(12)
fort € J:=10,2],
Let

@(t’ Y, Z) - +2 )
(e +4e2 + 1)1+ y + 2)

(t,y,2) €10,2] x [0,400) x [0,400) and

%7 te = [O’ 1]a

(13)
, te€ T ::]1,2].
Then, we have

£3|B(t, wy, 21) — D(t, W, 20)]

et 1 1
12 (1+w1+z1 o 1+w2+z2>
(ee"F +ae2t41)

et (Jw1 —wa|+[z1—22])
< =

(ee T 442t 41) (14w +21) (1 +wa+22)

< — T (|wr —wa| + |21 — 2)

(ee 1T 442t 41)

< ﬁhﬂ - w2| + ﬁkl - 22|-

As a result, with § = % and K = L = 6%,
assumption (H2) is satisfied.
By , solution of the given problem can

be split into two parts as follows

the

( 1,
CD0+y( ) 2 Loe 3 )
(e M +4e241) (1+|y (1) |+|1F y(1)])
te jlv
I
CD1+y( ) 2 L2e 9 )
(e M +ae241) (1+|y (1) |+|15 y(1)])
te Js.

For t € J1, we begin by looking at the following
boundary value problem:

_1
DRt = ——
(ee ' +4e2t41) 1+|y (1) +IZ y(t)])

y(0) =0, y(1) =0.

(14)
We are in position to check whether the condition
@ is satisfied or not

(by' =0 —bo =) by —bo)"1 ! <2K + M)

=897 (ur) T 1)
_ 2 [y ~ 0.7685 < 1
%(m)r(%)( + r(%))

l
t2

Let v(t)
) =

1
s2ds

N

1 t
F(g)/o(t—s)

1 t 1
< I‘(3)/0(15—5)2(15

2
2 A (2).

< —=Y(t) =
< gt
It shows that the assumption (H3

B(t) =t2 and Ay = eIt

Regarding Theorem 2, the problem has a
unique solution y; € FE7, and from Theorem
the solution of is UHR stable.

For t € Ja, the problem can be written in
the following way

) holds with

1,

D1+y( ) t2 — 3 7
(e T F et 1) (14 |y (8)|+]10 y()))

y(1) =0, y(2)=0.

We see that

(b2176_b1176)(b2_b1)u
(1*5) (u

2)
_ 231
T IrE) e+5 (1 +

(15)

- (2K + 2

) ~0.3913 < 1

(é‘)

Thus, the condition @ is satisfied.
Also

) =

IN

<

= Ap(t).
Therefore, the condition (H3) is satisfied with
(1) = 2 and Ay = g2,
Taking into account of ri*heorern , the problem
has a unique solution yo € E5, and from The-

orem the equation has UHR stability.
It is known that

ya(t) = 0, ten

Y2 (t), t e jg.
Hence, by considering definition , the bound-
ary value problem has got a unique solution

yl(t)v t e \717
(t) — 07 t e jlv
Y ya(t) =4 Ba(t), te o

Eventually, according to Theorem , the equa-
tion is UHR stable with respect to 1.
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6. Conclusion

We study some qualitative properties for a class
of nonlinear fractional boundary value problems
involving variable order operators. Since the ex-
istence and uniqueness as well as stability results
to variable-order equations is rarely discussed in
the literature, all of the outcomes in this paper
have a great deal of potential for contributing to
future researches.

References

[1] Baleanu, D., Machado, J. A. T., & Luo, A.
C. (Eds.). (2011). Fractional Dynamics and
Control. Springer Science & Business Media.

[2] Singh, H., Kumar, D., & Baleanu, D. (Eds.).
(2019). Methods of Mathematical Modelling:
Fractional Differential Equations. CRC Press.

[3] Samko, S. G., & Ross, B. (1993). Integration
and differentiation to a variable fractional or-
der. Integral Transforms and Special Func-
tions, 1(4), 277-300.

[4] Gémez-Aguilar, J. F. (2018). Analytical and
numerical solutions of a nonlinear alcoholism
model via variable-order fractional differen-
tial equations. Physica A: Statistical Mechan-
ics and its Applications, 494, 52-75.

[5] Sun, H., Chang, A., Zhang, Y., & Chen, W.
(2019). A review on variable-order fractional
differential equations: mathematical founda-
tions, physical models, numerical methods
and applications. Fractional Calculus and Ap-
plied Analysis, 22(1), 27-59.

[6] Sun, H. G., Chen, W., Wei, H., & Chen, Y.
Q. (2011). A comparative study of constant-
order and variable-order fractional models in
characterizing memory property of systems.
The European Physical Journal Special Top-
ics, 193(1), 185-192.

[7] Sun, H., Chen, W., & Chen, Y. (2009).
Variable-order fractional differential opera-
tors in anomalous diffusion modeling. Physica
A: Statistical Mechanics and its Applications,
388(21), 4586-4592.

[8] Akgiil, A., & Baleanu, D. (2017). On solu-
tions of variable-order fractional differential
equations. An International Journal of Opti-
mization and Control: Theories & Applica-
tions (IJOCTA), 7(1), 112-116.

[9] Tavares, D., Almeida, R., & Torres, D. F.
(2016). Caputo derivatives of fractional vari-
able order: numerical approximations. Com-
munications in Nonlinear Science and Nu-
merical Simulation, 35, 69-87.

[10] Valério, D., & Da Costa, J. S. (2011).
Variable-order fractional derivatives and their

numerical approximations. Signal Processing,
91(3), 470-483.

[11] Yang, J., Yao, H., & Wu, B. (2018). An
efficient numerical method for variable or-
der fractional functional differential equation.
Applied Mathematics Letters, 76, 221-226.

[12] Zhang, S., & Hu, L. (2019). Unique existence
result of approximate solution to initial value
problem for fractional differential equation of
variable order involving the derivative argu-
ments on the half-axis. Mathematics, 7(3),
286.

[13] Zhang, S., Sun, S., & Hu, L. (2018). Approx-
imate solutions to initial value problem for
differential equation of variable order. Jour-
nal of Fractional Calculus and Applications,
9(2), 93-112.

[14] Amar, B., Dumitru, B., Mohammed, S. S.,
Ali, H., & Mustafa, I. (2021). Boundary
value problem for nonlinear fractional differ-
ential equations of variable order via Kura-
towski MNC technique. Advances in Differ-
ence Equations, 2021(1), 1-19.

[15] Zhang, S., & Hu, L. (2019). The existence
of solutions to boundary value problems for
differential equations of variable order. Azer-
baijan Journal of Mathematics, 9(1), 22-45.

[16] Benkerrouche, A., Souid, M. S., Chandok, S.,
& Hakem, A. (2021). Existence and Stability
of a Caputo Variable-Order Boundary Value
Problem. Journal of Mathematics, 2021.

[17] Refice, A., Souid, M. S., & Stamova, I.
(2021). On the boundary value problems of
Hadamard fractional differential equations of
variable order via Kuratowski MNC tech-
nique. Mathematics, 9(10), 1134.

[18] Bouazza, Z., Souid, M. S., & Gunerhan, H.
(2021). Multiterm boundary value problem
of Caputo fractional differential equations of
variable order. Advances in Difference Equa-
tions, 2021(1), 1-17.

[19] Zhang, S. (2018). The uniqueness result of
solutions to initial value problems of differen-
tial equations of variable-order. Revista de la
Real Academia de Ciencias Exactas, Fisicas y
Naturales. Serie A. Matemdaticas, 112(2), 407-
423.

[20] Amar, B., Souid, M. S., Kanokwan, S., & Ali,
H. (2021). Implicit nonlinear fractional differ-
ential equations of variable order. Boundary
Value Problems, 2021(1).

[21] Yakar, A., & Koksal, M. E. (2012). Exis-
tence results for solutions of nonlinear frac-
tional differential equations. Abstract and Ap-
plied Analysis (Vol. 2012). Hindawi.



78 A. Refice, M. S. Souid, A. Yakar /IJOCTA, Vol.11, No.3, pp.68-78 (2021)

[22] An, J., & Chen, P. (2019). Uniqueness of so-
lutions to initial value problem of fractional
differential equations of variable-order. Dyn.
Syst. Appl., 28, 607-623.

[23] Benchohra, M., & Lazreg, J. E. (2017). Ex-
istence and Ulam stability for nonlinear im-
plicit fractional differential equations with
Hadamard derivative. Stud. Univ. Babes-
Bolyai Math., 62(1), 27-38.

[24] Benchohra, M., & Souid, M. S. (2015). L 1-
Solutions of boundary value problems for im-
plicit fractional order differential equations.
Surveys in Mathematics & its Applications,
10.

[25] Ashyralyev, A., & Hicdurmaz, B. (2021).
Multidimensional problems for nonlinear frac-
tional Schrodinger differential and difference
equations. Mathematical Methods in the Ap-
plied Sciences, 44(4), 2731-2751.

[26] Karakog, F. (2020). Existence and unique-
ness for fractional order functional differential
equations with Hilfer derivative. Differ. Equ.
Appl., 12, 323-336.

[27] Devi, J. V., & Sreedhar, C. V. (2016). Gen-
eralized Monotone Iterative Method for Ca-
puto Fractional Integro-differential Equation.
European Journal of Pure and Applied Math-
ematics, 9(4), 346-359.

[28] de Oliveira, E. C., & Sousa, J. V. D. C.
(2018). Ulam-Hyers-Rassias stability for a
class of fractional integro-differential equa-
tions. Results in Mathematics, 73(3), 1-16.

[29] Bai, Y., & Kong, H. (2017). Existence of so-
lutions for nonlinear Caputo-Hadamard frac-
tional differential equations via the method of
upper and lower solutions. J. Nonlinear Sci.
Appl., 10(1), 5744-5752.

[30] Samko, S.G. (1995). Fractional integration
and differentiation of variable order. Analysis
Mathematica, 21(3), 213-236.

[31] Kilbas, A. A., Srivastava, H. M., & Trujillo,
J. J. (2006). Theory and Applications of Frac-
tional Differential Equations. (Vol. 204). Else-
vier.

[32] Zhang, S. (2013). Existence of solutions for
two-point boundary-value problems with sin-
gular differential equations of variable order.
Electronic Journal of Differential Equations,
2013(245), 1-16.

Ahmed Refice is a researcher from Djillali Liabes
University of Sidi Bel-Abbés, Algeria
https://orcid.org/0000-0002-8906-6211

Mohammed Said Souid is a professor at University
of Tiaret, Algeria. He has many publications on exis-
tence and stability of fractional differential equations
of variable order.
https://orcid.org/0000-0002-4342-5231

Ali Yakar received his Ph.D.degree in applied math-
ematics from Gebze Institute of Technology, Turkey
in 2010. His primary interest is in investigating ex-
istence and uniqueness of fractional order differential
equations. He is currently working as a professor at
Department of Mathematics at Tokat Gaziosmanpasa
University.
https://orcid.org/0000-0003-1160-577X

An International Journal of Optimization and Control: Theories & Applications (http://ijocta.balikesir.edu.tr)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit

http://creativecommons.org/licenses/by/4.0/.


https://orcid.org/0000-0002-8906-6211
https://orcid.org/0000-0002-4342-5231
https://orcid.org/0000-0003-1160-577X
http://creativecommons.org/licenses/by/4.0/

ISSN: 2146-0957, elSSN: 2146-5703, http://www.ijocta.org

INSTRUCTIONS FOR AUTHORS
Aims and Scope

An International Journal of Optimization and Control: Theories & Applications (IJOCTA) is a scientific,
peer-reviewed, open-access journal that publishes original research papers and review articles of high
scientific value in all areas of applied mathematics, optimization and control. It aims to focus on
multi/inter-disciplinary research into the development and analysis of new methods for the numerical
solution of real-world applications in engineering and applied sciences. The basic fields of this journal
cover mathematical modeling, computational methodologies and (meta)heuristic algorithms in
optimization, control theory and their applications. Note that new methodologies for solving recent
optimization problems in operations research must conduct a comprehensive computational study and/or
case study to show their applicability and practical relevance.

Journal Topics

The topics covered in the journal are (not limited to):

Applied Mathematics, Financial Mathematics, Control Theory, Optimal Control, Fractional Calculus and
Applications, Modeling of Bio-systems for Optimization and Control, Linear Programming, Nonlinear
Programming, Stochastic Programming, Parametric Programming, Conic Programming, Discrete
Programming, Dynamic Programming, Nonlinear Dynamics, Stochastic Differential Equations,
Optimization with Artificial Intelligence, Operational Research in Life and Human Sciences, Heuristic and
Metaheuristic Algorithms in Optimization, Applications Related to Optimization in Engineering.

Submission of Manuscripts
New Submissions

Solicited and contributed manuscripts should be submitted to IJOCTA via the journal's online submission
system. You need to make registration prior to submitting a new manuscript (please click here to register
and do not forget to define yourself as an "Author" in doing so). You may then click on the "New
Submission" link on your User Home.

IMPORTANT: If you already have an account, please click here to login. It is likely that you will have
created an account if you have reviewed or authored for the journal in the past.

On the submission page, enter data and answer questions as prompted. Click on the “Next” button on each
screen to save your work and advance to the next screen. The names and contact details of at least four
internationally recognized experts who can review your manuscript should be entered in the "Comments
for the Editor" box.

You will be prompted to upload your files: Click on the “Browse” button and locate the file on your
computer. Select the description of the file in the drop down next to the Browse button. When you have
selected all files you wish to upload, click the “Upload” button. Review your submission before sending to
the Editors. Click the “Submit” button when you are done reviewing. Authors are responsible for verifying
all files have uploaded correctly.

You may stop a submission at any phase and save it to submit later. Acknowledgment of receipt of the
manuscript by [JOCTA Online Submission System will be sent to the corresponding author, including an
assigned manuscript number that should be included in all subsequent correspondence. You can also log-
on to submission web page of [JOCTA any time to check the status of your manuscript. You will receive an
e-mail once a decision has been made on your manuscript.

Each manuscript must be accompanied by a statement that it has not been published elsewhere and that it
has not been submitted simultaneously for publication elsewhere.

Manuscripts can be prepared using LaTeX (.tex) or MSWord (.docx). However, manuscripts with heavy
mathematical content will only be accepted as LaTeX files.

Preferred first submission format (for reviewing purpose only) is Portable Document File (.pdf). Please
find below the templates for first submission.

Click here to download Word template for first submission (.docx)


http://ijocta.org/index.php/files/user/register
http://ijocta.org/index.php/files/login
http://www.ijocta.com/documents/firstsub_template_ijocta_word.dotx
http://www.ijocta.org/documents/finalsub_template_ijocta_word.dotx

ISSN: 2146-0957, elSSN: 2146-5703, http://www.ijocta.org

Click here to download LaTeX template for first submission (.tex)

Revised Manuscripts

Revised manuscripts should be submitted via [JOCTA online system to ensure that they are linked to the
original submission. It is also necessary to attach a separate file in which a point-by-point explanation is
given to the specific points/questions raised by the referees and the corresponding changes made in the
revised version.

To upload your revised manuscript, please go to your author page and click on the related manuscript
title. Navigate to the "Review" link on the top left and scroll down the page. Click on the "Choose File"
button under the "Editor Decision" title, choose the revised article (in pdf format) that you want to submit,
and click on the "Upload" button to upload the author version. Repeat the same steps to upload the
"Responses to Reviewers/Editor" file and make sure that you click the "Upload" button again.

To avoid any delay in making the article available freely online, the authors also need to upload the source
files (Word or LaTex) when submitting revised manuscripts. Files can be compressed if necessary. The
two-column final submission templates are as follows:

Click here to download Word template for final submission (.docx)
Click here to download LaTeX template for final submission (.tex)

Authors are responsible for obtaining permission to reproduce copyrighted material from other sources
and are required to sign an agreement for the transfer of copyright to I[JOCTA.

Article Processing Charges

There are no charges for submission and/or publication.

English Editing

Papers must be in English. Both British and American spelling is acceptable, provided usage is consistent
within the manuscript. Manuscripts that are written in English that is ambiguous or incomprehensible, in
the opinion of the Editor, will be returned to the authors with a request to resubmit once the language
issues have been improved. This policy does not imply that all papers must be written in "perfect” English,
whatever that may mean. Rather, the criteria require that the intended meaning of the authors must be
clearly understandable, i.e., not obscured by language problems, by referees who have agreed to review
the paper.

Presentation of Papers

Manuscript style

Use a standard font of the 11-point type: Times New Roman is preferred. It is necessary to single line
space your manuscript. Normally manuscripts are expected not to exceed 25 single-spaced pages
including text, tables, figures and bibliography. All illustrations, figures, and tables are placed within the
text at the appropriate points, rather than at the end.

During the submission process you must enter: (1) the full title, (2) names and affiliations of all authors
and (3) the full address, including email, telephone and fax of the author who is to check the proofs.
Supply a brief biography of each author at the end of the manuscript after references.

e Include the name(s) of any sponsor(s) of the research contained in the paper, along with grant
number(s).
e Enter an abstract of no more than 250 words for all articles.
Keywords

Authors should prepare no more than 5 keywords for their manuscript.


http://www.ijocta.org/documents/finalsub_template_ijocta_latex.rar
http://www.ijocta.com/documents/finalsub_template_ijocta_word.dotx
http://www.ijocta.org/documents/finalsub_template_ijocta_word.dotx
http://www.ijocta.com/documents/finalsub_template_ijocta_latex.rar
http://www.ijocta.org/documents/finalsub_template_ijocta_latex.rar

ISSN: 2146-0957, elSSN: 2146-5703, http://www.ijocta.org

Maximum five AMS Classification number (http://www.ams.org/mathscinet/msc/msc2010.html) of the
study should be specified after keywords.

Writing Abstract

An abstract is a concise summary of the whole paper, not just the conclusions. The abstract should be no
more than 250 words and convey the following:

1. An introduction to the work. This should be accessible by scientists in any field and express the
necessity of the experiments executed.

Some scientific detail regarding the background to the problem.

A summary of the main result.

The implications of the result.

A broader perspective of the results, once again understandable across scientific disciplines.

v W

It is crucial that the abstract conveys the importance of the work and be understandable without
reference to the rest of the manuscript to a multidisciplinary audience. Abstracts should not contain any
citation to other published works.

Reference Style

Reference citations in the text should be identified by numbers in square brackets "[ ]". All references
must be complete and accurate. Please ensure that every reference cited in the text is also present in the
reference list (and vice versa). Online citations should include date of access. References should be listed
in the following style:

Journal article
Author, A.A., & Author, B. (Year). Title of article. Title of Journal, Vol(Issue), pages.

Castles, F.G., Curtin, ].C., & Vowles, ]. (2006). Public policy in Australia and New Zealand: The new global
context. Australian Journal of Political Science, 41(2), 131-143.

Book

Author, A. (Year). Title of book. Publisher, Place of Publication.

Mercer, P.A., & Smith, G. (1993). Private Viewdata in the UK. 2nd ed. Longman, London.
Chapter

Author, A. (Year). Title of chapter. In: A. Editor and B. Editor, eds. Title of book. Publisher, Place of
publication, pages.

Bantz, C.R. (1995). Social dimensions of software development. In: J.A. Anderson, ed. Annual review of
software management and development. CA: Sage, Newbury Park, 502-510.

Internet document
Author, A. (Year). Title of document [online]. Source. Available from: URL [Accessed (date)].

Holland, M. (2004). Guide to citing Internet sources [online]. Poole, Bournemouth University. Available
from: http://www.bournemouth.ac.uk/library/using/guide_to_citing_internet_sourc.html [Accessed 4
November 2004].

Newspaper article
Author, A. (or Title of Newspaper) (Year). Title of article. Title of Newspaper, day Month, page, column.
Independent (1992). Picking up the bills. Independent, 4 June, p. 28a.

Thesis
Author, A. (Year). Title of thesis. Type of thesis (degree). Name of University.

Agutter, AJ. (1995). The linguistic significance of current British slang. PhD Thesis. Edinburgh
University.



ISSN: 2146-0957, elSSN: 2146-5703, http://www.ijocta.org

llustrations

[llustrations submitted (line drawings, halftones, photos, photomicrographs, etc.) should be clean
originals or digital files. Digital files are recommended for highest quality reproduction and should follow
these guidelines:

300 dpi or higher

Sized to fit on journal page

TIFF or JPEG format only

Embedded in text files and submitted as separate files (if required)

Tables and Figures

Tables and figures (illustrations) should be embedded in the text at the appropriate points, rather than at
the end. A short descriptive title should appear above each table with a clear legend and any footnotes
suitably identified below.

Proofs

Page proofs are sent to the designated author using IJOCTA EProof system. They must be carefully
checked and returned within 48 hours of receipt.

Offprints/Reprints

Each corresponding author of an article will receive a PDF file of the article via email. This file is for
personal use only and may not be copied and disseminated in any form without prior written permission
from [JOCTA.

Submission Preparation Checklist

As part of the submission process, authors are required to check off their submission's compliance with all
of the following items, and submissions may be returned to authors that do not adhere to these guidelines.

1. The submission has not been previously published, nor is it before another journal for
consideration (or an explanation has been provided in Comments for the Editor).

2. The paper is in PDF format and prepared using the IJOCTA's two-column template.

3. All references cited in the manuscript have been listed in the References list (and vice-versa)
following the referencing style of the journal.

4. There is no copyright material used in the manuscript (or all necessary permissions have been
granted).

5. Details of all authors have been provided correctly.

6. ORCID profile numbers of "all" authors are mandatory, and they are provided at the end of the
manuscript as in the template (visit https://orcid.org for more details on ORCID).

7. The text adheres to the stylistic and bibliographic requirements outlined in the Author Guidelines.

8. Maximum five AMS Classification number (http://www.ams.org/mathscinet/msc/msc2010.html)
of the study have been provided after keywords.

9. The names and email addresses of at least FOUR (4) possible reviewers have been indicated in
"Comments for the Editor" box in "Paper Submission Step 1-Start". Please note that at least two of
the recommendations should be from different countries. Avoid suggesting reviewers you have a
conflict of interest.

Peer Review Process

All contributions, prepared according to the author guidelines and submitted via IJOCTA online
submission system are evaluated according to the criteria of originality and quality of their scientific
content. The corresponding author will receive a confirmation e-mail with a reference number assigned to
the paper, which he/she is asked to quote in all subsequent correspondence.

All manuscripts are first checked by the Technical Editor using plagiarism detection software
(iThenticate) to verify originality and ensure the quality of the written work. If the result is not
satisfactory (i.e. exceeding the limit of 30% of overlapping), the submission is rejected and the author is
notified.



ISSN: 2146-0957, elSSN: 2146-5703, http://www.ijocta.org

After the plagiarism check, the manuscripts are evaluated by the Editor-in-Chief and can be rejected
without reviewing if considered not of sufficient interest or novelty, too preliminary or out of the scope of
the journal. If the manuscript is considered suitable for further evaluation, it is first sent to the Area
Editor. Based on his/her opinion the paper is then sent to at least two independent reviewers. Each
reviewer is allowed up to four weeks to return his/her feedback but this duration may be extended based
on his/her availability. JOCTA has instituted a blind peer review process where the reviewers' identities
are not known to authors. When the reviews are received, the Area Editor gives a decision and lets the
author know it together with the reviewer comments and any supplementary files.

Should the reviews be positive, the authors are expected to submit the revised version usually within two
months the editor decision is sent (this period can be extended when the authors contact to the editor and
let him/her know that they need extra time for resubmission). If a revised paper is not resubmitted within
the deadline, it is considered as a new submission after all the changes requested by reviewers have been
made. Authors are required to submit a new cover letter, a response to reviewers letter and the revised
manuscript (which ideally shows the revisions made in a different color or highlighted). If a change in
authorship (addition or removal of author) has occurred during the revision, authors are requested to
clarify the reason for change, and all authors (including the removed/added ones) need to submit a
written consent for the change. The revised version is evaluated by the Area editor and/or reviewers and
the Editor-in-Chief brings a decision about final acceptance based on their suggestions. If necessary,
further revision can be asked for to fulfil all the requirements of the reviewers.

When a manuscript is accepted for publication, an acceptance letter is sent to the corresponding author
and the authors are asked to submit the source file of the manuscript conforming to the IJOCTA two-
column final submission template. After that stage, changes of authors of the manuscript are not possible.
The manuscript is sent to the Copyeditor and a linguistic, metrological and technical revision is made, at
which stage the authors are asked to make the final corrections in no more than a week. The layout editor
prepares the galleys and the authors receive the galley proof for final check before printing. The authors
are expected to correct only typographical errors on the proofs and return the proofs within 48 hours.
After the final check by the layout editor and the proofreader, the manuscript is assigned a DOI number,
made publicly available and listed in the forthcoming journal issue. After printing the issue, the
corresponding metadata and files published in this issue are sent to the databases for indexing.

Peer-reviewin
Manuscript Plagiarism Check Pre-screening . =
L. . . . {Minimum Two
Submission (Author) (Technical Editor) (Editor) )
Independent Reviewers)

Reject Reject
L. Y
Return Submlssmn} Reject ( Editor Decision
to Author J" § ]
| |

[Revision Required] [ Accept ]

Publicati Proofreading Layout Editing Copyediting
(Proofreader, Layout Editor, (Layout Editor) (Copyeditor)

Copyeditor and Author)

Publication Ethics and Malpractice Statement

[JOCTA is committed to ensuring ethics in publication and quality of articles. Conforming to standards of
expected ethical behavior is therefore necessary for all parties (the author, the editor(s), the peer
reviewer) involved in the act of publishing.

International Standards for Editors

The editors of the IJOCTA are responsible for deciding which of the articles submitted to the journal
should be published considering their intellectual content without regard to race, gender, sexual
orientation, religious belief, ethnic origin, citizenship, or political philosophy of the authors. The editors
may be guided by the policies of the journal's editorial board and constrained by such legal requirements



ISSN: 2146-0957, elSSN: 2146-5703, http://www.ijocta.org

as shall then be in force regarding libel, copyright infringement and plagiarism. The editors may confer
with other editors or reviewers in making this decision. As guardians and stewards of the research record,
editors should encourage authors to strive for, and adhere themselves to, the highest standards of
publication ethics. Furthermore, editors are in a unique position to indirectly foster responsible conduct
of research through their policies and processes.

To achieve the maximum effect within the research community, ideally all editors should adhere to
universal standards and good practices.

e Editors are accountable and should take responsibility for everything they publish.

e Editors should make fair and unbiased decisions independent from commercial consideration and
ensure a fair and appropriate peer review process.

e Editors should adopt editorial policies that encourage maximum transparency and complete,
honest reporting.

o Editors should guard the integrity of the published record by issuing corrections and retractions
when needed and pursuing suspected or alleged research and publication misconduct.

e Editors should pursue reviewer and editorial misconduct.

e Editors should critically assess the ethical conduct of studies in humans and animals.

e Peerreviewers and authors should be told what is expected of them.

e Editors should have appropriate policies in place for handling editorial conflicts of interest.

Reference:

Kleinert S & Wager E (2011). Responsible research publication: international standards for editors. A
position statement developed at the 2nd World Conference on Research Integrity, Singapore, July 22-24,
2010. Chapter 51 in: Mayer T & Steneck N (eds) Promoting Research Integrity in a Global Environment.
Imperial College Press / World Scientific Publishing, Singapore (pp 317-28). (ISBN 978-981-4340-97-7)
[Link].

International Standards for Authors

Publication is the final stage of research and therefore a responsibility for all researchers. Scholarly
publications are expected to provide a detailed and permanent record of research. Because publications
form the basis for both new research and the application of findings, they can affect not only the research
community but also, indirectly, society at large. Researchers therefore have a responsibility to ensure that
their publications are honest, clear, accurate, complete and balanced, and should avoid misleading,
selective or ambiguous reporting. Journal editors also have responsibilities for ensuring the integrity of
the research literature and these are set out in companion guidelines.

o The research being reported should have been conducted in an ethical and responsible manner
and should comply with all relevant legislation.

e Researchers should present their results clearly, honestly, and without fabrication, falsification or
inappropriate data manipulation.

e Researchers should strive to describe their methods clearly and unambiguously so that their
findings can be confirmed by others.

e Researchers should adhere to publication requirements that submitted work is original, is not
plagiarised, and has not been published elsewhere.

e  Authors should take collective responsibility for submitted and published work.

e The authorship of research publications should accurately reflect individuals’ contributions to the
work and its reporting.

¢ Funding sources and relevant conflicts of interest should be disclosed.

e When an author discovers a significant error or inaccuracy in his/her own published work, it is
the author’s obligation to promptly notify the journal’s Editor-in-Chief and cooperate with them
to either retract the paper or to publish an appropriate erratum.

Reference:

Wager E & Kleinert S (2011) Responsible research publication: international standards for authors. A
position statement developed at the 2nd World Conference on Research Integrity, Singapore, July 22-24,
2010. Chapter 50 in: Mayer T & Steneck N (eds) Promoting Research Integrity in a Global Environment.


http://publicationethics.org/files/International%20standard_editors_for%20website_11_Nov_2011%20%281%29.pdf

ISSN: 2146-0957, elSSN: 2146-5703, http://www.ijocta.org

Imperial College Press / World Scientific Publishing, Singapore (pp 309-16). (ISBN 978-981-4340-97-7)
[Link].

Basic principles to which peer reviewers should adhere

Peer review in all its forms plays an important role in ensuring the integrity of the scholarly record. The
process depends to a large extent on trust and requires that everyone involved behaves responsibly and
ethically. Peer reviewers play a central and critical part in the peer-review process as the peer review
assists the Editors in making editorial decisions and, through the editorial communication with the author,
may also assist the author in improving the manuscript.

Peer reviewers should:

e respect the confidentiality of peer review and not reveal any details of a manuscript or its review,
during or after the peer-review process, beyond those that are released by the journal;

e not use information obtained during the peer-review process for their own or any other person’s
or organization’s advantage, or to disadvantage or discredit others;

e only agree to review manuscripts for which they have the subject expertise required to carry out
a proper assessment and which they can assess within a reasonable time-frame;

e declare all potential conflicting interests, seeking advice from the journal if they are unsure
whether something constitutes a relevant conflict;

e notallow their reviews to be influenced by the origins of a manuscript, by the nationality, religion,
political beliefs, gender or other characteristics of the authors, or by commercial considerations;

e Dbe objective and constructive in their reviews, refraining from being hostile or inflammatory and
from making libellous or derogatory personal comments;

e acknowledge that peer review is largely a reciprocal endeavour and undertake to carry out their
fair share of reviewing, in a timely manner;

e provide personal and professional information that is accurate and a true representation of their
expertise when creating or updating journal accounts.

Reference:

Homes I (2013). COPE Ethical Guidelines for Peer Reviewers, March 2013, v1 [Link].

Copyright Notice

All articles published in An International Journal of Optimization and Control: Theories & Applications
(IJOCTA) are made freely available with our Open Access policy without any publication/subscription fee.

Under the CC BY license, authors retain ownership of the copyright for their article, but authors grant
others permission to use the content of publications in [JOCTA in whole or in part provided that the
original work is properly cited. Users (redistributors) of [JOCTA are required to cite the original source,
including the author's names, [JOCTA as the initial source of publication, year of publication, volume
number and DOI (if available).

Authors grant [JOCTA the right of first publication. Although authors remain the copyright owner, they
grant the journal the irrevocable, nonexclusive rights to publish, reproduce, publicly distribute and
display, and transmit their article or portions thereof in any manner.

m Articles are published under the Creative Commons Attribution 4.0 International License

(CCBY 4.0).


http://publicationethics.org/files/International%20standards_authors_for%20website_11_Nov_2011.pdf
http://publicationethics.org/files/Ethical_guidelines_for_peer_reviewers_0.pdf
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

16

28

52

68

An International Journal of Optimization and Control:

1JOCTA

An International Journal of
Optimization and Control:
Theories & Applications

Theories & Applications

Volume: 11 Number: 3
December 2021 (Special Issue)

CONTENTS

A\ 7/

J

Magnetic field diffusion in ferromagnetic materials: fractional calculus approaches

Jordan Hristov

On self-similar solutions of time and space fractional sub-diffusion equations

Fatma Al-Musalhi, Erkinjon Karimov

A fractional model in exploring the role of fear in mass mortality of pelicans in the Salton Sea
Ankur Jyoti Kashyap, Debasish Bhattacharjee, Hemanta Kumar Sarmah

A computational approach for shallow water forced Korteweg-De Vries equation on critical flow over a
hole with three fractional operators

Pundikala Veeresha, Mehmet Yavuz, Chandrali Baishya
Some qualitative properties of nonlinear fractional integro-differential equations of variable order

Ahmed Refice, Mohammed Said Souid, Ali Yakar

ros ¢

ISSN 2146-0957

9| 772146 || 095004



http://www.ijocta.org/

	1. Introduction
	1.1. Magnetic field transport in conducting media
	1.2. Magnetic field diffusion with straight field lines 
	1.3. Aim and motivation notes
	1.4. Paper organization

	2. Fractional calculus to magnetic diffusion problem
	2.1. Fractional calculus solution by semi-derivatives: general approach

	3. Fractional models of magnetic diffusion: simplified approach
	3.1. Magnetic flux with memory:general approach

	4. Fractional models of magnetic diffusion: Singular memory approach
	4.1. Double integration method (DIM)
	4.2. Field independent magnetic permeability
	4.3. Field dependent magnetic permeability

	5. Fractional models by fading memory approach
	5.1. Fading memory principle

	6. Conclusion
	Acknowledgments
	References
	1. Introduction
	2. Preliminaries
	3. Main Result
	3.1. Fractional differential equation involving Hilfer derivative 
	3.2. Fractional differential equation involving hyper-Bessel operator

	4. Conclusion
	References
	1. Introduction
	2. Model formulation
	3. Mathematical preliminaries
	4. Mathematical analysis
	4.1. Existence and Uniqueness of the system
	4.2. Non-negativity and boundedness

	5. Equilibrium points
	6. Local stability analysis
	6.1. Local stability of E1(0,0,0)
	6.2. Local stability of E2(k,0,0)
	6.3. Local stability of E3(S3,0,Y3)
	6.4. Local stability of E4(S4,I4,0)
	6.5. Local stability of E*

	7. Global stability analysis
	8. Bifurcation analysis
	9. Numerical simulation
	9.1. Impact of the disease on predators in the absence of susceptible prey

	10. Conclusion and discussion
	Acknowledgments
	References
	Appendix A. 
	1. Introduction
	2. Preliminaries
	3. Solution for FKDV equation
	3.1. Caputo Sense
	3.2. Caputo-Fabrizio Sense
	3.3. Atangana-Baleanu Sense

	4. Results and discussion 
	5. Conclusion
	References
	1. Introduction
	2. Mathematical Preliminaries
	3. Existence Results
	4. Ulam-Hyers-Rassias stability
	5. Example
	6. Conclusion
	References

