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The analytical solution of the longitudinal wave equation in the MEE circular
rod is analyzed by the powerful sine-Gordon expansion method. Sine - Gordon
expansion is based on the well-known wave transformation and sine - Gordon
equation. In the longitudinal wave equation in mathematical physics, the trans-
verse Poisson MEE circular rod is caused by the dispersion. Some solutions
with complex, hyperbolic and trigonometric functions have been successfully
implemented. Numerical simulations of all solutions are given by selecting the
appropriate parameter values. The physical meaning of the analytical solution
explaining some practical physical problems is given.

(co) IS

1. Introduction

Innovative analytical new solutions for non-linear
evolution equations (NEEs) has very important
role in area of non-linear physics. Non-linear evo-
lution equations are often used to state complex
models that appear in different areas of non-linear
science, such as biological sciences, quantum me-
chanics, and plasma physics. Recently, differ-
ent analytical techniques have been invested to
search new types of solutions. NLEs such as the
new general algebra method [I], the tan(@)—
expansion method [2], the extended tanh method
[3], the jacobi elliptic function method [4], the
homogeneous balance method [5], the generalized
Kudryashov method [6], the generalized (G /G)
method [7], the extended homoclinic test function
method [§], the improved Bernoulli sub-equation
function method [9], the improved exp (—®(§))-
expansion function method [I0] and so on. In
general, many more analytical techniques have
been designed and used in obtaining analytical
solutions of different NLEs [11H22]. Authors of

*Corresponding Author

[23-28] obtained new lump and interaction for
some of models in which arise in applied sciences.
Moreover, Manafian and co-authors [29,30] used
the analytical methods for getting to exact solu-
tions.

The powerful sine-Gordon expansion method
(SGEM) [311132] was used to find some new so-
lution methods to the longitudinal wave equation
of the magneto-electro-elastic (MEE) circular rod
[33] in this study. The longitudinal wave equation
of the MEE circular rod is developed by [33], the
longitudinal wave equation is a dispersion equa-
tion caused by the transverse Poisson’s effect in
MEE circular rod, developed from [34];

=0, (1)

Ut — Pz — (Quz +putt>
2 Trxr

where p is the dispersion parameter and ¢ is

the linear longitudinal wave velocity of the MEE

circular rod which depend on material proper-

ties and rod geometry [34]. Different analytical

methods have been put in place to find solutions
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to the longitudinal wave equation in magneto-
electro-elastic MEE circular rod, like the im-
proved (G /G)-expansion method [35], the func-
tional variable method [36],the ansatz method
[37], etc.

2. The SGEM

The general cases of SGEM was given in this sec-
tion,

Take into account the following sine-Gordon equa-
tion [38], [39]:

Upe — Uy = n2sin(u). (2)

where u = u(z, t) and n € R\ {0}.

Using the wave transformation v = u(z, t) =
U(B), B = a(x — kt) on Eq. (2), following non-
linear ordinary differential equation (NODE) was
gotten as:

" n2

U_

= msin(U), (3)

as U = U(f), the amplitude of the traveling wave
is # and k is the speed of the traveling wave. To
integrate the equation (B]), we get the following
equation:

112 nz .
[(g)] :M””Q(@W’ (4)

as the integral constant is @ .

Set Q =0, ¢(8) = § and b? = iy in Eq.
@), gives:

¢ = bsin(9), (5)
inserting b = 1 into Eq. (fl), produces:
¢ = sin(¢), (6)

simplifying Eq. (@), creates the following two im-
portant equations;

B
sin(8) = sin(9(3) = gy | = sech(§),
d=1 (7)
2028 _
0s(8) = cos(0(8)) = Gz y| = tanh(B),
d=1

as the integral constant is d .

For the given non-linear partial differential equa-
tion Eq. (@);

P(u, utg, u’ug, ...), (9)

its solution in the form as;

UB) = Z tanh'~1(B) [B;sech(B)+Aitanh(B)]+Ao.
i=1
(10)

Equation (I0) may be given according to Eq. ()
and (B)) as;

U(p) = Z cos' 1 (@) [Bisin(¢) + Aicos(¢)] + Ay.
i=1
(11)

m is determined by balancing the highest power
non-linear term and the highest derivative in the
transformed NODE. Taking each summation of
the coefficients of sin'(w)cos’(w), 0 < i,5 < m
to be zero, produces a set of equations. This set
of equation is solved with the symbolic computa-
tional computational software, yields the values
of the coefficients A;, B;, p and c¢. Eventually,
inserting the produced values of these coefficients
into Eq. ([I0) accompanied by the value of m,
gives the fresh travelling wave solutions to Eq.

@).
3. Applications

The SGEM is used in searching the fresh solu-
tions to Eq. (Il) in this section. Considering Eq.
(), the following NODE was gotten by using the
wave transformation; u = U(f), 8 = pu(—kt + x);

k20" — 2k — QU +&U? =0, (12)

p is non-zero constant and we get m = 2 by bal-
ancing U” and U2 in Eq. @2.

Using Eq. () together with the value m = 2, we
get the following equation;

U(¢) = Bisin(¢)+ Aicos(¢) + Bacos(¢p)sin(ep)

+Agcos?(4) + Ao, (13)

differentiating Eq. (I3]) twice, we get:
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Case-6:
" . 2 . . . 3 2 2
U (¢) = Bicos™(¢)sin(p) — Bisin®(¢) Ay = 1— k—27A1 =0,B; =0, Ay = 3(k_2 —-1),
— 2A;5in?(¢)cos(d) + Bacos®(¢)sin(ep) 1 ) q
— 5Bysin’(¢)cos(¢) — 4Ascos?(p)sin*(¢) B2 = O,p= W V(K = g?)i.
+ 2A25in4(¢)), Solutions:
(14) (1). The following solution is gotten by with case
L

Setting Eq. (I3) and (I5) to Eq. (IZ), gener-
ating trigonometric equations. After replacing
the trigonometric constants in the trigonomet- ui(z,t)
ric equation, a set of algebraic equations is col-
lected by setting each sum of the coefficients of
the trigonometric functions of the same power to
zero. The set of equations is solved with assis-
tance of symbolic mathematical softwares; to get
coefficient values for different cases. We insert
coefficient values for each case into the Eq. (I0)
with a value of m = 2, this gives us a new solution

Eq. ().
Case-1:
k2 k2
Ay = 4(1 + ?),Al =0,B1=0,45 = —6(1 - ?),
6ik? 1
By = —6i+—,p= k2 — ¢%).
q> k22 ( ) Imiulx, ]
Case-2: ~-;.-" W ]
A = 4-— 2 A —0,B=0 /
- 1+ pp?’ P ag s e B
6 6pu(pu? — 1 T
A2 = —6+-—— 2 BQ = pMZ(iﬂ )'La ~ 'IEE'
L+ pp pept —1 \ /
q = —kvV1+pu2 ~
Case-3: 612 612 Figure 1. The 3D shape for the
_ or™ _ _ _ O imaginary part of Eq. ([E) with the
Ao 6+ qz’A1 0,B1=0,42 =6 27 values k = 2, ¢cg = 1, p = 3, =3 <
k2 1 r <3, —5<t<b5andt=0for the
By = 6i(l— =), p=——=(k*—¢%. graphic of 2D.
q ky/p
Case-4:
AO = 1+—2,A1:0,31:0,A2:—3(1——2), ) /
q q
]{32 _ q2 Z
By, = 0,p=—5—5. s
4]@2”2 ".I
Case-5: ,
1
Ay = 1—-— A1 =0,B1=0
0 4pﬂ2 + 17 1 , D1 )
3
Ay = 3+ —5——,Ba=0,q=kV4pp>+1.
dpps +1
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Figure 2. The 3D shape for the real
([@@H) with the values
k=2 c=1p=3 -3 <x<3,
—5 <t <5 and t =0 for the graphic

part of Eq.

of 2D.

(2). The following solution is gotten by with case

2;

ug(z,t) =4

0.5

142

0.5

+ (6ipp® (=1 + pp?)).
sec h[(—kt + x)p] tanh[—kt + x) ]

+ (=6 +

1 +p2M2

-1 +p2,u4

Im{ul t])

) tanh[(—kt 4 2)u)>.

R jupt]]

Refulx.t]}

Figure 3. The 2D and 3D shape for
the imaginary and real part of Eq.
([@6) with the values k = 2, p = 1,
uw=3 -b<zr<y§ 0<t<?2and
t = 0 for the graphics of 2D.

(3). The following solution is gotten by with case
3;

6 . 1
p(q2 —E*)(=1— i sec h[k—ﬁ(M)

« (z — k)] tanh[%(\/l@ — )z — kt)]+
1

+ tanh[k—\/z_)(\/ k2 — q2)(z — kt)]?).

us(x,t) =

(17)

Irribe ]
=
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Infulx £1] ufx,t})
0. 1

- "_—ﬁ'“ﬂ-\, _r} -\\

"0 Jost N
il

. x / 05 \
=2 - { 2 ! \
/ / \
: /a0 \
¥ 5 J.r'r Ay
- 4 A .. *,
e & S 1.5 .
e & - o
e - —
a — 20 —

Figure 5. The 2D and 3D shape for
the Eq. (I8) with the values k =
0.006, p =3, ¢co =1, -1 <2 <1,
0 <t < 2andt=0 for the graphic of
2D.

(5). The following solution is gotten by with case

5
App® 2
us(x,t) = ———— (1 — 3tanh|u(x — kt 19
5(0.0) = T ln(a — k0)?) (19)
Refulx,t]]
//'.’_- k \\
V- \,
"”f “\\\
/ 1] \\\
r g ‘\\\
/// i \\\
.-"/I \\""-.
Figure 4. The 2D and 3D shape for ux )
the imaginary and real part of Eq. 10f ~
@) with the values k = 2, p = 1, . f_.f” \
co=1 -5<x <5 0<t<2and o/ 3
t = 0 for the graphics of 2D. -+ - - = - x
05[ ,e"f \‘-\
(4). The following solution is gotten by with case / \
4; By \
J’I \\\
,’/i- At \\
k2 —¢? 9 Il b
ug(x,t) = -z (2 —3tanh[(—kt +z)u]”) (18) -

Figure 6. The 2D and 3D shape for
the Eq. ([9) with the values k = 0.5,
p=3p=1-05<xr<l,0<t<2
and t = 0.7 for the graphic of 2D.

(6). The following solution is gotten by with case
6;

2 _ 2 L2 _ 2
ug(x,t) = q2q (—1—3tan[T\/]_?q

(z—kt)]?).
(20)
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Figure 7. The 2D and 3D shape for
the Eq. ([20) with the values k = 2,
co =1, p =1 -05 < z < 1,
0 <t <2andt=0.7 for the graphic
of 2D.

4. Results and Discussion

In [33] the improved exp(—®(&))-expansion func-
tion method is used in the solution of the
magneto-electro-elastic circular rod longitudinal
wave equation and the solution of different hy-
perbolic function forms is obtained. Secondly,
the well-known improvement (G’ /G)-expansion
method [35] has been used for this equation and
some precise hyperbolic and trigonometric func-
tions are obtained. We observe that our results
are new, but have the same solution structure.
When compared with the existing, the results ob-
tained by using these two methods. On the other
hand, we observe that in the numerical simula-
tions of the solutions we presented; Figure 1, Fig-
ure 2 and Figure 7 are singular soliton surfaces,
Figure 3 is solit off surface, Figures 4-6 are soli-
ton surfaces. We observe that some solutions in
this study have important physical significance,
such as the emergence of hyperbolic tangents in
the calculation of magnetic moments and relative
velocities, the emergence of hyperbolic secant in
the profile of a laminar jet [40].

5. Conclusions

In this study, by utilizing the sine-Gordon exten-
sion method with the help of symbolic mathemat-
ical software, we investigated the solution of the
magneto-electro-elastic circular rod longitudinal
wave equation. We obtain some new solutions for
complex hyperbolic and trigonometric functions.
All solutions obtained in this study validate wave
equations in magneto-electro-elastic circular rod
and we examine this using the same procedure as
symbolic mathematical software. We performed
numerical simulations of all the solutions obtained
in this paper. We observed that our results may
be helpful in detecting transverse Poissons effect
magneto-electro-elastic circular rod. The Sine-
Gordon extension method is a powerful and ef-
ficient mathematical tool that can be used with
the help of symbolic mathematical software to ex-
plore different non-linear methods arising in dif-
ferent fields of non-linear science.
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Since it affects the performance of whole supply chain significantly, definition of
correct inventory control policy in a supply chain is critical. Recent technological
development enabled real time visibility of a supply network by horizontal
integration of each node in a supply network. By this opportunity, inventory
sharing among stocking locations is also possible in the effort of cost minimization
in supply chain management. Hence, lateral transshipment gained popularity and
studies seeking the best lateral-transshipment policy is still under research. In this
study, we aim to compare different lateral-transshipment policies for an s, S
inventory control problem for a single-echelon supply chain network system. In
this work, we consider a supply network with three stocking locations which may
perform lateral transshipment among them when backorder takes place. We
develop the simulation models of the systems in ARENA 14.5 commercial
software and compare the performance of the policies by minimizing the total cost
under a pre-defined fill rate constraint by using an optimization tool, OptQuest,
integrated in that software. The results show that lateral transshipment works well
compared to the scenario when there is no lateral transshipment policy in the

network.

(ec) T

1. Introduction

Because it affects performance of the whole chain
significantly, inventory control policy in a supply chain
is important. Due to recent increase in e-commerce,
order profile has changed towards more product variety
with less volume and decreased response time. For
instance, same day delivery concept is considered as
strategy in many distribution companies to increase
customer satisfaction. The recent order profile caused
more variability in orders throughout the supply chain.
Therefore, inventory control problem emerged as a
significant issue in supply chain to overcome this
variability and increase the performance of the supply
chain. In a study, it is pointed out that inventory cost
constitutes the 40% of the total logistics cost for fast
moving consumer goods supply chain [1]. Therefore,
recently, there are numerous studies focusing on
inventory control problems, e.g., exploring optimal
policies [2-4] by testing new and practical policies such
as lateral transshipment [5-7] and inventory routing
policies [8].

*Corresponding author

Companies tend to carry inventory in practice, to
reduce their total cost and improve their customer
service. However, information sharing also enabling
inventory sharing among locations by transshipments
has been less frequent [9-10]. For providing an
effective mechanism, transshipments are being made
between stocking locations at the same echelon based
on their available inventories and their distances to
increase the efficiency of the network. For instance,
allowing transshipments between stocking locations
may lead cost reduction as well as service improvement
resulting with customer satisfaction. In this study, we
study a single-echelon supply chain network by
focusing on determining the best lateral-transshipment
policy from four pre-defined ones. Our goal is to
minimize the total cost by determining the safety-stock
and up-to levels of stocking locations under a pre-
defined fill rate performance metric. In Fig. 1, the
layout of the supply network is shown. Based on that,
there are three stocking locations (depots) in which they
have their own demand profiles. These stocking
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locations may share their inventories when a backorder
takes place in one of the locations based on the pre-
defined scenarios. The details of the sharing policy
scenarios are explained in Section 3.4.

Depot 1

Q%

700 km
t
MD 10 km
!
850 km @Depot 2 20km
t
MD 10 km
'
700 km @‘7
Depot 3
MD
Main Depot Stocking Locations

Figure 1. The studied single-echelon supply chain network.

In Fig. 1, we assume that the supply network’s stocking
locations are close to each other so that the backorder
can be met instantaneously. Hence, we ignore the lead
times for lateral transshipments, however, we consider
a cost for these transshipments.

2. Literature review

Lateral transshipment can be defined as stock sharing
policy among same echelon locations in an inventory
network system. It is mostly motivated because that
shorter lead times and decreased cost in redistribution
of goods can be ensured compared to distribution from
the main depot [11]. Recent comprehensive overviews
on the problem are provided by [4] and [12]. In lateral
transshipment mainly, there are two types of
transshipment policies based on its timing: (1) reactive
transshipments in response to an existing stock out [13-
15], (2) proactive transshipments to prevent the future
stock out [16-18]. In this work, we study reactive
transshipment policies in which lateral transshipment
may take place when backorder occurs in a stocking
location.

Generally, the studies focus on the decision of how the
lateral transshipment will take place between the
locations [19-21]. For instance, Axséter [19] studies a
single-echelon inventory problem having a number of
parallel local warehouses with Poisson demand. He
evaluates the proposed decision rule via simulation
model and concludes that the suggested rule performs
quite good. Capar et al. [20] study a decision rule by
coordinating inventory and transportation policies in a
two-stage supply chain network. They present that on
average, their proposed rule outperforms the other
alternative policies. A new heuristic approach for
inventory sharing problem via lateral transshipment is
introduced by Tiacci and Saetta [21]. Their work show
that the proposed heuristic approach works well for

inventory balancing problem by lateral transshipment
policies minimizing overall cost. A recent survey has
also studied lateral transshipment problem for
inventory models [4]. The interested reader can find
further information in that review article.

The existing studies in the literature showed that
transshipment is beneficial when the replenishment
lead times are long from the upper echelon suppliers
and when the stocking locations are close to each other
at the same echelon level. This benefit increases
drastically when backorder (shortage or penalty) cost is
high. Recent transshipment studies explore different
transshipment policies [20] by also investigating
integration of proactive and reactive transshipment
policies [22]. The existing studies show that when there
is lateral transshipment policy in those networks,
average cost is reduced by 11-17% compared to no
lateral transshipment policy in that network [6].

The history of the (s, S) inventory control policies goes
back to 1950s. Arrow et al. [23] developed a simple
model determining the best order-up-to-level and the
re-order level as a function of demand distribution,
setup and stock out costs. The model considers
immediate replenishment assumption. Freeman [24]
studied (s, S) inventory policy with the inclusion of
variable delivery time to derive the order size and the
reordering point from an analytical perspective. Since
then, lots of different variants of (s, S) policies have
been analyzed and a considerable research has
accumulated [25-28] because of its simple and efficient
applications. An s, S inventory modelling application is
shown by [29] which is a case study in a paint
production company in Turkey.

The literature papers propose trial of new different
transshipment policies as future study. Hence, different
from the existing studies, we consider different four
transshipment policies under reactive transshipment
policy to test which one works better under the studied
network. In the considered policies, based on the
backorder amounts and the inventory levels of the other
stocking locations, transshipments either take place or
do not take place. Besides we compare the four
transshipment policies among each other, we also
compare these transshipment policies with the one
when there is no lateral transshipment policy in the
network.

3. Problem definition and simulation modelling

In this section, we provide the details of the studied
inventory problem and the simulation modelling of the
studied system with the assumptions.

3.1. Problem definition

In this paper, we study a single-item, one-echelon
inventory problem in which items can be stored in
three, i = 1, 2, 3, stocking locations. Those stocking
locations are assumed to be supplied by an upper
echelon supplier (i.e., main depots) with infinite



Simulation-based lateral transshipment policy optimization for s, S inventory control problem... 11

production capacity (see Fig. 1). In the model, it is
assumed that demand for each stocking location i,
arrives at the beginning of each period t (di). Demand,
di, is fully satisfied, if there is sufficient amount of
inventory level at the depot i at time t, l;.. After fully
satisfying the demand, at the end of the time, inventory
is checked at stocking locations for determining
whether an order will be given from the main depot.
Based on the considered inventory control policy of s,
S, if the inventory level Ii; is less than or equal to safety
stock level, si, an order is placed for the stocking
location i at time t. The order quantity, Qi, is defined to
be fulfilling the inventory level to up-to-levels of
stocking locations, Si. Hence, Qi is equal to Si- li.. In
the models, it is assumed that there is truck (transporter)
capacity in carrying products both from the main depot
and in the lateral transshipments. A lead time from the
main depot to the stocking locations, Lmi, is also
considered. If the demand exceeds the current
inventory level, backorder occurs. When backorder
takes place, lateral transshipment may realize between
stocking locations based on the pre-defined scenario
detailed in Section 3.4. The backorder amount that
could not be satisfied by lateral transshipment is
included as backorder cost in the total cost calculations.

3.2. Model notations

The utilized notations for the parameters are provided
below:

b : backorder cost per demand,
k : number of stocking locations (i.e., k = 3)
h : holding cost per demand,

I . a single truck’s travel cost from stocking
location i to j realizing lateral transshipment,

ti . a single truck’s transportation cost from the
main depot to stocking location i,

dii : demand amount for stocking location i at
time t,

bi : after lateral transshipments, backorder

amount occurred at stocking location i at time
tl

lii  :inventory level of stocking location i, at the
end of time t,

dmi : distance from the main depot to stocking
location i (km.),

dij :distance from stocking location i to j,

Lmi : lead time from the main depot to stocking
location i,

Lij :lead time from stocking location i to stocking
location j,

Cm : Truck capacity for main depot

C: : Transporter capacity in lateral transshipment
In the above variables, h and b values are assumed to
be, $1/demand and $5/demand, respectively. Lu; is set
to: Lm = 1.5 days; Lm2 = 1.75 days; Lmz = 1.5 days and
L;; values are ignored. Demand for stocking locations is

considered to be same, stochastic and normally
distributed: N(100, 20).

Besides the above variables, we also consider the below
decision variables for optimization.

Si : safety stock level of stocking location i;
Si  :up-to-level of stocking location i;

nmit - number of trucks sent from the main depot to
the stocking location i, at time t,

nij : number of transporters sent from stocking
location i to j, at time t,

Qit :order quantity of stocking location i, from the
main depot at the end of time t,

Qi : amount of lateral transshipment from
stocking location i to stocking location j, at
time t,

It should be noticed that in an (si, Si) inventory model,
the a stocking location i (i.e. depot) places an order
whenever its inventory level (li)) decreases to a level
less than the reorder level, s;. At the end of each period
t, the order quantity Qi is calculated by Eq. (1)
providing that the inventory is raised to an order-up-to
level S;:

Si— L if Iy <5

0, otherwise

Qic = { Q)

Total cost (TC) is calculated by the Eq. (2) where T is
the total simulation run time (i.e. 365 days) and k is the
total number of stocking locations (i.e. k = 3):

TC= ¥, Y5, Z?zi[(h X 1) + (b X by) +

(nmjt X ti) + (nijt * lij)] 2

where nmit, Ni, and t, lij values are computed by the
below (3)-(6) equations:

Minit = Qit / Cm (3)
Nije = qije | Ct (4)
t; = dmi X $0.4/km (5)
li]- = dij X $0.2/km (6)

3.3. Simulation model assumptions

The inventory problem is simulated by the assumptions
summarized below.

o In the simulation models, three stocking locations
are considered where lateral transshipments may
take place.

o We consider four different pre-defined lateral
transshipment policies (P1, P2, Ps and P4) to
compare their optimal results.

e Demand arrive each stocking location at the
beginning of each day with normal distribution and
the inventory levels are checked at the end of each
day after demands are met from the inventory and
lateral transshipments are completed.

e In total cost calculations, holding, transportation,
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transshipment and backorder costs are considered.

e A new order is not sent to the main depot by the
stocking locations until the previous ones arrive.

¢ Holding and backorder costs are considered to be $1
and $5 per demand, respectively.

e In transportation and transshipment cost
calculations, we considered the distance (in km.)
travelled in the network. For instance, travelling
cost of atruck and lateral transshipment transporter
is considered to be $0.4/km and $0.2/km,
respectively.

e There is truck capacity constraint for both main
depot transportation and lateral-transshipments
which are considered to be 100 products/truck (Cr)
and 25 products/transporter (Cy), respectively.

e [tis assumed that there is infinite number of trucks
and transporters in the system.

e Upper echelon supplier has infinite amount of
items.

e The run length of simulation models is considered
to be one year with 60 days of warm-up period for
each scenario.

e To find out the optimal levels of s;, Si, we
considered the minimization of total cost as
objective function.

e Ten independent replications are completed in each
scenario run.

¢ Inthe optimization, fill rate constraint is considered
to be 0.95.

In the fill rate assumption, we considered that for
instance, if a customer requests 100 units for demand,
but the current inventory level is 80 units, then the fill
rate is 80%. In the simulation models, because it is a
popular and commonly utilized variance reduction
technique, we used Common Random Numbers (CRN)
variance reduction technique. In that technique, the
same random number stream is used for different
scenario configurations so that variance reduction is
ensured.

3.4. Lateral transshipment policies

As mentioned previously, we determine four different
lateral-transshipment policies to test how the lateral
transshipment policies affect the inventory control
problem and which works better based on the optimized
total costs.

In each policy, first the arriving demands are satisfied
by the current inventory in each stocking location.
Then, a backorder existence is checked in the stocking
locations of 1, 2 and 3, in sequence. If backorder occurs
in a stocking location i at time t (by), then a lateral
transshipment may take place for this location based on
the below pre-defined policies:

Transshipment Policy 1, (P1):
1- inventory availability is checked starting from the

nearest stocking location j (where i # ).

2- backorder amount (bi) is started to be met by
transshipments from the nearest stocking locations in
order. For instance, in the nearest stocking location, if
the existence inventory amount does not meet the
backorder amount then the remaining backorder is met
from the following nearest stoking locations.

3- after transshipping all available inventories, if there
is still a remaining backorder amount, then it is
demanded from the upper supplier (main depot) at the
end of the day.

4- the remaining amount of backorder that is supplied
from the upper echelon is incurred as backorder cost in
the total cost calculation.

Transshipment Policy 2, (P2):

1- inventory availability is checked be starting from the
nearest stocking location j (where i # j) whether single
lateral transshipment can be done or not.

2- if available inventory at stocking location j at time t
is larger than the backorder amount by, all the backorder
is transshipped from this nearest stocking location j.
Otherwise, the remaining nearest stocking locations’
inventory levels are checked until it is found that there
is available inventory level as backorder amount bj.

3- if none of the stocking locations have enough
inventory level as the backorder amount, b;, then no
lateral transshipment occurs and the backorder amount
is demanded from the upper supplier at the end of the
day.

4- the amount of backorder supplied from main depot
is incurred as backorder cost in the total cost
calculation.

Transshipment Policy 3, (Ps):

In this policy, first the availability of implementing P
is searched. Namely, the availability of meeting all the
backorder amount at time t, by, by a single lateral
transshipment is searched. However, if there is no any
stocking location j having bi: amount of inventory level
(ljt < bi, ¥j), then the total amount of inventory level in
all stocking locations j at that time t where i # j is
calculated (¥ ;; I;). If the total inventory levels in the

stocking locations is larger than equal to bit (%; 1;, =
bir) then lateral transshipments take place starting from
the nearest stocking locations until the bi; amount is
met. Otherwise, no lateral transshipment occurs and all

the bi: amount is met from the main depot.

Transshipment Policy 4, (P4):

This policy is the combination of policies P1 and Pa.
Namely, first the availability of implementing the P is
searched. If P, cannot be implemented, in other words
if the backorder amount at stocking location i at time t,
cannot be met by a single lateral transshipment then P,
is implemented.

Policy 5, (Ps):
Except the transshipment policies defined above, we
also consider an inventory control system where no
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lateral transshipments among the stocking locations
take place.

3.5. Simulation model and OptQuest results

As an example, simulation flow chart of the developed
ARENA model for Policy 1 and its OptQuest result’s
screenshots are shown by Figs. 2 and 3, respectively.

reate demand (d,
at each stocking
location

Set m = 1 and determine
backorder amount as:
b=dh -l

Check the inventory level
Yes fom > k-13>-Nox of stocking locations j (/)
starting from the closest

location where (jzi)

Is [ > bie?
Yes

Satisfy the full
backorder amount

and update:
N
© |be=0and ly= l-by

Make lateral transshipment
from stocking location j to i at
Iy amount and update

Increment
m=m+1
bie= by - lyand = 0

Figure 2. Flowchart of the simulation model for Policy 1

Calculate ‘
TC

Inans, S inventory problem optimization, Kleijnen and
Wan [30] showed the efficiency of the OptQuest
optimization tool in the ARENA software. This
optimization tool is a heuristic-based optimization tool
combining the meta-heuristics of tabu search, neural
networks, and scatter search into a single search
heuristic [30]. It allows the user to explicitly define
integer and linear constraints for the simulation inputs.
Initially, it also requires the user to specify the lower,
suggested, and the upper values for the decision
variables to be optimized. The suggested values are for
determining the starting points in the search procedure
for si and Si. In an effort to find a better result, first an
initial optimization is run by heuristically determined
suggested solution. Then, we utilize this initial
optimization’s result as suggested solution in the
second optimization run.

3.6. Simulation results

Fig. 3 shows the OptQuest result namely the optimal s;,
Si values for Policy 1. According to that, the optimal s;,
Si values for P; are found to be (95, 200), (62, 100),
(265, 360) for i =1, 2, 3, respectively. The total cost is
$483,694 at those levels.

The optimal s;, Si levels obtained by the OptQuest tool
based on the pre-defined policies P1-Ps are summarized
in Table 1 and Table 3. The output results for Table 1
are given by Table 2.

Optimization Running

Running Simulation 1145

Replication 1 of 10
‘Objective Value | Status

Best Value 483694.200000 | Feasible
Current Value 483694.200000 | Feasible
Best Simulation 900

Control Name | Best Value | Current Value
ss[1] a5 a5
ss[2] 62 62
ss[3] 265 270
ull1] 200 200
uli2] 100 100
ul3] 360 360

Obiective Values

N Feasible
*, Infeasible
W0 0 e s R 200 00 G600 160 200

Figure 3. si, Si values of P1 in ARENA OptQuest

Table 1. s, S values of policies.

Policy s: S2 S3 St S22 Ss

1 95 62 265 200 100 360
2 143 63 255 304 96 298
3 165 63 278 294 99 300
4 61 40 210 200 99 391
5 178 189 167 314 283 283

Once again, Table 2 shows total cost and fill rate results
based on optimal Table 1 results.

Table 2. Total costs and fill rates of policies.

Policy TC Fill rate
1 $483,694  0.9535
2 $512,941  0.9501
3 $509,339  0.9546
4 $492,445  0.9523
5 $580,673  0.9508

Table 3 shows, the frequency of lateral transshipments
took place among the stocking locations at the Table 1
values, optimal levels of s;, S; found by OptQuest.

Table 3. Lateral transshipment frequency among the
stocking locations.

Policy AvgYniy AvgYmy AvgYns Total
1 765.6 106.6 886.4 1,758.6
2 860.6 5.7 5179 1,384.2
3 904.9 9.3 563.9 1,478.1
4 541.2 23.4 1,069.1 1,633.7
Total 3,072.3 145  3,037.3

Table 4 illustrates the frequency of transportation
taking place from the main depot to the stocking
locations in the scenarios of P1-P.4 at the Table 1 values,
the optimal levels of s;, Si found by OptQuest.
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Table 4. Transportation frequency from main depot to
stocking locations.

Policy  Ynm > nm2 > nm3 > Ami
1 364.6 182.9 582.7 1,130.2
2 536.1 182.9 488.2 1,207.2
3 532.6 182.9 491.0 1,206.5
4 335.8 181.7 625.4 1,142.9
5 438.4 417.0 413.6 1,269.0

Table 5 illustrates the total transportation and holding
costs based on lateral transshipment policies.

Table 5. Transportation and holding costs of policies.

Policy > Trans. Cost >'Holding Cost
1 $327,430 $122,680
2 $348,990 $129,600
3 $348,794 $128,650
4 $330,914 $127,590
5 $380,340 $170,020

In Table 1, we observe optimal s;, Sj levels and total cost
(TC) values in columns 1-7 in order. We also illustrate
the obtained fill rate at the last column. The findings
from Tables 1-5 are summarized below:

e Itis observed that TC is always smaller when there
is any lateral transshipment policy in the network.
Note that TC in Ps is the largest one in Table 2.

e |t is observed that the minimum cost is obtained by
P1, P4, P3, P2 in sequence.

e By Table 1, it is noted that when there is any lateral
transshipment policy in the network, stocking
location 2 carries lower inventory (s, S levels) than
the other stocking locations. This is probably due to
that the second stocking location is the furthest
location to the main depot. This stocking location
tends to decrease the number of transportations
from the main depot by decreasing the frequency of
lateral transshipments to the other locations. This
result can also be validated in Table 3 that Y ny =
145 which is almost 1/20 of the other transshipment
frequencies: 3,072 and 3,037. It is also verified by
Table 4 that Ynm values are relatively low
compared to the others.

e From Table 3, it can be observed that maximum
lateral transshipment frequencies occur in Pi, Pa,
Ps, P2 in sequence, showing that there is negative
correlation between TC and lateral transshipment
frequency. Namely, when total cost increases,
lateral transshipment cost decreases in the policies.

e From Table 4, we observe that the least
transportation frequency from the main depot took
place in P1. Since this policy has the least TC, this
may mean that the highest lateral transshipment
frequency might take place in this policy. This can
also be verified by Table 3 that the highest lateral
transshipment frequency happened in Py (1,759).

e In Table 4, since there is no lateral transshipment,
the highest transportation frequency from the main

depot took place in Ps.

4, Conclusion

In this study, we compare different (i.e. four) lateral-
transshipment policies in an s, S inventory control
problem of a single-echelon supply chain network
system in which there are three stocking locations. By
the recent technological development, real time
visibility of a supply network by horizontal integration
of each node in a network is possible. By this
opportunity, lateral transshipment gained popularity
and studies seeking the best lateral-transshipment
policy is still under research. In this work, we aim to
contribute to literature by considering different lateral
transshipment policies in a supply network and
comparing their performances by optimizing their
objective functions, total cost. We develop the
simulation models of the systems in ARENA 14.5
commercial software and compare the performances of
them by minimizing the total cost under a pre-defined
fill rate constraint (i.e., 95%) by using OptQuest tool in
this software. The results show that lateral
transshipment works well for the studied supply system
when it is compared with the scenario that there is no
lateral transshipment policy in the network. It is
observed that the minimum cost is obtained by the
policies: Py, P4, P3, P2 in sequence.

Also, we noted that trial of different Ilateral
transshipment policies under different supply network
designs as well as parameter values (e.g. backlogging
cost) and layout of chain is promising to be investigated
as a future study.
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In this study, procedures are presented that can be used to determine the routes of
the packages transported within a modular storage system. The problem is a
variant of robot motion planning problem. The structures of the procedures are
developed in three steps for the simultaneous movement of multiple unit-sized
packages in a modular warehouse. The proposed heuristic methods consist of
route planning, tagging, and main control components. In order to demonstrate the
solution performance of the methods, various experiments were conducted with
different data sets and the solution times and qualities of the proposed methods
were compared with previous studies. It was found that the proposed methods
provide better solutions when taking the number of steps and solution time into

consideration.

[Oher |

1. Introduction

Logistics is the process of strategically managing the
supply, transport, and storage of raw materials, semi or
finished products to ensure cost-effectiveness. The raw
materials and semi-finished products used by a
company and the finished products produced by the
company must be moved from one location to another.
Logistic activities, which have a significant impact on
the success of the production and distribution
operations of the company, are composed of many
functional areas. The performance shown in these
functional areas leads to an increase in service quality
as well as a reduction in operating costs, and logistics
has to provide high-quality service at a low or
acceptable cost [1].

In logistic operations, it is an important challenge to
meet the different products demanded by consumers
[29]. One of the most critical functions in logistics
processes is warehousing. During this process, the
products are stored at certain points for a certain period
of time. The primary purpose of the classical
warehousing is to store the products in a correct and
non-destructive way. On the other hand, many
operations are carried out from the receipt of the
products to the delivery of them to the customer in
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today's modern warehousing concept. Such a system
requires a high level of coordination between the seller
and the buyer's decision-making [30]. In modern
warehouse systems, activities such as classification of
products, quality control, packaging, barcoding,
labeling, keeping records of stock movements,
providing the communication with the related units
(sender, buyer, customer, producer, etc.) are carried out
in addition to other activities [2,3].

It is possible to classify warehouses according to
geographical distribution (central and decentralized),
property structure (unique, general, and contract),
product characteristics (parts, bulk) and operation
(production, distribution). A public logistics networks
(PLN) is a network that provides an alternative to
private logistics networks for the transport of goods. A
PLN consists of distribution centers (DCs), trucks, and
package components. In these networks, which are
inspired by the structure and operation of the Internet,
a package is sent from a store to a public distribution
center located in an area in a metropolitan area [4].

The use of automation systems for the activities carried
out at the distribution centers provides a significant
reduction in costs [5,6]. Fully automated warehouses
(loading, unloading, sorting, stacking, automation of
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packages storage and retrieval) have become an
essential issue for effective cost minimization and
warehouse management. These warehouses where the
operations in the warehouse are fully automated are
defined as modular warehouses. Kay [5] suggested a
distribution center design that would meet these
requirements. The proposed system consists of square
modules with orthogonal pop-up powered wheels.
Figure 1 shows the top view of one of the modules with
orthogonal pop-up powered wheels. In each direction,
the wheels of the module are raised and lowered
relative to the wheels in the other direction. The guides
(Fig. 2) used in this system can be raised and lowered
when necessary to limit and direct the movement of the
load [7].

TN

Guides

L J][ I ]

Moving
Wheels

o C 1]
Fixed Hight ]
Wheels ﬂ

Figure 1. Top view of a single module [5]

iolieo/oN®

Figure 2. Guidelines in the ascended state [5]

In this study, heuristics algorithms based on the
algorithm proposed by Datar [6] and Sittivijan [8] are
used for the control of packages in a modular
warehouse. The purpose of the problem addressed is
that the packages can be delivered to the desired exit
point in the shortest time and least number of steps. The
conceptual framework of the study is presented in
Section 2. In this context, 15-floating block, rush hour,
and the warehouseman's problem along with studies
related to these problems are presented. The details of
the proposed methods are given in Section 3.
Experimental studies and results were included in the
fourth and fifth sections, respectively.

2. Route planning problem

In this study, heuristic algorithms based on the
transport of unit-size packages in a modular warehouse
with a limited number of free spaces are proposed.
Therefore, the problem is closely related to the motion
planning problem. In this section, 15-floating block,

rush hour and warehouseman's problems and the
related literature are examined. These problems will
provide a better understanding of this problem, which
is considered within the scope of the study and related
to the movement of objects within a limited space.

2.1. 15-floating block problem

The 15-floating block problem is similar to the
structure of the problem discussed in this study. It is a
purer form of the problem of transporting more than
one object in a limited area [6]. In this problem, a
square area of 4x4 has 15 full tiles and one empty tile
numbered from 1 to 15, which will be rearranged
according to a specific target configuration. An
adjacent tile can be shifted to this position orthogonally
by the described empty tile [9]. The goal is to reach the
final target by moving the tiles only horizontally or
vertically from the initial state as shown in Figure 3.

1507|113 1123 | 4
11 8 | 3 |10 516 (7|8
9|1 6|5 - 9 |10 | 11 |12
4 (12| 2 | 14 13 | 14 | 15

Final Status
Figure 3. Floating block puzzle

There are many studies using various methods in the
literature regarding this problem. Spitznagel [10] has
proved that it is only possible to obtain the end
configuration from the initial configuration by double-
numbered permutation. Reinefeld [11] discussed the 8-
floating block problem and evaluated the utility of node
sequencing using the recursive deepening A* (YDA*)
algorithm. It has been concluded that YDA*
applications performed with a fixed operator (e.g., up,
left, right, down) perform worse than those done with a
simple random operator selection. Gue and Kim [12]
developed a 15-block based warehouse system. Unlike
the floating block problem, the calculation is made for
more than one free space and as the number of free
space increases, the retrieval time is reduced. Bauer [9]
proposed the Manhattan Pair Distance Heuristics
(MCU), which is a combination of YDA algorithm and
Manhattan distance function. With the help of the
proposed method, the number of nodes in the heuristic
search has been reduced by 80% for the 15-floating
block problem.

Initial Status

2.2. Rush hour problem

The rush hour problem, as seen in Figure 4, is a module-
based game that consists of a target vehicle to be
transported to the exit point and only a few vehicles
moving in the horizontal or vertical direction [13].
Other cars in the module are moved to open the path to
the designated exit of the target car.
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Figure 4. Rush hour problem

Flake and Baum [13] showed that the decision of
whether the target vehicle would exit the module was
PSPACE-Complete. Furthermore, unlike the original
rush hour problem, they presented a generalized
version of the traffic problem (GSH - Generalized Rush
Hour Problem) with the option of arbitrary width and
height and the possibility of the outlet to be anywhere
in the vicinity of the grid. Hearn and Demaine [14]
proposed a nondeterministic calculation model based
on the inverse edge directions in the weighted
directional charts with minimum flow constraints. The
framework they developed was inspired by
"Generalized Rush Hour Logic" developed by Flake
and Baum [13]. Hauptman et al. [15] designed a novel
IDA*-based heuristics solver for the Rush Hour
domain.

2.3. Warehouseman's problem

The warehouseman's problem, which is an extension of
the nxn floating block problem, involves coordinated
movement planning of a large number of independent
objects in a limited area [16]. The goal is to move
objects in the repository from the initial configuration
to the final configuration [6]. Coordinated motion
planning of a large number of three-dimensional
objects in the presence of obstacles is a computational
problem in which it is important to regulate complexity
[17]. Hopcroft et al. [17] proved that the problem of
simultaneous motion planning for a limited number of
discrete rectangular bodies of different sizes to move
within a 2-dimensional rectangular area is PSPACE-
hard. Yeung and Bekey [18] used a decentralized
approach based on the problem being global and local
road planning problem. Sanchez and Latombe [19]
used probabilistic roadmaps (PRM) which plans free
paths for multiple interacting robots without collision.
They developed a new PRM planner that combines a
single-query bi-directional sampling strategy with a
lazy collision-checking connection strategy. Sharma
and Aloimonos [20] proposed a solution method
introducing constraints on the size of objects for non-
unit sized objects and distributing the free space for
warehouseman problem. Sarrafzadeh and Maddila [21]
formed a two-dimensional warehouse system
consisting of square objects (robots and obstacles) that
were allowed to move horizontally and vertically along
the grid lines.

LaValle and Hutchinson [22] used a dynamic
programming-based solution algorithm to solve
multiple robot motion planning problems. Azarm and
Schmidt [23] developed a framework that is

decentralized and allows for parallel decision for
multiple robots to solve the collision problem. The
framework allows parallel path computation and
dynamic priority assignment. Svestka and Overmars
[24] proposed a coordinated approach to the problem of
multi-robot road planning, unlike conventional
decentralized planning. In the proposed system, the
data structure that stores multi-robot motion
information is created in two steps. In the first step, a
roadmap for only one robot is created using the PRM
planner, and then some of these simple roadmaps have
been made a roadmap for the composite robot in the
second step.

Leroy et al. [25] developed a geometric-based method
for motion planning of multiple robots. While the paths
of all the robots are calculated independently of each
other, the problem of coordinating the movements of
the robots in their way so as not to collide with each
other has been emphasized. Guo and Parker [26]
proposed a distributed and best motion planning
algorithm for multiple robots. This computational
complexity problem is divided into two modules as
path and speed planning, and D* search method is
applied to both modules. Yamashita et al. [27]
suggested a two-stage method for motion planning of
multiple mobile robots in order to move a large object
together in a three-dimensional environment. As a
result, they have integrated their movement planner
into two phases as a global road planner and a local
motion planner. In global path planning, constraints of
object motion are considered as a cost function and a
heuristic function in the A* search. Liu et al. [28]
presented a road planning scheme based on the ant
colony algorithm with collision avoidance for multiple
robot systems. In order to solve the collision between
moving robots, they adopted a behavior strategy on
"first come and first served" principle.

3. Proposed methods

In this study, five solution methods based on A*
heuristic are proposed for planning the movement of
packets to avoid collisions and deadlocks in a modular
storage system. Although the proposed methods are
diversified in some respects, they have the same
components. With the help of these approaches, motion
plans are prepared in the warehouse system where there
are moving obstacles consisting of more than one
object moving at the same time. Since there may be
conflicts between moving objects, the route planning is
not sufficient to bring the active objects to the desired
targets at this stage. Therefore, the methods include
components such as route planning, tagging, and main
control. These components are described in the
following sections.

3.1. Route planning phase

Each of the active objects has a planned path. An active
object has the capability of planning a route from its
initial position to its destination. On the other hand, if
it has been tagged by a higher priority object and move
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away from its current planned path, it can plan a new
route from its initial location or its current location.
Route planning is used to find this path. To find the path
from the current position to the target position, the
orthogonal neighboring modules around the current
module are examined. In this study, A* based heuristic
algorithms are used to select the next module to be
moved. The lowest cost neighbor module is selected as
the new module with this algorithm. The standard A*
algorithm was modeled by making some arrangements
because the warehouse system discussed in the study
was not static. The location of the objects in the
warehouse changes with time, so it is not a static but a
dynamic environment. Therefore, a new function
named LB, , is used instead of the F(n) function. The

module with the smallest LB(Tx,y) value is selected as the
module to be moved. According to Equation (1), the
current position (a, b) of the object to be moved and
the target position (x, y) of the object is assumed to be
as follows:

T _ (aO,b )
LB(yyy =T, 0

(a,b) (x.y)
A TED T L

(xy) (an,by)
where

T((ZZ')I"’) : the wandering time from the starting module
(ag, by) to some intermediary position (a, b)

T(azb)

(y) - theweighted estimated wander time to go to

the neighboring module (x, y) during the
next k time steps.

Since the configuration of the objects in the system may
vary from one time step to another time step, at this
stage, the weighted sums for each t time step are
computed using Equation (2).

k
(ab) _ (a,b)
Ty = z =1 We X Tt ye @
While the T((Xa,'yb)) value is calculated, the occupancy gap

state of the neighboring module is considered during
the time off from the current time step (t = 1) to the
kt" time step (t = k). Because the state of the objects
in the system can vary greatly from one time step to
another time step. In this paper, the route planning is
taken as k = 3 and the system state in each of the 3-
time steps from the time step present in the route
planning for each package is evaluated. The w, value
in Equation (2) is arbitrarily chosen, but it must satisfy
the conditions of ¥, w,=1 and w; > w;_;.
Técaf))t : estimated wander time to move the object from
its current module (a, b) to the neighbor
module (x,y) at the time step t.
T(gc‘f;f’))’t =1: At t =k time step if the neighboring
module is empty, the current module

passes in a time step with the
neighboring module.

TP > 2

Gyt = At t =k time step, if the neighboring

module is filled with a low-priority
object, switching to that module takes

place in one or more time steps.

(ab) _
T(x.y),t =

© At t =k time step, if there is a high
priority object that has reached the target
in the neighboring module, it can not be
moved, and this variable takes the
infinite value.

T((;;yb) y The distance from the neighboring module

to the target point. The Manhattan

distance method is used to calculate by

Equation (3).

xy) _
(anpy) — |xneighbour — Xtarget | (3)

+ |:Vneighbour - ytargetl
LB, s the lower bound value used on the path to be
defined to go from point (a, b) to point (x,y). As in the
case where the neighbor with the smallest F(n) value
is selected in the A* algorithm, here the neighbors with
the smallest LB(,,value from the orthogonal
neighbors of the current module is selected too.

3.2. Tagging phase

When moving on the planned path of the high priority
object, if it encounters a lower priority or inactive
object from the active object on the path, this process is
used to move these objects away from the defined path.
In Figure 5, the object numbered 8 tries to move from
module (2,2) to module (2,3). Module (2,3) has an
inactive object with 4 priority. For this reason, the
object with 8 priority tags the object with 4 priority. In
tagging, 8, which is the priority of the current object, is
transferred to the object with 4 priority as the
inheritance priority. Thus, the object with 4 priority can
move 5, 6 or 7 priority objects. Because this object has
a value of 8 as the inheritance priority during the
tagging process. After the object with a priority of 4 has
been tagged, it is checked whether they are empty
neighbors that can move. Neighbors are (3,3) and (1,3)
modules. The object with priority 4 selects the object
with priority 2, which is the lowest priority neighbor.
4's inheritance priority passes to object with priority 2,
but when the object with priority 2 tries to tag the
object with priority 9, returns to the object with priority
4 because 9's priority is higher than 8. Here,
backtracking is performed. The new object to be tagged
is selected as 7, 7 > 5, 5 > 3, 3 > 6 tags and the
module (3,1) is found as the last empty module. The
tagging process ends in this way. In the latest case, it is
moved to 6 = (3,1), 3 > (2,1).

3 7 | 4 |2 3| 7.0 4 2
&) =S
8] i93 93 1]
2 5 1 8 | 9 :> 2 | 5] 8| 9
1
1 3 6 1 3 6
1 2 3 1 2 3

Figure 5. Example of the tagging process
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3.3. Main control phase

The movement of all active and inactive objects is
controlled by the main control component. At each time
step, this part controls every active object that is not at
the destination point and checks whether it is tagged by
another high priority object. If it is not tagged, it
performs route planning for the currently active object
due to the changing system environment.

Possible situations in the main control process can be

listed as follows:

v" Ifthe neighboring module is empty and not tagged
by another object, then the currently active object
passes to the neighboring module within that time
step.

v' If the neighboring module is empty and tagged by
another object, then it is checked whether the
neighboring module is tagged by the low priority.
If the neighboring module is tagged by the low
priority object, the tagging process of that object
is released, and the currently active object is
passed to the neighboring module at that time
step. If the neighboring module is tagged by a high
priority object, the higher priority object is
expected to move from that module.

v"If the neighboring module is not empty and is
tagged by another object, it is also checked
whether the neighboring module is tagged by the
low priority. If the neighboring module is tagged
by the low priority object, the tagging process for
that object is released, and the tagging process is
performed by the current object, and the current
module is moved to the neighbor module. If the
neighboring module is tagged by a high priority
object, the higher priority object is expected to
move from that module.

v If the neighboring module is not empty and is not
tagged by another object, then the object's priority
in the neighboring module is looked. If the
priority of the neighboring module is lower than
the priority of the active object, the labeling
process is started by the active object for this
module and if the tagging process is successful,
the active object passes to the neighboring
module. If the priority of the neighboring module
is higher than the priority of the active object, the
higher priority object is expected to move from
that module.

4. Experimental study

In order to show the performance of the proposed
algorithms, 23 test problems were produced for 3 group
dataset. The dataset is divided into groups according to
the density and dimensions of the warehouse. Table 1
shows the group numbers of the dataset and the size and

density information of the warehouses. The first group
contains 40% and 50% density warehouse test
problems in 4x4 sizes. The second group has a 6x6
sizes of warehouse layout with the density ranging from
40-70%. Moreover, the last one consists of 20-99%
density and 16x32 warehouse sizes.

Table 1. Details of the data set

The Number of Density Size of
group of data set Interval warehouse
data sets (%)

Groupl 1,2and3 40-50 4x4
Group 2 4,...8 40-70 6x6
Group 3 9,..23 20-99 16x32

All algorithms were implemented in the Eclipse
environment using the Java programming language.
Comparisons were made on a standard computer with
4 GB RAM and 2.67 GHz processor. In Table 2, the
features and differences of all examined algorithms are
shown in summary.

Table 2. Details of algorithms

Algorithm  Features and Differences
ALG-B1 v’ Sittivijan (2015) algorithm
v" For each active object, an A * based intuitive
(1) N -~
route planning is performed at the beginning
v’ Datar (2011) algorithm
ALG-B2 v Itis a greedy approach.
) v Itis an algorithm that is planned only for the
movement at the next time step.
v The algorithm in which ALG-BL1 is restarted
) in every environment change
AL((';’)Pl v For each active object, the route planning is
performed again with an intuitive A * based
always on the time step
v' Animproved version of ALG-B1.
ALG-P2 v Release process applied to tag object is

(@) removed from the main control and applied
only during the tagging process

v' Animproved version of ALG-P1
ALG-P3 v Release process applied to tag object is
(5) removed from the main control and applied
only during the tagging process

ALG-P4 v An improved version of ALG-B1
( 6)_ v/ The calculation of the LB, ., function has
been changed

v Animproved version of ALG-P3
The calculation of the LB(TX,y) function has
been changed

ALG-P5
@

In the experimental study, solution times and the
number of steps in reaching the final solution were
taken into consideration for the performance
comparison of the methods. In Table 3, all algorithms
were compared for data sets in terms of the number of
steps required to reach the destination points of the
packages.
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Table 3. Number of solution steps

Table 4. Relative comparison of solution steps

METHODS

2
1 2 3 4 5 6 7 a

1 8 9 8 8 8 8 8 4 04
2 8 9 7 8 7 7 8 4 05
3 9 4 9 9 9 3 3 4 05
4 11 20 11 11 11 11 11 6*6 04
5 2 13 12 12 12 12 12 6*6 05
6 6 14 6 6 6 6 6 6*6 06
7 9 16 15 19 15 19 15 6*6 06
8 13 19 13 13 13 13 13 6*6 07
9 29 31 27 29 27 29 27 16*32 02
10 29 31 27 29 27 29 27 16*32 02
11 26 31 24 26 24 26 24 16*32 0.2
12 29 33 25 29 25 29 25 16*32 03
13 32 37 33 32 33 32 33 16%32 04
14 47 40 37 47 37 47 37 16*32 05
15 4 47 38 41 38 41 38 16*32 06
16 53 75 52 53 52 53 52 16*32 07
17 64 122 75 64 75 64 75 16*32 08
18 89 117 80 8 80 89 8  16*32 09

19 143 128 125 143 125 143 125 16*32 0,95

20 - 282 205 - 205 - 208 16*32 09
21 - i . . - - - 16%32 097
2 . - i - . - - 16%32 098
23 - - . - - - - 16%32 0,99

582 692 543 582 543 582 545

All algorithms were compared with ALG-B1 (1)
according to the solution step numbers, and the results
are shown in Table 4 and Figure 6. When the solutions
are examined in terms of the number of steps, it has
been observed that the proposed algorithms generally
have better results than ALG-B1 (1) and ALG-B2 (2).
For example, while the proposed methods reached a
solution in 15 steps for the 7th dataset, ALG-B1 (1) and
ALG-B2 (2) were able to reach solutions in steps of 19
and 16, respectively. For some datasets, the solution
could not be obtained. The reason for this is that in the
present configuration, no path can be defined for the
arrival of the active packets to the destination points. A
deadlock event occurs for these datasets. As a result,
packages cannot move to any module.

METHODS >

Data @ =

set ® &

1 2 3 4 5 6 7

1 1 113 1,00 1 1,00 1,00 1,00 4*4 0,40
2 1 113 088 1 088 08 1,00 4*4 0,50
3 1 044 1,00 1 100 033 033 4*4 0,50
4 1 182 1,00 1 100 1,00 1,00 6*6 0,40
5 1 1,08 1,00 1 1,00 1,00 1,00 6*6 0,50
6 1 233 1,00 1 100 1,00 1,00 6*6 0,60
7 1 084 079 1 079 1,00 079 6*6 0,60
8 1 146 1,00 1 1,00 1,00 1,00 6*6 0,70
9 1 107 093 1 093 100 093 1632 0,20
10 1 107 093 1 093 100 093 16*32 0,20
11 1 119 092 1 092 1,00 092 16*32 0,20
12 1 114 086 1 086 100 086 16*32 030
13 1 116 1,03 1 103 1,00 1,03 16*32 0,40
14 1 085 079 1 079 100 079 16*32 0,50
15 1 115 093 1 093 100 093 16*32 0,60
16 1 142 098 1 098 100 098 16*32 0,70
17 1 191 117 1 117 1,00 1,17 16*32 0,80
18 1 131 090 1 090 1,00 092 16*32 0,90
19 1 090 087 1 087 100 087 1632 095
20 - - - - - - - 16*32 0,96
21 - - - - - - - 16*32 0,97
2 . . . . - . - 1632 098
23 . . . . - . - 1632 0,99

Mean 1,00 1,23 0,95 1,00 0,95 0,96 0,92

]
1,50 /\ ‘// \\ /./ \\
Y. \/\ AL

- 1
s
L

0,50
0,00

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
~—4—ALG-Bl —#—ALGB —— ALG-PI ALGPD = ALG-PI  —o— ALG-PY

ALGDS |
|

Figure 6. Relative comparison of the solution steps

The second comparison of the obtained solutions is the
solution times. The solution times of the methods for
different datasets are shown in Table 5. On the other
hand, the relative comparison is made according to the
ALG-B1 method in Table 6. When the average solution
times are taken into consideration, it is seen that the
proposed methods provide better solutions in shorter
times. The solution time comparison is shown in Figure
7.
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Table 5. Solution times of the methods

Data METHODS " é\
Set = £
1 2 3 4 5 6 7
1 4,88 5,40 4,89 4,86 4,88 4,90 4,87 4*4 04
2 4,91 545 4,41 4,88 4,39 4,38 4,92 4*4 05
3 5,40 2,84 541 543 5,38 2,38 2,32 4%4 0,5
Total 151 137 147 151 146 11,6 121
4 1 182 1,00 1 1,00 1,00 1,00 6*6 04
5 1 1,08 1,00 1 1,00 1,00 1,00 6*6 0,5
6 1 2,33 1,00 1 1,00 1,00 1,00 6*6 0,6
7 1 0,84 0,79 1 0,79 1,00 0,79 6*6 0,6
8 1 1,46 1,00 1 1,00 1,00 1,00 6*6 0,7
Total 36,2 46,9 34,2 359 339 36 34,01
9 1 1,07 0,93 1 0,93 1,00 0,93 16*32 0,2
10 1 1,07 0,93 1 0,93 1,00 0,93 16*32 0,2
1 1 119 0,92 1 0,92 1,00 0,92 16*32 0,2
12 1 114 0,86 1 0,86 1,00 0,86 16*32 03
13 1 116 1,03 1 1,03 1,00 1,03 16*32 04
14 1 0,85 0,79 1 0,79 1,00 0,79 16*32 05
15 1 115 0,93 1 0,93 1,00 0,93 16*32 0,6
16 1 142 0,98 1 0,98 1,00 0,98 16*32 07
17 1 1,91 117 1 117 1,00 117 16*32 08
18 1 1,31 0,90 1 0,90 1,00 0,92 16*32 0,9
19 1 0,90 0,87 1 0,87 1,00 0,87 16*32 0,95
20 16*32 0,96
21 16*32 0,97
22 16*32 0,98
23 16*32 0,99
Total 3448 673,8 456,1 342,3 439,1 336,5 437,1
Table 6. Relative comparison of solution times
Data METHODS " g
Set = 5
1 2 3 4 5 6 7
1 1,00 111 1,00 0,99 1,00 1,00 1,00 4%4 0,4
2 1,00 111 0,90 0,99 0,89 0,89 1,00 4%4 05
3 1,00 0,53 1,00 1,01 1,00 0,44 0,43 4*4 05
4 1,00 170 1,01 1,01 1,00 1,01 101 6*6 0,4
5 1,00 1,06 1,00 0,99 0,99 0,99 0,99 6*6 05
6 1,00 2,05 1,03 0,99 0,99 1,00 1,00 6*6 0,6
7 1,00 0,87 0,81 1,00 0,81 1,01 0,82 6*6 0,6
8 1,00 138 0,99 0,98 0,99 0,98 0,98 6*6 0,7
9 1,00 0,97 0,94 1,00 0,93 1,00 0,92 16*32 0,2
10 1,00 0,98 0,94 0,98 0,91 0,98 0,91 16*32 0,2
1 1,00 113 0,96 0,99 0,96 1,00 0,96 16*32 0,2
12 1,00 1,08 0,88 0,98 0,86 1,00 0,87 16*32 03
13 1,00 1,05 0,98 0,97 0,94 0,99 0,95 16*32 0,4
14 1,00 0,80 0,78 0,99 0,78 0,98 0,78 16*32 0,5
15 1,00 1,08 0,94 0,98 0,92 0,98 0,93 16*32 0,6
16 1,00 135 0,98 0,99 0,97 1,00 0,97 16*32 0,7
17 1,00 1,96 1,16 0,99 1,16 0,99 116 16*32 038
18 1,00 128 0,89 0,99 0,88 1,00 0,88 16*32 09
19 1,00 0,90 1,02 1,01 0,88 0,93 0,86 16*32 0,95
20 16*32 0,96
21 16*32 0,97
22 16*32 0,98
23 16*32 0,99

Total

3448

673,8 456,1 3423 439,1 336,5 437,1
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Figure 7. Relative comparison of the solution times
5. Conclusion

In this paper, the modular warehouse management
issue is discussed, and the new A* based heuristics
algorithms for simultaneous movement of multiple
unit-sized packages in the modular warehouse have
been proposed. While some features are different, the
proposed methods consist of three stages. The first
stage is the route planning used to perform the
movement of each package from the starting location to
the destination location. The second stage is the tagging
process based on packet priorities, used to prevent
packet collisions. The final stage is the main control
part where the movement of all packages in the
warehouse is controlled.

The proposed methods are compared with the methods
of Datar [6] and Sittivijan [8]. Datar [6] chose the next
movement area in the route planning section only by
looking at the distance to the target and the priorities of
the packages. Sittivijan [8] has proposed an A* based
heuristic for the movement of packages. The difference
between the method proposed in this study and the
method proposed by Sittivijan [8] is that the heuristic
route planning is carried out at the beginning and
subsequent route planning is not carried out as long as
the packages do not leave their the planned routes.
However, in the proposed method, the route planning
process is applied again for the active packages in each
environment change. Furthermore, in Sittivijan [8], a
release is applied to the object subjected to the tagging
process in both the main control and the tagging
process. In the proposed method, this operation was
removed from the main control section and applied
only in the tagging process to ensure achieving high-
quality results. Also, an improvement has been made to
the conditions of high priority packages to reach their
destination at close to their LB value calculations
during the route planning phase, which provides
improved results. In future studies, solution approaches
using other heuristics will be developed for warehouse
systems with different dimensions.
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This study considers a make-to-stock production system with multiple identical
parallel servers, fixed production start-up costs and lost sales. Processing times are
assumed to be two-phase Coxian random variables that allows us to model the
systems having rework or remanufacturing operations. First, the dynamic
programming formulation is developed and the structure of the optimal production
policy is characterized. Due to the highly dynamic nature of the optimal policy, as
a second contribution we propose an easy-to-apply production policy. The
proposed policy makes use of the dynamic state information and controlled by
only two parameters. We test the performance of the proposed policy at several
instances and reveal that it is near optimal. We also assess the value of dynamic
state information in general by comparing the proposed policy with the well-

90B30, 90B05, 90C39, 90C40

known static inventory position based policy.

(ec) T

1. Introduction

In a make-to-stock production system, there is always
a tradeoff between excess inventory, shortages and
production costs. Production control is the main tool
handling this tradeoff and providing cost effective
operation. In general, in a make-to-stock environment,
optimal production control requires starting production
at the right time and producing with the optimum
number of channels (servers, lines, or machines) to
provide sufficient amount of products.

Production policy strategies use the information of
inventory status to trigger the production when the
inventory status drops below certain threshold levels.
Here, inventory status refers a function of the state
variables that keep track of the required system
information such as inventory level, number of
outstanding production orders and their ages. The form
of the optimal inventory status function would change
from system to system but it is still unknown even for
most of the basic make-to-stock production settings.
Therefore, most of the studies in the literature, which
consider only a single server, assumes that inventory
status equals inventory level. There are limited number
of studies on multi-server production-inventory
systems but they only provide partial characterization
of the optimal policy without any discussion on the
performances of the static, which should take inventory
status as inventory position, or alternative dynamic
policies.

In real life production-inventory systems, due to the

*Corresponding author
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nature of the environment and its technology,
production times might have zero, moderate or high
variance. Furthermore, such systems might have
rework/inspection or remanufacturing operations. In
order to deal with such real life systems, we assume
phase-type, in specific two-phase Coxian production
times. A busy server (worker or machine) might be
either at the first phase (main operation) or at the
second phase (inspection/rework) at any given time. A
two-phase Coxian random variable has independent
exponential phases and there is a certain visiting
probability from phase-one to phase-two. Hence, we
can create different systems at the boundaries of the
visiting probability: when it is set to zero, processing
time distribution becomes exponential (which is a
typical assumption in the literature), when it is set to
one, we can mimic the two-phase general Erlang
processing times. Different values of this probability
and production rates of phases correspond to systems
with different rework characteristics and processing
time moments. The representation of a production
channel feeding the inventory after a two-phase Coxian
processing time is shown in Figure 1. Coxian
production times assumption would also help us to
assess the value of dynamic state information, i.e.
current status of production.

Phase-one Phase-two

Inventory

Figure 1. Representation of a Cox-2 production server
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We charge fixed production (start-up) cost for
activating servers, holding cost for each unit of
inventory and lost sale cost for each unsatisfied
demand. The studies that consider fixed costs in the
literature are assuming only a single server. To the best
of our knowledge, our study is the first considering
multiple parallel production servers and fixed start-up
cost at the same time in make-to-stock control
environment. There is no study in the literature
characterizing the optimal production policy for multi-
server systems. For single server backordering systems,
it is known that the optimal production policy is a two-
critical-number policy. In this study, we aim to
characterize the optimal production policy for lost sales
multi-server systems with fixed production cost and
propose easy to apply alternatives.

We provide the literature review in Section 2. Dynamic
programming formulation of the problem is given in
Section 3. In Section 4, we numerically characterize the
optimal production policy. In Section 5, we propose an
alternative production policy and evaluate its
performance. Section 6 concludes the paper and
provides future research directions.

2. Literature review

In this chapter, we review the production and inventory
control literature in the make-to-stock environment.
This problem is first attacked by considering the
systems having single production channel and single
customer/demand class. Analyses are mostly based on
queueing theory techniques. Interestingly, the early
studies consider the fixed startup or shut-down costs.
More recent studies extend the literature by considering
multiple production channels without fixed costs.
Another common feature of the recent studies is the
Markovian structure that enables them to develop
Markov Decision Process (MDP) formulation for the
control of make-to-stock systems.

Gavish and Graves [1] is the first to study the
production-inventory  problem  assuming  single
channel, fixed and deterministic production times,
independent Exponential inter-demand-arrival times,
and backorders. They modeled the problem as an
M/D/1 make-to-stock queue in the infinite horizon
under the time-average cost criterion. This first study is
actually the extension of Heyman [2] and Sobel [3] to
the make-to-stock production environment. In [2] and
[3], M/G/1 and G/G /1 queueing systems are studied,
respectively, operating with server start-up and
shutdown costs, and unit service and queue-time costs.
For both of the settings, it is shown that the optimal
policy is a two critical number policy denoted by (S, s)
and (M, m) in [2] and [3], respectively. If the queue
length is less than or equal to m (or s), service is not
provided until queue length increases to M (or S).
Service is triggered when the queue length is M and
continued until it drops to m again. Although the
analyses of [2] and [3] are specific for the queueing
environment, we believe that their setting covers the

production control for make-to-order systems. The
optimal policy structure, which is a two critical number
policy, is preserved in the make-to-stock production
environment setting of [1]. However, the control
parameters of the policy are defined on the inventory
level: start production when the inventory level hits to
the lower control level and continue until it hits to the
upper control level. For different settings where two
critical number policy is still optimal, see [4] and [5].
Researchers apply different techniques for the analysis
of the two critical number policy. For example, Lee and
Srinivasan [6] considers M /G /1 make-to-stock queue
with backordering and propose a renewal analysis in
order to calculate expected cost. For compound Poisson
demand extension of this study see [7].

Recent studies mostly apply MDP techniques for the
settings having Markovian structure. This stream of
literature usually assumes no fixed production/setup
cost. In addition, production is triggered by a single
server except Bulut and Fadiloglu [8]. Ha [9] is the first
that uses MDP techniques in problem modeling. [9]
addresses M /M /1 make-to-stock queue with multiple
demand classes and lost sales, and shows that base-
stock is optimal production control policy. For
backordering case, see [10]. [8] extends the setting by
assuming multiple parallel exponential servers and
optimal policy is defined as state-dependent base-stock.
Ha [11] proves that work storage level is optimal
production policy for M/E, /1 make-to-stock queue.
Gayon et al. [12] differs from [11] with the
backordering assumption. However, in our study,
preserving the Markovian structure, we consider
multiple parallel production servers allowing reworks
and fixed start-up costs at the same time. Interested
readers are also directed to the study [13] that considers
the control of hybrid make-to-stock/make-to-order
systems.

3. Dynamic programming formulation

We consider a production system including s many
identical parallel servers each having two production
phases in order to produce a single type of product.
Processing times are assumed to be two-phase Coxian
random variables where each phase is exponentially
distributed with rates u;, and u,, respectively.
Production is started at phase-one, then items are either
processed at second phase with a certain probability g,
or leave the system without passing second stage with
probability 1 — g (Figure 1). Visiting probability g
facilitates us to work on more general systems than the
ones having exponential processing times, which is a
classical assumption in the literature. We model the
system as M /Cox,/s make-to-stock queue with fixed
start-up costs and lost sales. In the terminology of
production-inventory control literature, the classical
Kendall Lee queueing notation is used for the models
of make-to-stock systems. However, the meaning of the
queuing notation is slightly different in the make-to-
stock environment. In our case, M denotes Markovian
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inter-demand arrival times but the arrived demands do
not enter a queue and trigger a production order.
Instead, they are either directly satisfied from the
inventory or lost, and immediately leave the system.
The second entry in the notation, which is "Cox," in our
case, is for the production time distribution. The
inventory is replenished using s many available
production channels according to a production policy
in anticipation of the future demand arrivals. That is,
Coxian-2 is not the “service” time of each demand
arrival; it is the replenishment lead-time of any
production order triggered according to the policy.

Customer demands arrive according to a stationary
Poisson process with rate A. Lost sale cost c is incurred
for each unsatisfied demand. Fixed start-up cost of
activating a server is K, inventory holding cost is h and
discount rate is denoted by «a.

System state is defined with three variables to keep
track of the events. Let x;(t),i € {1,2}, be the number
of active servers at i*" phase and x5 (t) be the inventory
level at time t. Then the system state space is

J(x1, %2, x3) =

65— {(xl(t),xz GEAC)IPEEAGE s.} )
x;(t) € Z* u{0},i =123

Through the Markovian property, decision can be made
in either at a phase completion or a demand arrival. For
this reason, system state definition
(1 (6), %, (), x3(t)) is used regardless of time
dimension. Since the original problem is a production-
inventory control problem in continuous time, we
obtain the discrete time equivalent of this problem via
uniformization technique ([14]). The uniform transition
rate is defined as v = A + s(u; + 13). In our model,
production is controlled by the decision variable u €
{x1, ..., s — x,}, which is the number of busy servers at
phase-1 (at the first stage of the production process).
Model only controls the number of active servers at
stage-one because whenever production is triggered on
a server, it starts from stage-one. The production
control variable is upper bounded by number of servers
that are not at stage-two and lower bounded by number
of active servers at phase-one since order cancellation
is not allowed. Based on the above definitions, optimal
cost-to-go function J is given by

min  {hx; + K(u — x,)

V + & xgsuss—x,

+up Bl (u—1,x, + 1,x3)

Fup, (1 — pmin{J(u — 1, x5, x5 + 1),J (U, x5, x5 + 1)}

+xyuomin{f(w, x;, — L, xs + 1), J(w+1,x, — 1, x5 + 1)}

+(s(uy + uz) — upy — x02)] (W, x5, x3) + AL(U, x5, x3)} (2)
where L is the lost sales operator expressed by

L(x11x21x3) = {]

We aim to identify how many production servers
should be active/busy at any given state to minimize the
expected discounted system cost. The minimization
operation defined with rate up, (1 — B) corresponds to
the decision at the time of production completion at
phase-one: it decides whether to continue production
on the server that has just finished processing at the first
phase and replenished inventory. The next optimizer,
recalled with rate x, u,, is to decide whether to continue
production on the server that has just finished
processing at the second phase and replenished
inventory. One should note that if fixed production cost
is zero, these two continuation operators are redundant
because the system can reactivate any server with zero
cost whenever needed.

The term (s(uy + uz) — upy — x2p42)] (, X2, X3) IS
necessary for the fictitious self-transitions due to the
uniformization. In equation (3), the operator L
corresponds to the transitions triggered by demand
arrivals: if there is inventory on-hand, it is decreased by
one, otherwise lost sales cost is incurred and state
remains the same.

(x11x21 x3 - 1)! x3 > 0
c +](x11x2: 0): X3 = 0

@)

4. Characterization of the optimal policy

In this section, we provide a humerical characterization
of the optimal production policy under average system
cost. Since the system dynamics can be very clearly
expressed with discounted cost DPs, we developed our
formulation accordingly. However, we conduct
numerical studies under average system cost criteria in
order to make the performance measure independent of
the initial state and the discount factor. We apply the
value iteration algorithm to the system defined by
equations (2) and (3) with discount rate @« = 0. Average
system cost is calculated as the convergent value of the
ratio of the optimal cost-to-go function value and the
number of iterations.

Gavish and Graves [4] shows that two-critical-number
policy is optimal for backordering M/G/1 make-to-
stock systems with fixed start-up cost. This policy
dictates that production should be triggered when the
inventory level drops to the lower control level (I*) and
it should be continued until the inventory level reaches
to the upper control level (I**). In Section 4.1, we
numerically show that this optimal policy structure is
also preserved for lost sales M /Cox, /1 systems. On the
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other hand, the numerical studies in Section 4.2
illustrates the dynamic nature of the optimal policy for
multi-server systems.

4.1. Single server systems

Single server cases are relatively easy to handle
because at any state production decision u is either 0 or
1. For the numerical study, we first define a base case
as [y, 4z, B, A, c] = [3.25,1.75,0.15, 3, 6, 3]. In this
subsection, we set s = 1 and provide the results while
we are changing K or 1. We first assume K = 0 and
represent the optimal production decisions in Table 1.
Rows are for the first two state variables, which are
x, = the number of active servers at stage-one and
x, = the number of active servers at stage-two. The
columns are for the last state variable, x; = the
inventory level. The numbers at the intersection of the
row and the column axes represent the corresponding
optimal decision.

Table 1. Optimal production policy: s=1, K=0

u*(xq, X, X3) X3
(xq, %) 012345°€6
[0, 0] 1111000
[1, 0] 1111111
[0, 1] 0 000O0O0TO

The optimal decision at state (x;,x,, x3), denoted by
u*(xq, X2, x3), is the optimal number of busy servers at
phase-1 as explained in Section 3. For instance,
u*(0,0,0) =1 implies that the server, which is
currently idle, should be activated if the inventory level
is zero. Since K = 0 and continuation decisions are
redundant, Table 1 fully characterizes the optimal
policy. For single server systems the decision is trivial
at states (1,0,x3) and (0,1,x5). At such states the
server is already busy (there is no idle server to
activate) and the decision is automatically x,. Hence,
control is only for the states of (0,0, x3) type. Table 1,
which is an example case for our extensive numerical
study, shows that the optimal production policy is of
base stock type: it is optimal to produce below the
maximum inventory level (base stock level) and not to
produce otherwise. For the setting considered in the
table, optimal base stock level, BS*, is 4.

However, when there is fixed start-up cost optimal
production policy cannot be described with a single
parameter as Gavish and Graves [4] shows for single-
server backordering systems. As exemplified in Table
2, our numerical studies depict that two-critical-
number policy is optimal also for lost sales systems. In
the u*part of the table, it is seen that production is
started when inventory level drops to 2. When K > 0,
in addition to the number of active servers decision, the
continuation decisions are also required and provided
in c; and c; parts of Table 2. Referring to the DP model
of Section 3, we define c; and c; as follows: ¢y = 1 if
min{J(u —1,x,,x3 + 1), J (U, x5, x5 + 1)} =

J(u, x5, x5 + 1), i.e. itis optimal to immediately start
new production at stage-1 when the whole production
process has completed after stage-1 (without visiting
stage-2). Similarly, ¢; =1 if min{J(u,x, — 1, x5 +
D, Ju+1L,x,—1Lx;+D}=Ju+1,x, —1,x3 +
1) corresponding to the event where the production
process has completed after stage-2 and it is optimal to
immediately start new production on stage-1 of the
process. Otherwise, the server that has just finished
processing is turned-off and, c¢; and c; are set to zero.
By definition, cj(xq,x5,x3) and c¢;(xq,x,,x3) are
relevant only when x; > 0 and x, > 0, respectively.
Otherwise continuation decisions are not applicable
(NA). As seen from Table 2, ¢;(1,0,x3) = ¢5(0,1,x3)
for all inventory levels x;. This holds because there is
only one available server and the inventory level just
after production completion would be the same
independent of the last stage visited. If it is optimal to
continue production on the server, then the new process
is going to start at stage-1 in any case.

For the setting considered in Table 2 the parameters of
the two-critical-number policy are (I*,1") = (2,6)
where I* is the production trigger level and I** is the
maximum inventory level that the system reaches.

Table 2. Optimal production decisions, s=1, K=2

u”(xy, %5, x3) X3
(x4, %) 0 1 2 3 4 5 6
[0, 0] 1 1 1 0 0 O
[1, 0] 1 1 1 1 1 1 1
[0, 1] 0 0 O 0 0 O

1 (x4, X3, %3) X3
(x4, %) 0 1 2 3 4 5 6

[0, 0] NA NA NA NA NA NA NA
[1,0] 11 1 1 1 1 0O
[0, 1] NA NA NA NA NA NA NA
c3(xq, X2, %3) X3
(xq,x3) 0 1 2 3 4 5 6
[0, 0] NA NA NA NA NA NA NA
[1,0] NA NA NA NA NA NA NA
[0, 1] 1 1 1 1 1 1 0

After the characterization of the optimal policy we next
show in Table 3 how the optimal policy parameters
react to changes in traffic intensity and production start-
up cost. We change the demand rate while keeping
Coxian processing time parameters constant to obtain
settings with different traffic intensity (p). The effect
of Coxian parameters is discussed in Section 5.

Table 3 reveals that the optimal policy parameters are
non-decreasing in p. At lower p values system prefers
not to produce at all. That is, the optimal values of the
policy parameters are all zero and corresponding
average system cost equals Ac. On the other hand, it is
optimal to produce at some inventory levels beyond
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certain traffic intensity and thus BS™ and the vector
(I, I"*) are not zero for K =0 and K > 0 cases,
respectively. When K > 0, as the traffic getting heavier
the increase in I** is more pronounced than the increase
in I because the system needs to hold more inventory
to meet the increasing demand. For fixed p, a similar
behavior is observed as the start-up cost K increases: in
order to decrease the frequency of production start-up
(so the total fixed cost) and to continue with the
activated server as much as possible, the gap between
the maximum inventory level and the production
trigger point, I** — I”*, is getting wider.

Table 3. Optimal policy parameters, s = 1

K=0 K=1 K=2 K=3

A p ACBS"ACI'I"™ ACI"I"™ ACI"I™
0.500.29150 0 1500 0 1500 0 1500 O
0.75043225 0 2250 0 2250 0 2250 O
1.000.583.00 1 3.000 0 3.000 0 3.000 O
1.500.863.70 1 4500 1 4500 0 4500 0
200115461 1 5210 2 5560 2 5860 3
250144566 1 6060 2 6290 3 6460 3
3.001.736.66 2 6950 3 7110 3 7190 4
350201773 2 7941 48001 48050 5
400230890 2 8991 49021 590415

4.2. Multi-server systems

Although the structure of the optimal production policy
is known for single server make-to-stock systems, it has
not yet been fully characterized for multiple server
systems. To the best of our knowledge, the only study
addressing the production control of multi-server
systems is Bulut and Fadiloglu [8] and they only
provide partial characterization of the policy for the
M/M /s case without fixed cost. In this section, we
provide numerical analyses to describe the structure of
the optimal policy for the M/Cox,/s make-to-stock
systems with fixed cost for the first time in the
literature. Single server assumption relatively
eliminates the complexity because for such cases the
decision is 0-1 for all inventory levels: whether to
activate the only available server or not. However,
when s > 1, the controller should decide how many
servers should be active at any system state.
Furthermore, this decision would be dependent on the
status of the ongoing production, i.e. to the stage/phase
information of the active servers.

Recalling the base case, we first set s =3 and K =0
and provide the optimal decisions in Table 4(a). Similar
to the single-server case, u* matrix is enough to
describe the optimal policy when the production start-
up cost is zero. We separate the decision matrix into
four layers where each layer corresponds to a particular
total number of active servers. In general, if there are s
available servers, there would be (s + 1) layers. For the
setting presented in Table 4(a), we list our observations
on the structure of the optimal policy below:

iv.

Since all the available servers are busy at the bottom
layer, i.e. x; + x, = s = 3, and order cancellation
cost is practically infinite, the optimal decision is

trivial at all states of the bottom layer:
u*(xq, x5, x3) = Xq.
Production decisions are non-increasing in

inventory level x;, because shortage risk is reduced
by increasing inventory.

Unlike the classical static policies, which are based
on either inventory level or inventory position (e.g.
base stock), unit increase in inventory level does not
always end up with unit decrease in the optimal
number of active servers at phase-one, e.g.
u*(0,0,1) = 2 butu*(0,0,2) = 0.

In addition to (iii), there is a second level of
dynamicity in the structure of the optimal policy;
decisions are dependent on the status of ongoing
production. One would expect that as the number of
completed production stages increases, the total
number of active servers decreases or remains the
same. This is true for the processing time random
variables having increasing failure rate (IFR) such
as Erlangian production times. For such settings, as
the number of completed stages increases
remaining time to replenish the inventory
stochastically decreases. However, for the case
considered in Table 4(a), Coxian production time
random variable has the parameters (uq, u,, ) =
(3.25,1.75,0.15) and more channels are needed if
the item being processed visits stage-2. Since stage-
1 is much faster than stage-2 and probability of
visiting stage-2 is small, expected time to
production completion is smaller when the current
production is at stage-1 compared to the case where
it is at stage-2. In order to make it clearer, let us
consider the states (1,0,1) and (0,1,1) of Table
4(a): the inventory level is the same for both of the
states but the (only) active server is at stage-1 in the
first state and at stage-2 in the second. As seen from
the table, u*(1,0,1) =u*(0,1,1) =2 and the
transitions are to (2,0,1) and (2,1,1) from (1,0,1)
and (0,1,1), respectively. Before the decisions, both
states have the same number of active servers,
which is one, but after the transitions state (2,1,1)
has one more active server than (2,0,1).

We increase u, from 1.75 to 7.5 in Table 4(b) and
observe completely different production decisions
for the states (1,0,1) and (0,1,1): u*(1,0,1) = 2,
u*(0,1,1) = 0 an the transitions are to (2,0,1) and
(0,1,1) from (1,0,1) and (0,1,1), respectively That
is, this time it is optimal to have more active servers
when the current production is at phase-1.

With its three parameters Coxian production time
random variable has the flexibility to obtain
increasing and decreasing failure rate (IFR or DFR)
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settings and, we show in Table 4 (a) and (b) that the
structure of the optimal policy changes accordingly.

Table 4. Optimal production decisions s=3, K=0
(a) DFR, (b) IFR

@ u* X3 (b) u* X3

(x;,x,) 012345 (x,x,)012345
[0,O] 320000 [0,00 320000
[1,0] 321111 11,00 321111
[0,1] 220000 1[0,1] 200000
[2,0] 322222 [2,00 322222
[1,1] 221111 [1,1] 211111
[0,2] 110000 10,21 100000
[3,0] 333333 [30 333333
[2,1] 222222 [2,1] 222222
1,27 111111 [1,2] 111111
[0,3] 000000 [0,31 00O0O0O0O

Fixed production cost adds more complexity to the
structure of the optimal policy. To reveal this, one can
compare Table 4(a) and Table 5 where the only
difference is the value of the start-up cost K. When
fixed cost is larger optimal policy tends to activate less
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servers at all the states. Specifically, fixed cost prevents
activating all the available servers even there is no
inventory on hand. On the other hand, the optimal
policy balance the holding and shortage trade-off
mostly with the continuation decisions ¢; and c3;
production continues with the previously activated
servers for some time. However, continuation decisions
are also state dependent and are not only determined by
the total number of active servers. As opposed to the
single-server case shown in Table 2, there exists a, b
and x5 values such that cj (a, b, x3) # c;(b, a, x3). For
instance, ¢;(2,0,3) =0 but ¢;(0,2,3) =1. This
dynamic behavior of the optimal policy is due to the
fact that any active server at stage-1 can replenish the
inventory by two different realizations: with probability
(1 — B) inventory is replenished directly from stage-1,
but with probability S stage-2 is visited and then the
production is completed. On the other hand, any active
server at stage-2 has only one possible realization path
to replenish the inventory. Hence, when s> 1,
continuation decisions are coupled with the number of
active servers decision and depending on the values of
the Coxian parameters (uy, 1y, ), continuation
decisions might be different even for the symmetric
states at the same inventory level.

Table 5. Optimal production decisions, s=3 and K=2

*

u X3 c X3 c; X3

(xx) 01 2 3 4 5 (x,%) 0 1 2 3 4 5 (x,x) 0 1 2 3 4 5
[0, 0] 2 1 0 0 0 0 [0,00] NA NA NA NA NA NA [0,00 NA NA NA NA NA NA
[1, 0] 2 1 1 1 1 1 [1,0] 1 1 1 1 1 0 [1,00 NA NA NA NA NA NA
[0, 1] 1 0 0 0 0 0 [0,1] NA NA NA NA NA NA [0,1] 1 1 1 1 1 0
[2, 0] 2 2 2 2 2 2 [20 1 1 1 0 0 0 [2,00 NA NA NA NA NA NA
[1,1] 1 1 1 1 1 1 [11] 1 1 1 1 0 0 [1,1] 1 1 1 0 0 O
[0, 2] 0 0 0 0 0 0 [0,2] NA NA NA NA NA NA [0,2] 1 1 1 1 0 O
[3, 0] 3 3 3 3 3 3 [30] 1 1 0 0 0 0 [30 NA NA NA NA NA NA
[2,1] 2 2 2 2 2 2 [21] 1 1 0 0 0 0 [2,1] 1 1 0 0 0 O
[1, 2] 1 1 1 1 1 1 [4,2] 1 1 0 0 0 0 [12 1 1 0 0 0 O
[0, 3] 0 0 0O 0O 0O 0 0,3]  NA NA NA NA NA NA [0,3] 1 1 0 0 0 o0

As the discussion on tables 4(a), 4(b) and 5 exhibits, for
the multi-server systems, optimal policy is highly
dynamic/state-dependent and cannot be fully described
with two static parameters such as inventory level or
inventory position. The highly dynamic structure of the
optimal policy would reduce its value for practitioners.
In practice, controllers are mostly after easy-to-apply
approximate policies. We therefore propose an
alternative production policy that is controlled by two
parameters and can quickly adapt itself to IFR and DFR
cases. Next two sections are devoted to the introduction
and performance evaluation of our policy.

5. An alternative policy structure

As we have discussed in Section 4, the values of the
Coxian parameters directly affect the structure of the
optimal policy. In order to first guarantee that our
policy structure responds to the changes in input
parameters (uq, 4o, B), we define E(1,0,x3) and
E(0,1, x3) as the expected remaining production times
if the current production is on stage-1 and stage-2,
respectively. Since the stages are memoryless,

E(1,0,x3) = Hi + ﬁui and E(0,1,x3) = Hi We aim to
1 2 2

identify IFR and DFR cases by comparing these

expected times to production completion. E (0,1, x3) <

. __ E(0,1,x3) . .
E(1,0,x3) orequivalently r = ELoxs) < 1 implies that
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expected remaining production time decreases when
stage-2 is visited. For such settings, since the
probability of demand arrivals before inventory
replenishment decreases, our policy should demotivate
activating new servers when stage-2 is visited.
Otherwise, we are in a DFR case and the policy should
motivate (or at least should not demotivate) activating
new servers when stage-2 is visited.

Second, for the sake of applicability we aim to propose
a policy structure that can be controlled by only two
parameters. We stick to the notation used in Section 4:
I* and I are the production trigger and the maximum
levels, respectively. This two-critical-number policy is
optimal for single-server settings and the parameters of
the policy are defined in terms of inventory level. So
as to better capture the dynamic nature of the optimal
policy of an M/Cox,/s make-to-stock system, we
define I and I"* in terms of a function of the system

state vector referred as inventory status (IS). At any
state (xq, x5, X3),

IS (x1, %2, x3) = 213:1 a;x; (4)
where a,, a, and a; are the weights of the number of
active servers at stage-1, the number of active servers
at stage-2 and inventory level, respectively. The above
definition of inventory status allows us to trace a policy
space including the classical inventory level (IS = IL
when (a4, a,,a3) = (0,0,1)) and inventory position
(IS = IP when (a4, a5, a3) = (1,1,1)) based policies.

Based on the above discussion, we propose the below
policy structure that computes u(x,x,,x3) = the
number of active/busy servers at stage-1, ¢, (x, x5, x3)
= continuation decision for the server that has just
finished stage-1 and replenished inventory, and
¢, (x4, x4, x3) = continuation decision for the server that
has just finished stage-2 and replenished inventory.

_(lmin{(I* + 1) — IS(xy, x5, %3) + x4, (s —x)}], IS I*
u(xy, xz,%3) = { X ISS T (5)
(LIS = Lixg,xz + 1) <I
Cl(xlv xZ! x3) - {0’ IS(xl _ 1'x2'x3 + 1) 2 I** (6)
— 1; IS(xl,XZ_l,x3+1)<I**
Cy (X]_; X2, x3) - {0’ IS(xl,XZ _ 1’ X3 + 1) > [ (7)
For the states whose inventory status is at or below the HLIJ,B%Z Bytis
production trigger level I*, the proposed policy tries to ag==—3  =——— 9)

raise IS to (I* + 1). This can only be achieved with
(I + 1) — IS(x4, x5, x3) many new active servers at
stage-1 additional to x;. However, as discussed in the
dynamic programming formulation of Chapter 3,
u(xy,x,,x3) is bounded above by (s—x;). In
Equation (5), |*] is to return the nearest integer for the
calculated value as the number of active servers at
stage-1. For the other states, IS(x,, x5, x3) > I and we
do no nothing: u(x,, x5, x3) returns the current number
of busy servers at stage-1.

Continuation decisions of the policy are defined by (6)
and (7), which are only applicable when x; > 0 and
x, > 0, respectively. The policy keeps the previously
activated servers busy until target level I** is reached.
In (6) and (7), decisions are given just after production
completion (in ¢;, x; is decreased by 1, i = 1,2) and
inventory replenishment (x5 is increased by 1).

The above defined policy structure has three weight and
two control parameters: (a,, a,, az) and (I*,I**). First
we develop the following approach to find the setting
specific values of the weights (a4, a,, a;): We structure
our policy based on the relative values of a;'s. Thereby,
the degrees of freedom of finding the values of a;'s is
decreased to two. Without loss of generality, we set the
value of an active server at stage-1to 1, i.e.,

a =1 8)
Then, the weight of an on-hand inventory relative to the

weight of an outstanding order at stage-1 is calculated
as:

N I
H1 2

where i+Bi and — are the expected time to
H1 U2 H1

complete the whole production and stage-1,
respectively. That is, if an item at stage-1, which is

going to spend (on the average) ﬂi time units to
1

complete the stage, has the weight a,, then the relative
weight of an item in the inventory, which has on the
average spent #i+ Bui time units in the production
1 2
1 1
facility, is £24*2 times a,. The weight of an item at

u1
stage-2, a,, on the other hand, is set to different values

for IFR and DFR cases. As discussed in Section 4,
depending on the values of Coxian parameters
(u4, 12, B) more active servers might be needed if the
item being processed visits stage-2. Our policy
structure gains this flexibility with a,. We let

aj+az . __ E(0,1,x3)
a, = 2’ ifr E(1,0,x3) (10)
0, ifr=1
. E(0,1,x3) : . .
Theratior = is less than 1 if the expected time
E(1,0,x3)

to production completion decreases when stage-2 is
visited. For such IFR cases, we set the weight of an
outstanding order at stage-2 to the average of the
weights of the items that are at stage-1 and in the
inventory. In this way, for the IFR cases we obtain a
weight structure satisfying a, < a, < as.

On the other hand, if the case is DFR, the weight is set
to 0 in order to motivate the system to activate more
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servers whenever the slower stage (stage-2) is visited.
In this case, a, < a; < as.

One can prefer to select the “best” values of (ay, a,, as)
using an optimization routine applied over the DP
formulation. However, the next section shows that the
performance of the proposed structure under our
intelligent guesses (8), (9) and (10) is very close to the
optimal’s. That is, without undertaking the computation
cost of any optimization algorithm, we obtain a very
good approximation to the “ideal” weights by exploring
the structure of the optimal policy (in Section 4) and
selecting the values accordingly.

On the other hand, it is hard to develop a similar
intuition for the control levels (I*,1**). We therefore
use our DP formulation (2) and (3) as the optimization
routine: For given values of (I*, I**) such that I* < I**,
DP is fed with the decision set of the proposed policy,
(5), (6) and (7), and the value iteration algorithm is run
to calculate the average system cost. We then search for
the optimal values of the parameters in the integer
domain. As the results presented in Section 6 show that
optimizing (I*,I"™) in the integer space results in a
well-performing near-optimal policy.

It should be noted that a, can also be set to any arbitrary
positive value. In such cases, the values of a,, a; and
thus IS would also be changed relative to a, . Hence, the
optimal values of (I*, I**) would be also altered/shifted
in order to find the same cost minimizer u(x,, x,, x3)
values. That is, larger values of a;'s would result in
larger values of (I*,I"*) so as to find the same u value.

Although we obtain the results in a reasonable amount
of time one can further fasten the routine if the search
first visits the space around (I** —1") = EOQ. The
approximate value of the batching decision of the
classical inventory systems would here help us to
capture the effect of the fixed cost on the length of the
non-production period. One should note that our make-
to-stock production-inventory environment is different
than the classical inventory settings in terms of capacity
(there are only s many servers) and one-at-a-time
replenishment as the active servers complete
production. A classical inventory system having
stochastic lead-times that is controlled by lot-for-lot
policy can be modeled using our approach only if s
tends to infinity, which requires to guarantee an
uncapacitated system.

6. Performance evaluation of the proposed policy

In this section we present the numerical study assessing
the performance of the policy structure described by
(5), (6) and (7). We test the performance of the structure
with the (a4, a,, a3) values given in (8), (9) and (10),
which defines the specific policy that we propose. We
also evaluate the performance of the inventory position
based static policy (IP Policy) in order to quantify the
value of dynamic state information. Our policy
structure already has the flexibility to cover the IP
Policy: in (4), we let (a4, a5, a3) = (1,1,1) to obtain the

inventory position as the sum of the on-hand inventory
and the number of outstanding production orders (the
number of items that are being processed).

The main goal of this section is to reveal the effects of
Coxian parameters (uq, i, 8), the demand rate A and
the fixed cost K on the performances of the considered
policies. The results of the numerical study are
summarized in the tables provided at the end of the
section. While changing the above mentioned
parameters, without loss of generality we fix the values
of the holding cost rate h and the unit lost sales cost ¢
to 3. Each table includes five different instances with
different traffic intensities (p) ranging from 0.50 to
1.50. For each instance, average costs of the optimal,
proposed and IP policies, and their optimal control
levels (I*,1*) are reported. For the proposed and IP
policies, the optimality gap, defined as the percent cost
deviation from the optimal, is also provided.

Table 6 shows the results when there are two parallel
servers with no start-up costs and Coxian production
times have decreasing failure rates (DFR). Our
dynamic policy performs very well in the environment
of Table 6. The optimality gap of the proposed policy
is less than 0.5% at all the instances of the table.
Furthermore, IP Policy is also a notable alternative of
the optimal policy when the capacity is tight: when
there are limited of number of servers or traffic
intensity is high. As p increases or equivalently as the
capacity is getting tighter, more and more servers
would be activated independent of the status of the
production. That is, all the plausible policies, including
the optimal one, utilize all the servers at higher traffic
intensity values. This observation is valid not just for
Table 6 but for all the tables of the chapter: The
proposed policy is near optimal at all the traffic
intensities of all the considered cases, and IP Policy is
a second alternative for the highly utilized systems.

Table 7 and Table 8 are the ‘positive fixed cost’ and
‘more server’ extensions of Table 6, respectively.
When the production startup cost K is 0.5, the
maximum optimality gap of the Proposed Policy is
2.55% and of the IP Policy is 3.22%. Both maximums
are observed at the same instance where p = 0.5. For
the systems with higher server activation cost, the
distance between the upper and lower control limits,
which is (I*™* — I*), should be larger. That is, instead of
activating servers at higher inventory levels it is more
economical to increase I** in order to both postpone the
production cycle and to continue production on the
previously activated servers once it is started until
reaching I** again.

On the other hand, in Table 8, the number of available
servers is higher (and fixed cost is zero) and the
maximum deviations from the optimality are 3.21%
and 6.89% for the Proposed and IP policies,
respectively. However, for the Proposed Policy, the
average of the five optimality gaps reported in the table
is only 1.54%, which is the highest average among all
the tables. Since the Proposed Policy makes use of the
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dynamic production status information of all the
servers, it outperforms the static IP policy as the
number of available servers increases.

Table 9 is for the IFR version of Table 8. The table
shows that the optimality gap of the Proposed Policy is
below 1% at all the instances. Although the
performance of IP Policy is also improved from Table
8 to Table 9, that improvement is not as significant as
the improvement attained by the Proposed Policy.

At all the tables from 6 to 9, the traffic intensity (p) is

increased by decreasing u,, the processing rate of
stage-1. In order to eliminate any bias that can be due
to this method, we reconsider the environment of Table
8 where s =5 and K =0, and increase the traffic
intensity by decreasing u, this time. The results are
reported in the last table, Table 10. The probability of a
WIP item being at phase-2 increases as u, decreases
that sharpens the DFR nature of the production times.
Due to this fact, the performance of our policy is better
than Table 8 in Table 10.

Table 6. Performances of the alternative policies: DFR cases with s=2 and K=0

Optimal Policy IP Policy Proposed Policy
(41, 1z, B) Average Average (I*,I™) Optimality  Average (I*,I**) Optimality
# p Cost Cost Gap % Cost Gap %
1 05 (15,05,0.05) 7.05 7.20 1,2 2.03 7.09 @7 0.48
2 0.75 (6.65,0.5,0.05) 8.21 8.49 1,2 3.32 8.21 2,3) 0.00
3 1.00 (4.25,0.5,0.05) 9.19 9.26 (2,3) 0.70 9.24 (2,5) 0.45
4 125 (3.15,0.5,0.05) 9.98 10.01 (2,3) 0.27 9.99 (3,4) 0.09
5 1.50 (2.50,0.5,0.05) 10.70 10.72 (2,3 0.19 10.71 (3,4) 0.10
Table 7. Performances of the alternative policies with DFR distribution, s=2 and K=0.5
Optimal Policy IP Policy Proposed Policy
Optimalit Optimalit
p Average Average (I*,I*) F(Jsap % y Average (I*,I™) FC);ap % y
# (11, 112, B) Cost Cost Cost
1 05 (15,0.5,0.05) 8.82 9.12 1,5) 3.22 9.06 (1,8) 2.55
2 0.75 (6.65,0.5, 0.05) 9.71 9.79 1,6) 0.80 9.72 (2, 6) 0.03
3 1.00 (4.25,0.5,0.05) 10.24 10.28 1,6) 0.45 10.32 1,7 0.80
4 125 (3.15,0.5,0.05) 10.77 10.78 @7 0.16 10.80 (2,8) 0.30
5 150 (2.50,0.5,0.05) 11.20 11.21 2,7 0.09 11.20 (2,8) 0.02
Table 8. Performances of the Alternative Policies with DFR distribution, s=5 and K=0
Optimal Policy IP Policy Proposed Policy
Average Average (I*,1*) Optimality  ayerage (s*,1++) Optimality
# p (1, 12, B) Cost Cost Gap % Cost Gap %
1 05 (2.79,0.5,0.05) 7.85 8.43 (3,4) 6.89 7.96 (3, 4) 1.47
2 0.75 (1.90,0.5,0.05) 8.47 8.92 4,7 5.01 8.75 (3, 4) 321
3 1.00 (1.35,0.5,0.05) 9.29 9.43 (4,5) 1.47 9.38 (4,5) 0.99
4 125 (1.06,0.5,0.05) 9.97 10.09 (5,8) 1.20 10.11 (5, 6) 1.37
5 150 (0.87,0.5,0.05) 10.67 10.70 (5,8) 0.32 10.74 (5, 8) 0.68
Table 9. Performances of the Alternative Policies with IFR distribution, s=5 and K=0
Optimal Policy IP Policy Proposed Policy
Average Average (I*,1**) Optimality  Ayerage (s*,1*+) Optimality
# p (1, 12, B) Cost Cost Gap % Cost Gap %
1 05 (8.50,2.65,0.8) 7.97 8.33 (3,6) 4.26 8.05 (7,12) 0.99
2 0.75 (3.90, 2.65, 0.8) 8.46 8.81 (3,6) 3.93 8.52 (5,9 0.75
3 1.00 (1.88,2.65,0.8) 9.27 9.40 4,7 1.39 9.33 (6, 8) 0.62
4 1.25 (1.35,2.65,0.8) 9.88 9.94 (5,7) 0.58 9.91 6,7) 0.24
5 150 (1.05,2.65,0.8) 10.52 10.57 (5,7 0.48 10.55 (7,8) 0.26
Table 10. Performances of the Alternative Policies with DFR distribution, s=5, K=0 and y, is changing
Optimal Policy IP Policy Proposed Policy
Average Average (1*,1**) Optimality — Ayerage (r+, 1) Optimality
# p (1, M2, B) Cost Cost Gap % Cost Gap %
1 05 (14,2.30,0.8) 7.83 8.33 (3,6) 6.00 7.93 (4,11) 1.32
2 0.75 (14,1.44,0.8) 8.44 8.92 4,7 5.34 8.51 (4, 16) 0.81
3 1.00 (14,1.05,0.8) 9.24 9.40 4,7 1.73 9.28  (12,23) 0.49
4 125 (14,0.82,0.8) 10.02 10.13 4,7 1.10 10.02 (16, 28) 0.06
5 150 (14,0.68,0.8) 10.74 10.84 (5, 8) 0.92 1074 (19,33) 0.02
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As the holding cost rate (h) and unit lost sales cost (c)
are both set to 3 in all the above examples, we aim to
depict the effect of changes in the (holding cost
rate)/(unit lost sales cost) ratio in Figure 2. In order to
visit different values of this ratio, without loss of
generality we only change holding cost rate: h varies
from 1 to 14 while c is kept constant at 3. The other
parameters are assumed to be [s,u, Uz B, K, Al =
[2,4.25,0.5,0.05,0.5,6]. In the figure, for each
increment of h, average system cost of both the optimal
and proposed policies, and (I*,I™) values of the
proposed policy are presented. As seen from the height
of the bars representing the average system costs of the
policies the performances are so close to each other:
average and maximum optimality gaps are calculated
as 0.25% and 0.90%, respectively. Furthermore, for
both of the policies average system cost is concave in h
that converges to a certain value (18) when h is above
12. As hiincreases and becomes larger relative to c, both
policies demotivate production. In our example, when
h > 12 it is optimal not to produce at all. In this case

20.00
18.00
16.00
14.00
12.00
10.00

8.00

(1,6)
(1,7
(2,9)
00 (311
6.00
4.00
2.00
0.00
1 2 3 4

0.6) @

Average system cost

©, 4)

all the incoming demands are lost and the average
system cost converges to Ac = 18 for both of the
policies. In parallel to this observation, it is also seen
from the figure that both of the optimal control
parameters of the proposed policy, which are defined
by (I*,I"), are non-increasing in h. Equivalently we
can say that they would be non-decreasing in c. On the
hand, when holding cost rate is getting smaller and
smaller (compared to the unit lost sales cost) the
average cost converges to zero. As h decreases both I*
and I** increase in order to minimize shortage and start-
up costs. At the extreme, when h = 0, I* can be set to
any value above a threshold that guarantees no
shortage. Similarly, I"* can be any value (greater than
I™) such that fixed cost per each server is incurred only
finitely many times. For all such control levels the long-
run average system cost would be zero.

, 0,1 0.0 0.0

©.4
04)‘04)‘ ‘ ‘ ‘

m Optimal Policy
Proposed Policy

Holdlng cost rate

Figure 2. Effects of changes in h on the average cost and (I, ™)

7. Conclusion

This article considers a production-inventory system in
a make-to-stock environment with multiple identical
production channels (machines, servers or lines), fixed
production start-up costs and lost sales. We assume that
production times are 2-phase Coxian random variables
that allows us to model rework/remanufacturing and
repair operations within the production process.
Demands are generated according to a stationary
Poisson process and unsatisfied demands are
immediately lost.

We extend the existing literature by considering phase-
type production times and multiple servers with start-
up costs in the same model. The system is modeled as
an M/Cox,/s make-to-stock queue and dynamic
programming formulation is developed. Thereafter, we
first numerically characterize the optimal production
policy and reveal that it has a highly dynamic nature.
Secondly, we propose a policy structure that aims to

capture the dynamic nature of the optimal policy with
two control and three weight parameters. Control
parameters are to define the maximum inventory and
the production start-up levels. The other three
parameters are the weights of the number of active
servers at stage-1, the number of active servers at stage-
2 and the number of items in inventory. This policy
structure has the capability to trace a large space of
several different policies. Using this structure we
specifically propose a policy with fixed weight
parameters and test its performance with respect to the
optimal. Results reveal that our policy, which is
controlled by only two parameters and thus easy-to-
apply, is near optimal at all the instances.
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In this study, a multi-resource agent bottleneck generalized assignment problem
(MRBGAP) is addressed. In the bottleneck generalized assignment problem
(BGAP), more than one job can be assigned to an agent, and the objective function
is to minimize the maximum load over all agents. In this problem, multiple
resources are considered and the capacity of the agents is dependent on these
resources and it has minimum two indices. In addition, agent qualifications are
taken into account. In other words, not every job can be assignable to every agent.
The problem is defined by considering the problem of assigning jobs to employees
in a firm. BGAP has been shown to be NP- hard. Consequently, a multi-start
iterated tabu search (MITS) algorithm has been proposed for the solution of large-
scale problems. The results of the proposed algorithm are compared by the results
of the tabu search (TS) algorithm and mixed integer linear programming (MILP)

model.

(ec) T

1. Introduction

Assignment problems (AP) are an important topic
which is frequently studied in the literature. AP is
generally considered in three classes. The simplest
form of the AP, in which each agent can be assigned a
job at most, is the classic AP. There are m number of
agents and n number of jobs in this problem. Each job
must be assigned to an agent so that the total cost is
minimal. Each agent should also be assigned a job (one-
to-one). Another class of the AP is generalized
assignment problem (GAP). In GAP, more than one job
can be assigned to an agent. Some subclasses of GAP
are multi-resource generalized assignment problem
(MRGAP), bottleneck generalized assignment problem
(BGAP). Another class of AP is multidimensional AP.
In multidimensional AP, jobs are assigned to at least
two different resources. Detailed information can be
reached from the literature review by Pentico [1].

In the GAP, each agent has a certain capacity. Jobs use
this capacity and the capacity of the agent cannot be
exceeded. In MRGAP, multiple resources are used for
the completion of the jobs. Therefore, the capacity of
agents depends on these resources. The capacity
parameter of the agents has at least two indices due to
parameter dependent on the agent and the resource.
There are many applications of the MRGAP in real life.

*Corresponding author
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For example, in vehicle routing problems, as vehicles
are agents, and jobs are considered to be the places
where vehicles should be visited, and the capacity of
the vehicles depends on both the weight and the volume
of the vehicle, the problem can be considered as the
MRGAP [2].

In bottleneck assignment problems (BAP), the
objective function is the minimization of the maximum
assignment cost or maximum load over all agents.
Completion time of the jobs also can be taken into
account. In other words, completion time of the last job
is minimized in the BAP [3].

GAP is an important problem frequently studied in
literature. Studies in the literature can be categorized as
studies that proposes exact algorithms and heuristic
algorithms. In the studies that propose exact
algorithms, the branch-bound algorithm ([4] and [5]),
the cutting plane algorithm [6], the branch and price
algorithm [7, 8], branch- and- cut algorithm for GAP
with additional pair constraints [9] and with min- max
regret criterion [10] were used. When the exact solution
approaches are used, the solution time of the problem
is quite prolonged. Since the GAP problem is an NP-
hard problem, it is quite common to use heuristic
algorithms that gives the near optimal solution in a
short time [11]. In the studies using heuristic
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algorithms, tabu search algorithm [12-14], genetic
algorithm [15], bees algorithm [16], a heuristic based
on Lagrangian relaxation [17, 18], LP- based heuristic
[19], a hybrid heuristic based on scatter search [20],
improved differential evolution algorithm [21], a
parallel genetic algorithm [22] and simulated annealing
algorithm [14] were used. Degroote et al. [23], poposed
a methodology for selection the most suitable algorithm
for GAP. Chakravarthy et al. [24], proposed a heuristic
algorithm for bottleneck generalized assignment
problem. For a strategic variant of GAP, approximation
algorithm is proposed by Fadaei and Bichler [25].
Detailed information for GAP can be found in the
literature review by Oncan [11].

Although there are many studies related to GAP, the
number of studies dealing with the MRGAP is less.
MRGAP is the generalization of the GAP. GAP has
been shown to be NP- hard and MRGAP is also NP-
hard [26]. Karsu and Azizoglu [3], proposed a branch-
bound algorithm for the multi-resource bottleneck
GAP. Mazzola and Wilcox [2], proposed a three stage
heuristic algorithm for the MRGAP. In the first stage, a
suitable solution is obtained and at the other stages, this
solution is improved. Yagiura et al. [27], proposed a
new algorithm for multi-resource generalized quadratic
assignment problem. In the algorithm, the path
relinking approach was used in the neighborhood
generation. Gavish and Pirkul [28], proposed a
heuristic algorithm and branch-bound algorithm for the
MRGAP. They also proposed some rules for the
reduction of the problem dimensions. Yagiura et al.
[29], proposed a TS-based heuristic algorithm for the
MRGAP. Mitrovic-Minic and Punnen [30], proposed a
heuristic algorithm based on a variable neighborhood
search for the MRGAP.

The MRGAP problem is the generalized version of
GAP and is a more difficult problem to solve. However,
many studies in the literature propose an heuristic
algorithm for GAP. Wu et al. [10], Souza et al. [20],
Sethanan and Pitakaso [21], and Moussavi et al. [31]
proposed an heuristic algorithm for the generalized
assignment problem. Difference from the literature, in
this study an heuristic algorithm is proposed for the
multi-resource  agent  bottleneck  generalized
assignment problem with agent qualifications. The
differences of the study from literature are agent
qualifications are taken into account, a different
heuristic algorithm is proposed for the larger size test
problems than the problem sizes in the literature and the
success of the proposed heuristic is shown through test
problems by comparing with Tabu Search in the
literature. The TS algorithm has been proposed by
Karsu and Azizoglu [3] in the literature for the problem
of MRGAP. The proposed iterated local search
algorithm is compared with the TS algorithm. Test
problems are generated in two different ways as that
takes into account agent qualification and not takes into
account agent qualification. In addition, larger size test
problems are solved and the success of the algorithm
has been shown through test problems. In addition,

iterative local search algorithm was proposed for the
first time for the MRGAP.

The remainder of this paper is organized as follows.
The first section of the study is the introduction, in the
second section the problem is defined and MILP model
is given. In the third section, the proposed solution
method is explained. In the fourth section, experimental
results are given and conclusions are given in the final
section.

2. Problem description

In this study, multi-resource bottleneck generalized
assignment problem (MRBGAP) with agent
qualifications was addressed. The problem addressed in
this study is defined by the problem of assigning
employees to jobs in a firm. Employees are considered
as agents. Each jobs must be assigned to an employee.
More than one job can be assigned to an employee.
Employee capacities depend on employee and shift.
The shifts are defined as morning, noon, afternoon,
evening and night. Employees' capacities (working
hours) vary according to shifts. For example, an
employee can work more in the morning shift than in
the evening shift. For this reason, the employees'
capacity parameter has two indices due to the parameter
depending on the employee and the shift. The objective
function is the minimization of the completion time of
the last job, and this objective function is the bottleneck
objective function.

The sets, indices, parameters, decision variables,
constraints and objective function of the MILP model
are given below;

Sets and indices

N:Set of jobs, N={1, 2, ..., n}

M: Set of agents, M= {1, 2,..., m}

R: Set of resource, R= {1, 2, ...,r}

j: job indices where j€N .

i: agent indices where i€M .

k: resource indices where k€R .

Parameters

pijk: processing time for job j on agent i and resource k
bi: capacity for agent i on resource k

_(1;if agent i capable of assigning job j
ni=1o; 0.w.

M: very large positive number
Decision variables

_ (L;if job jis assigned to agent i
Xi= o; 0.w.
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Lmax: maximum completion time

Model

Min Z= Lmax @)
s.t.

2 DijicXij< bik Vi k )
Xixi=1 V] (3)
2k 2j PijicXij< Limax Vi 4
X< hij Vi, j (5)
i€ {0,1} Ve Linax >0 (6)
Constraint (1) shows the objective function,

minimization of the maximum completion time.
Constraint (2) ensures agent capacities are not
exceeded. With constraint (3), each job is assigned to
an agent. The constraint (4) calculates the completion
of the last job. The constraint (5) ensures agent
qualifications are satisfied. Constraints (6) are the sign
constraints.

Table 1: Parameters of pijk

pijl pij2 pij3
1 2 3 4/1 2 3 4|1 2 3 4
18 25 6 5|10 23 37 42(36 31 25 14
45 41 17 719 10 40 15|19 46 15 8
44 13 18 10|10 36 9 17|46 9 11 32
37 28 45 5|6 28 25 14|10 25 41 15
6 31 45 29|24 29 49 35(42 37 9 17
37 41 4 11|17 4 30 47|37 38 11 34
6 44 30 36|23 40 14 10|45 21 33 12
20 25 28 46|42 44 23 11| 9 45 26 29
21 14 39 14|28 5 27 32|41 44 31 32
34 47 48 41128 8 21 33|48 12 15 32
32 44 45 17| 4 45 21 45|23 11 16 17
32 11 20 44|21 43 25 6 |39 26 5 47
37 45 8 32|46 17 47 24|20 25 15 11
12 27 22 38| 5 29 12 40|14 10 5 33
34 29 13 24|33 11 16 35|13 36 4 42

© 00 N O O B W N P |=-

[ o e
g A WO N P O

The problem is also explained by an example. In the
example, there are 15 jobs, 4 employees (agents) and 3
shifts (resources). Table 1 shows pijx values. hi; and bj
parameters are given in Table 2 and Table
3,respectively.

Example: 15 jobs, 4 employee (agent) and 3 shifts
(resource)

Table 2: Parameters of h;;

i |hij
1 2 3 45 6 7 8 9101112131415

1l/01 0101100101101
2/101110110111101
3|10 1 1101101101110
4/1 01 111111101111
Table 3: Parameters of bjk

i bik

1 2 3

1 138 102 147

2 120 100 110

3 130 132 95

4 90 105 100

In the best solution, jobs 2, 7 and 10 are assigned to
agent 1; jobs 11, 13 and 15 are assigned to agent 2; jobs
3,6,9, 12 and 14 are assigned to agent 3; jobs 1, 4, 5,
and 8 are assigned to agent 4. Loads of the agents are
254, 263, 269 and 262, respectively. The objective
function value is 269.

3. Multi-start iterated tabu search algorithm

Since the problem is NP-Hard, a multi-start iterated
tabu search algorithm has been proposed to solve large
problem instances.

The iterated local search algorithm is a heuristic
algorithm that has three basic stages. The first stage is
the generation of the initial solution. At the second
stage the solution is improved by a local search method.
The third stage is the perturbation stage. The steps of
the iterated local search algorithm are given in Figure
1. Once the initial solution is obtained, the algorithm
repeats the local search and perturbation steps until the
stopping criterion is achieved. If the solution obtained
from the local search is better than the current solution,
the solution is considered to be the current solution. The
perturbation mechanism is intended to escape from
local optimal. In the perturbation phase, the solution is
changed slightly.

Iterated local search algorithm is applied to many
combinatorial optimization problem successfully.
Iterated local search algorithm is proposed for the
scheduling problem [32], vehicle routing problem [33-
36], quadratic assignment problem [37], quadratic
knapsack problem [38], hub location problem [39] and
shift scheduling [40].

Firstly, abbreviations used in algorithm are given:
So)m): Initial (current) (neighbor) solution;
SP: Perturbated solution;

Eoqm: Obj. func. value of the initial (current)
(neighbor) solution;



40 G. Bektur / IJOCTA, Vol.10, No.1, pp.37-46 (2020)

CL.: Set of jobs;

TLL: Tabu list length;

V: maximum iteration number of TS;
MTLS: Maximum tabu list size;

Epest: Objective function value of the best solution;
maxStart: Multi- start number of the algorithm

In this study, multi- start iterated tabu search algorithm
is proposed for the multi resource bottleneck
generalized assignment problem. Different features
have been used to increase the success of the proposed
algorithm.

Procedure ILS
Generate initial solution So;
Apply local search procedure to Sp and obtain S™;
While termination condition not meet
Apply perturbation to S*and obtain SP;
Apply local search procedure to SP and obtain S”';
If f(S"")<f(S*)
S*e-S'":
End
End
Figure 1. Algorithm of the iterated local search

One of the important features of the proposed algorithm
is to start the search process multiple times. This feature
provides diversification. Initial solution of the
algorithm is generated by randomly or by a greedy
algorithm. Throughout our preliminary experiments, it
was observed that the algorithm reached better
solutions faster by using greedy algorithm as an initial
solution finding mechanism. However, only the use of
the greedy algorithm caused starting with very similar
solutions. Thus, random solutions also taken as an
initial solution for the investigation of the unexplored
regions in the search space. For this, a random number
is derived. If this random number is greater then g (a
predetermined parameter) the algorithm uses the
greedy algorithm. Otherwise random initial solution is
generated. TS algorithm is used as a local search
algorithm. The TS algorithm and perturbation
mechanisms are applied respectively until the stopping
criterion is achieved. Once the stopping criterion has
been achieved, an initial solution is generated again and
the steps are repeated until the number of multiple
starting is reached.

In the next section, initial solution finding mechanisms,
TS algorithm used in local search, perturbation
mechanism and all steps of algorithm will be described.

3.1. Initial solution finding mechanism
3.1.1. A greedy construction heuristic

When generating the initial solution, a job is assigned
to the agent with the smallest completion time as
possible. For this, pj values are calculated using

Equation 7. pjj denotes the total completion time of the
job according to agent on the basis of resource.

Pi=Xk Pijk Vi )

The pj;j values are sorted in ascending order and the spj
matrix is obtained. The aim is to assign the job to the
first agent in the spjj matrix. However, since each agent
has a capacity and agent qualifications are taken into
account, the agent cannot be assigned to first agent in
the spij matrix. If the job is not assigned to the first
agent, the job is assigned to second order of the agent
in the spj; matrix. Algorithm is repeated until each job
is assigned to an agent and a solution is obtained. The
algorithm is given on Figure 2.

3.1.2. Random initial solution

In the random solution finding algorithm, the randomly
selected job j* is assigned to the randomly selected
agent i*. If job j* is not assignable to i*, another agent
is randomly generated. The algorithm is working until
a solution is obtained.

3.2. Local search algorithm

The TS algorithm was used as the local search
algorithm in the proposed heuristic method.

Two methods are used to generate the neighboring
solutions from current solution. The first method is to
assign each job in the agent with the largest completion
time to the other agents. The other method is the
reciprocal displacement of jobs in the agent with the
largest completion time with the jobs in other agents.
All solutions are derived from the current solution by
using neighboring solution generation methods.

The best of these solutions is taken, and if the
movement in the generation of the neighbor solution is
not in the tabu list, the solution is taken directly as the
current solution. If a movement is made in the tabu list
and the solution is not a better solution than the best
solution, the neighbor solution with the second smallest
objective function is chosen and the same test is also
applied to this solution. This step is repeated until a
solution is accepted.

The length of the tabu list is considered as fixed, and
when the tabu list is full, the movement that has been in
the list for the longest period is deleted. It is forbidden
to carry out the movements in the tabu list. If a better
solution is obtained than the best solution, the tabu is
eliminated and the relevant solution is taken as the
current solution.

If the solution is obtained as a result of the use of the
first neighboring method, the job and the relevant agent
are added to the tabu list. The movement of this job to
the relevant agent during the tabu is prohibited. If the
solution is obtained as a result of the use of the second
neighboring method, replacement of these jobs is
prohibited. The algorithm works until it reaches the
predetermined number of iterations. The steps of the
tabu search algorithm are given in Figure 3.
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Procedure a greedy construction heuristic
Input: pijk, hij, bik, SP;j
Output: Initial solution (So), Objective funct. value of
So (Eo)
exitl«0, n'«0; CL«—{1,...,n}
While exit1==0
exit2«+—0; x«1; flag«0;
While exit2==0

Select the job j* randomly from the CL and assign
the j* to the x th order of the agent in the spip
matrix;

Fork=1tor
If Disk<pixjk OF hixjx==0
flag—1;
End
End
If flag==1
X—Xx+1;
Else
exit2«1; n'—n'+1;
Dixe—bixK-pixju; CL—CL\{j*};
End
If X==m
exit2«—1; n'«0; Initialize CL and bi;
End
End
Ifn'==
exitl«1;
End
End
Figure 2. Greedy Construction Heuristic

Procedure TS algorithm

Input: pijk, bik, hij, m, n, r, v, MTLS, Sq, Eo
Output: Near optimal solution (S¥)
S*So; E"Ep; SceSo; Ec—Eo; TLL«1;
While iter<v

Generate neighbor solutions and sort ascending
order according to obj. func.value (Sy %); te1;
check«O0;

While check==0

If the movement of S, ' not tabu or En'<Epest
SceSnt; EcEnt;
Insert the movement of S at the tabu list;
TLL<TLL+1; checke1;

Else
te—t+1;

End

End
If TLL==MTLS+1
Delete the first element in the tabu list;
TLL&1;
End
If Ec<E"
S"S.; E"<Eg;
End
iter—iter+1;
End
Figure 3. Tabu search algorithm

3.3. Perturbation mechanism

The iterative local search algorithm uses the
perturbation mechanism to escape the local optimal. If
the perturbation is too strong, the algorithm can move
away from promising regions. If perturbation is too
small, the algorithm may loop in previously searched
regions. Therefore, it is very important to determine the
appropriate perturbation length. With perturbation, a
new solution (S") is derived from one of the methods
of the neighboring solution from the current solution
(S"). If objective function value of S is less than
objective function value S’, then the perturbated
solution will be S".

If S" is accepted, the value Y is increased by A.
Otherwise, a new S”’ solution is derived. A is taken as a
value between 0 and 1. If the number of consecutive
rejected solutions reaches a predetermined value
(maxTry), the value of Y is increased by A. The
algorithm works until the number of applied moves
equal to pertLength. The perturbation mechanism is
given in Figure 4.

Procedure Perturbation

Input: S’, pertLength, A, maxtry
Output: Sp

p1; Y1+ 24; Spe=S"; try«0;
While p<pertLength

Generate a random solution S’', from S’ by
applying a randomly selected neighborhood structure;

Iff(S")<Y* f(S')
SpS""; Y= Y + A; pe—p+1; try«0;
Else
try<«—try+1;
If try>maxtry
Y Y+ try—0;
End
End
End
Figure 4. Perturbation mechanism
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3.4. Steps of the algorithm

The steps of the proposed multistart iterated tabu search
algorithm are given in Figure 5.

Procedure MS- ITS

Input: problem data, maxStart, A, maxTry, pertLength,
v, MTLS, g, maxiter

Output: Near optimal solution (S”)
For s=1:maxStart
pertLength«—1;
Generate a random number rnd;
If rnd<q

Construct a random initial solution So with the
objective function Eg;

(So,E0)<—RandominitialSolution(problem data)
Else

Construct an initial solution S with the objective
function Eg using greedy algorithm;

(So,E0)«—GreedylnitialSolution(problem
data,spij)
End

(S",E")«TabuSearchAlgorithm(problem data,
v, MTLS,So,Eq)
§'=S*; E'=E*;
While iteration<maxiter
(SP,EP)«—Perturbation(pertLength,A,maxtry, S’,
E")
(8", E'"«TabuSearchAlgorithm(problem data,
v, MTLS,SP,EP)

If E"<E"
S'—S""E"—E";
End
iteration« iteration+1;
End

End
Figure 5. Steps of the algorithm

4. Computational results

The success of heuristic algorithms strongly depends
on the selection of the right parameters. The parameters
of the heuristic are maxStart, A, maxTry, pertLength, v,
MTLS, maxiter and g. Taguchi experimental design
(TED) reduces the number of experiments and it is a
successful method for determining the parameters of
heuristic algorithms. If the number of parameters is
high TED is preferred because it reduces the number of
experiments [41]. The parameters of the algorithm were
determined with TED due to proposed algorithm has
many parameters. Factor levels are given in Table 4.
There has been 8 factors and 3 levels. L27 orthogonal
array is selected. Since the objective function of the
problem is minimization, smaller-the-better type
function is selected for the Taguchi design. S/N ratio is

given below (Eqg- 8). n is the number of observations in
each experiment and Y is the objective function value.

SIN ratio= —10 * log (% m, Yiz) (®)

Table 4: Factor levels

Factors Levels

maxStart (A) 10; 15 and 20

A (B) 0.02; 0.03 and 0.04
maxTry (C) 25,50 and 75
pertLength (D) 10; 20 and 30

v (E) 500; 750 and 1000
MTLS (F) 40; 60 and 80
maxiter (G) 50; 75 and 100
q(H) 0.3;0.4and 0.5

In this study, instead of applying TED to each test
problem, the following test problems were selected and
TED was applied. In Table 5 selected test problems and
determined parameters are given. In the selected
problems, U [15,25], number of agent is 10 and number
of jobs is 200. The largest problem size was preferred.
Test problems are generated as described in the study
by Karsu and Azizoglu [3].

Table 5. Selected test problems and determined
parameters

c hj, AB C DE F G H
14 1 10 004 25 10 500 80 50 0.4
07 10 002 25 20 500 40 50 0.4
16 1 10 003 50 20 500 60 50 05
07 10 002 50 10 500 40 50 0.3

Response table of S/N ratios for the test problem with
c=1.4 and h=1 in Table 6.

Table 6. Response table of S/N ratios

Factors S/N Ratio
1 2 3

A -63,30 -63,32 -63,33
B -63,31 -63,30 -63,27
C -63,14 -63,17 -63,16
D -63,26 -63,31 -63,34
E -63,08 -63,21 -63,10
F -63,32 -63,30 -63,26
G -63,13 -63,30 -63,25
H -63,31 -63,26 -63,32

According to the highest S/N values, the levels of the
factors are determined and given in Table 5. Taguchi
experimental design is analyzed using Minitab 16 for
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Windows (Minitab Inc.).

The MILP model was coded in GAMS 24.1.3 program
and the Cplex solver was used. Heuristic algorithms
were coded in the MATLAB R2012b and implemented
on an Intel (R) Core ™ i7- 5500 U CPU at 2.40 GHz
with 12 GB of RAM memory and the Windows 10
operating system. The proposed algorithm is compared
with the Tabu Search algorithm. The tabu search
algorithm and the proposed algorithm were run in equal
iterations. For this reason, the tabu search algorithm has
been run with a (maxStart * v * maxiter) number of
iterations. The neighbor generation of the TS algorithm
is same with proposed heuristic approach. The results
of the proposed algorithm, the tabu search algorithm,
and the MILP (mixed integer linear programming)
model are given in Table A1-A2. In Table Al agent
number is 5 and job numbers are 75 and 100. In Table
A2 agent number is 10 and job numbers are 150 and
200. The problem specifications including the number
of jobs, distribution of the processing times, the value
of the c, probability of the parameter h;; are given in the
first, second, third and fourth columns, respectively.
The MILP solution and CPU time, iterated local search
solution and CPU time of the algorithm, TS solution
and CPU time are given in Table A1-A2. The results of
the ILS and TS algorithms are compared by the MILP
solution. The heuristic error was calculated as follows:
Heuristic solution—MILP solution
- %100
MILP solution

In the study, 48 test problems were solved by MILP
model, ILP algorithm and TS algorithm. The success of
the proposed algorithm is shown by comparing the
results of the MILP model and TS algorithm. The
proposed heuristic algorithm gave better results than
TS algorithm in all test problems except 2 test
problems. ILS algorithm gave the same result with TS
for 5 test problems. The average error rates in heuristic
algorithms according to the number of jobs are given in
the Table 7.

%Error =

Table 7. Average error according to job number
Average Error

Job number

ILS TS
75 0 0,31
100 0,005 0,28
150 0,005 0,87
200 0,13 1,23
Average 0,035 0,6725

The proposed heuristic algorithm found the optimal
results for test problems with 75 jobs. When the number
of jobs is taken as 100, ILS found the optimal results in
all test problems except 1 test problem. MILP model
cannot find the best results for test problems with 150
jobs at 3600 sec. The proposed heuristic algorithm
found a better solution in a shorter time than the MILP
model for 5 test problems out of 12 test problems.
When the number of jobs was 200, the ILS algorithm

gave better solutions for 6 test problems out of 12 test
problems in a shorter time than the MILP model. If the
tables are interpreted considering the number of agents,
the MILP model found optimal solution for all test
problems with 5 agents. The proposed heuristic
algorithm found optimal solution for test problems with
5 agents except 1 test problem. MILP model could not
find the best solution in 3600 seconds for test problems
with 10 agents. The proposed heuristic algorithm
provided better solution in 11 test problems out of 24
test problems in a shorter time than the MILP model.
When the number of agents was 10, the TS algorithm
provided a better solution for only 2 test problems than
the ILS algorithm. The proposed heuristic algorithms
were run in equal iteration number and ILS algorithm
provided solutions in a shorter time than TS algorithm
for all test problems. As a result, ILS algorithm
displayed better performance than TS algorithm for
MRBGAP.

5. Conclusion

In this article, multi-resource agent bottleneck
generalized assignment problem (MRBGAP) is
considered. The MRBGAP problem is the generalized
version of GAP and is a more difficult problem to solve.
However, many studies in the literature propose
heuristic algorithms for GAP. Agent qualifications are
examined firstly with this study for the MRBGAP. Due
to the NP hardness of the problem, a multi- start iterated
tabu search algorithm is proposed for the solution of the
problem. In addition, proposed heuristic algorithm is
compared with TS algorithm. According to
experimental comparisons, ILS algorithm yielded
better results than TS algorithm. ILS algorithm found
better results than the MILP model in a shorter time for
10 agents. With this study, large problem instances are
generated for MRBGAP. This study is the first to use
ILS algorithm for the MRBGAP. Future studies will
focus on matheuristic algorithm, other meta heuristic
algorithms and stochastic version of the problem.
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Appendices
Table Al. Five agent and 75 or 100 jobs (* denotes optimal solutions)
MILP ILS TS

n pijl ¢ hij Solution CPU Solution  CPU  %Error  Solution CPU  %Error
75 U[B25] 14 1 697,35 * 0,49 697,35 45,22 0 699,77 85,79 0,35
75 U225 14 07 7283 * 1,08 7283 27,41 0 729,64 40,42 0,19
75 U[B25] 16 1 57427 * 131 574,27 48,98 0 575,07 82,75 0,14
75 U[25] 16 0,7 81446 * 12 814,46 20,13 0 814,46 42,42 0
75 U[1525] 14 1 11539 * 081 11539 35,26 0 11539 82,19 0
75 U[15,25] 14 0,7 121956 * 17 121956 22,19 0 1220,53 45,42 0,08
75 U[1525] 16 1 115764 * 142 1157,64 39,84 0 1169,14 88,46 1
75 U[1525] 16 0,7 97886 * 1,03 978,86 20,46 0 978,86 42,46 0
75 U[2535] 1,4 1 1806,47 * 3,56 1806,47 41,21 0 1812,16 85,64 0,32
75 U[25,35] 14 0,7 191514 * 257 1915,14 25,12 0 1915,14 41,53 0
75 U[2535] 16 1 177045 * 27 1770,45 41,54 0 1775,76 86,79 0,3
75 U[25,35] 16 0,7 1921,74 * 1,25 1921,74 21,89 0 1948,96 48,86 1,42
100 U[525] 14 1 814,47 * 28 814,96 81,69 0,06 818,29 102,85 0,47
100 U[525] 14 0,7 91757 * 176 917,57 67,88 0 917,57 85,69 0
100 U[525] 16 1 86059 * 553 860,59 82,87 0 861,32 105,18 0,09
100 U[5,25] 16 0,7 100828 * 0,89 1008,28 61,95 0 1008,28 80,25 0
100 U[1525] 1,4 1 152229 * 544 1522,29 89,22 0 1522,49 109,18 0,02
100 U[1525] 1,4 0,7 161618 * 1,43 1616,18 69,28 0 1628,33 81,43 0,76
100 U[1525] 16 1 153762 * 2,18 1537,62 87,87 0 154582 106,17 0,54
100 U[1525] 1,6 0,7 164526 * 2,06 164526 68,51 0 1649,96 88,88 0,29
100 U[25,35] 14 1 245196 * 55 245196 86,54 0 246393 101,6 0,49
100 UJ[25,35] 1,4 0,7 251461 * 4254 2514,61 64 0 251461 87,67 0
100 U[2535] 16 1 24357 * 441 24357 83,75 0 2451,57 107,62 0,66
100 U[25,35] 1,6 0,7 26459 * 3,59 26459 55,88 0 2647,86 80,86 0,08
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Table A2. Ten agent and 150 or 200 jobs

G. Bektur / IJOCTA, Vol.10, No.1, pp.37-46 (2020)

MILP ILS TS
n pijl ¢ hij Solution CPU Solution CPU  %Error  Solution CPU  %Error

150 U[525] 14 1 500,19 3600 501,18 1656,85 0,2 501,68 22585 0,3

150 U[5,25] 14 0,7 568,62 3600 562,13 125845 -1,14 570,8 18746 0,38
150 U[525] 16 1 487,87 3600 489,23 184574 0,28 499,49 21568 2,38
150 U[5,25] 16 0,7 585,68 3600 588,74 115241 0,52 587,16 17457 0,25
150 U[15,25] 14 1  1068,17 3600 1069,5 198512 0,12 1071,63 22753 0,32
150 U[15,25] 1,4 0,7 111584 3600 111414 1158,46 -0,15 1120,07 18564 0,38
150 U[15,25] 16 1 1062,19 3600 1064,89 158545 0,25 1074,3 20419 1,14
150 U[15,25] 1,6 0,7 111128 3600 111423 985,12 0,27 1119,24 17652 0,72
150 U[25,35] 14 1 168383 3600 168355 1289,13 -0,02 1684,24 22565 0,02
150 U[25,35] 1,4 0,7 176641 3600 17625 125845 -0,22 1784,49 19464 1,02
150 U[25,35] 16 1 168586 3600 1684,28 1365,75 -0,09 1720,34 2178,7 2,04
150 U[25,35] 1,6 0,7 1770,04 3600 177095 1058,43 0,05 1798,02 18455 1,58
200 U[5,25] 14 1 655,5 3600 660,76 215652 0,8 658,02 29854 0,38
200 U[5,25] 14 0,7 748,35 3600 752,63 198563 0,57 762,46 24411 1,89
200 U[525] 16 1 666,2 3600 670,19 204512 0,6 669,13 28743 0,44
200 U[5,25] 1,6 0,7 769,65 3600 766,38  1756,42 -0,42 789,1 20455 2,53
200 U[15,25] 14 1 142566 3600 142528 237841 -0,03 142537 2796,1 -0,02
200 U[15,25] 1,4 0,7 149456 3600 1494,46 1974,23 -0,01 1499,15 22486 0,31
200 U[15,25] 16 1 1432,5 3600 143154 268542 -0,07 1498,45 22139 4,6

200 U[15,25] 1,6 0,7 146553 3600 1468,01 154578 0,17 1496,42 2016,2 2,11
200 U[25,35] 14 1 2251,16 3600 2250,43 198545 -0,03 2289,15 28453 1,69
200 U[25,35] 1.4 0,7 233899 3600 2339,41 184512 0,02 233995 21562 0,04
200 U[25,35] 16 1 223467 3600 2232,55 215645 -0,1 2256,78 28453 0,99
200 U[25,35] 1,6 0,7 233087 3600 2333,75 1585,12 0,12 2328,86 20459 -0,09
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Nonlinear equations arise frequently while modeling chemistry, physics, econ-
omy and engineering problems. In this paper, a new iterative approach for
finding a solution of a nonlinear equations system (NLES) is presented by
applying a linearization technique. The proposed approach is based on com-
putational method that converts NLES into a linear equations system by using
Taylor series expansion at the chosen arbitrary nonnegative initial point. Us-
ing the obtained solution of the linear equations system, a linear programming
(LP) problem is constructed by considering the equations as constraints and
minimizing the objective function constructed as the summation of balanc-
ing variables. At the end of the presented algorithm, the exact solution of
the NLES is obtained. The performance of the proposed approach has been

demonstrated by considering different numerical examples from literature.

(cc)

1. Introduction

Numerical analysis and computers are intimately
related with each other regarding to solve mathe-
matical problems. With the development of com-
puters, numerical methods have been increased
for solving scientific and engineering problems.
The numerical methods are used to find approxi-
mate solution of such problems because it is not
possible to obtain exact solution by using alge-
braic processes. One of the most important issues
for solving NLES in science and engineering is to
find a solution that is frequently arising in op-
timization and computational mathematics. Be-
cause NLESs cannot be solved as easily as linear
systems, iterative methods are improved as a new
class of numerical solution methods.

Iterative method is a procedure repeated over and
over again to find either the root of an equation or
the solution of an NLES. In numerical methods,
the sequence of approximate solutions converges
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to the root of the system. If the convergence rate
of an iterative method is rapid, then a solution
may be found in less iterations compared with
other methods. As the iterations begin to have
successive same values, this is an indication that
the obtained solution is the exact solution of the
NLES. However, when the obtained solution of
the system does not converge, it is indicated that
there is an error in the computations or there is
no solution. Therefore, an NLES has finite or infi-
nite number of solutions or no solution. There are
numerous conventional methods to solve NLESs
having algebraic and transcendental equations.
One of the most popular and traditional numer-
ical methods is Newton method which is widely
used for finding roots of the NLES. This method
is based on Taylor series expansion of a function,
and converges rapidly to the exact solution of the
NLES. It can be presented as an advantage that
Newton method requires less iterations to reach
the solution compared to other known methods.
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Another advantage of the Newton method is the
framework is clear, and therefore it can be used to
solve a variety of problems. On the contrary, due
to the difficulty in computation of both Jacobian
matrix and its inverse at each iteration. Using
the Newton method would be time-consuming re-
garding to the size of the system. To avoid these
impracticabilities, some developments and modi-
fications are made to the Newton method, such
as Quasi-Newton method, Dimension Reducing
method, Modified Reducing Dimension method
and Perturbed Dimension Reducing method.

Grapsa and Vrahatis [I] reviewed a class of meth-
ods for solving NLESs and optimization problems
named Dimension Reducing methods. Frontini
and Sormani [2] extended to p-dimensional case
the modification of Newton method. This method
is used to solve NLES and compared with Newton
method and Halley-Chebyshev method. Babo-
lian et al. [3] extended the Adomian decomposi-
tion method for solving the NLES. Nie [4] trans-
formed the NLES into a constrained nonlinear
optimization problem and used null space algo-
rithm to solve the problem. Also, Nie [5] proposed
a new approach by converting an NLES into a
constrained nonlinear programming problem, and
solved this problem by using a line search se-
quential quadratic programming approach. Jafari
and Daftardar-Gejji [6] suggested a modification
of Adomian decomposition method and demon-
strated that series solution obtained converges
faster than that of standard Adomian decomposi-
tion method. Darvishi and Barati [7] presented an
iterative third-order Newton-type method based
on Adomian decomposition method for solving
NLESs. Golbabai and Javidi [§] considered ho-
motopy perturbation method to construct an it-
erative method for solving the NLES, compared
the results with that of the revised Adomian de-
composition method in [6] obtained, and showed
the accuracy and fast convergence of the proposed
method. Biazar and Ghanbary [9] constructed
a new iterative approach based on the concept
of Jacobi method and presented the effectiveness
of the proposed method as the number of equa-
tions and variables increases. Grosan and Abra-
ham [10] proposed a novel approach transforming
NLES to a multiobjective optimization problem
and revealed that it deals with the large scale
system of equations. Hosseini and Kafash [I1]
presented an algorithm based on Adomian de-
composition convergence basis method for solv-
ing functional equations. Gu and Zhu [12] pre-
sented an effective filter algorithm for solving both

the nonlinear systems of equalities and inequali-
ties. They transformed the system into a non-
linear programming problem, and used the non-
monotone technique and the global line search
strategy in the algorithm. Vahidi et al. [I3] im-
plemented the restarted Adomian decomposition
method for solving the NLESs and showed that
the proposed method converges to the exact so-
lutions more rapidly than the Adomian decom-
position method. Sharma and Gupta [14] pre-
sented two iterative methods for solving NLES.
One of the methods is a third-order method hav-
ing two-steps which are the Newton iteration and
the weighted-Newton iteration, respectively. The
other method is a fifth and sixth-order method
having three-steps of which the first two steps are
same as that of third-order method and third step
is the weighted-Newton iteration again. Wang
and Pu [I5] proposed a nonmonotone filter trust
region method to solve the NLES. The system
is converted to a nonlinear programming prob-
lem in which some equations are treated as con-
straints whereas the others are taken as objec-
tive function. Zhang [16] reviewed some meth-
ods, especially iterative methods, of solving sys-
tem of nonlinear equations in the technical re-
port. Dhamacharoen [I7] proposed a new hy-
brid method having less computations than oth-
ers. This hybrid method is composed of two meth-
ods that are the Newton method and the Broyden
method. The proposed method is compared with
the Newton method and the Darvishi—Barati
method [7], and it is seen that the number of
computations is fewer than the compared ones
even if it requires more iterations to reach the
solution. Izadian et al. [I8] proposed a new ap-
proach combining Newton method and Homotopy
Analysis method to solve the algebraic and tran-
scendental equations system. The main purpose
of this combined approach is to accelerate the
rate of convergence and to obtain the local con-
vergence. Narang et al. [I9] presented a fourth
order two parameter Chebyshev-Halley like two-
point family for solving the nonlinear equations
of large-scale systems. Saheya et al. [20] pre-
sented an improved Newton method based on it-
erative rational approximation model. Wang and
Fan [21] presented two high computational effi-
cient derivative-free iterative methods. The meth-
ods have low computational cost by reducing the
number of lower-upper decomposition of matrix
in each iteration. Xiao and Yin [22] presented
a technique using the extended Newton iteration
for increasing the order of convergence for iter-
ative methods. They applied the proposed tech-
nique to several known methods and obtained new
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methods having higher order of convergence. Bal-
aji et al. [23] solved the NLES by using the inte-
grated restarted Adomian decomposition method
and Adomian decomposition method. Madhu et
al. [24] proposed a new method which is an im-
provement of double-step Newton method. It is
two-step fifth-order method in which two func-
tions and two first order Frechet derivatives are
used. Sharma and Arora [25] proposed Newton-
like iterative methods of fifth and eighth-order of
convergence to solve NLESs.

There are numerious traditional approaches such
as Muller method and the Secant method for solv-
ing NLESs, however, these methods have many
shortcomings. The methods are very sensitive
to the choice of initial values and may show os-
cillatory behavior or even diverge in the case of
closeness between the initial value chosen and the
root of the system [26]. Moreover, most of these
methods require continuously differentiable non-
linear equations. To avoid the negative aspects of
the traditional methods, some approaches based
on metaheuristic optimization methods such as
Genetic Algorithm, Particle Swarm Optimization,
Simulated Annealing have been presented. These
methods are used with no assumptions about
the function being optimized such as smoothness,
convexity or differentiability. Dai et al. [27] mixed
Genetic Algorithm and quasi-Newton method for
solving NLES. Hirsch et al. [28] proposed a mod-
ified metaheuristic GRASP method in which all
roots are found through the multiple minimiza-
tions of an objective function to find all real solu-
tions of NLES. Pourjafari and Mojallali [26] pro-
posed a novel optimization-based method finding
all real and complex roots of a system.

In this paper, we introduce a new iterative ap-
proach to solve an NLES as an optimization prob-
lem. By means of the first order Taylor series
expansion and by choosing an arbitrary nonnega-
tive initial point, a system of linearized equations
is solved at each iteration. New variables are ob-
tained by adding balancing variables to the ini-
tial solution of the system of linearized equations,
and then Maclaurin series expansion is used to
linearize the NLES reconstructed by substituting
these new variables in the system. At each iter-
ation, a LP problem is constructed of which the
linearized equations are considered as constraints
whereas the objective function is the minimiza-
tion of the summation of balancing variables. The
iterative approach is processed until all ballancing
variables are zero, and the optimal solution of the
NLES is found.

The organization of the paper is as follows. In
Section 2, some brief information is given. In sec-
tion 3, the proposed approach is presented. In
Section 4, some numerical examples and results
are demonstrated and the paper ends with con-
clusion at Section 5.

2. Preliminaries

In this section, some definitions are given related
with the proposed approach. In this paper, it is
assumed that each equation in the NLES are con-
tinuously differentiable.

Definition 1. [29]/ An NLES is a set of equations
as follows:

f1 (1}1,...,$n) =0
f2 (1?1,...,$n) =0
fm (:L‘l,...,!L‘n) =0
where (21,...,x,) € R" is a vector, z; € R,

(j=1,...n) and each f;(x), (i=1,....,m) is a
nonlinear real function.

Definition 2. A solution of an NLES having
m equations in n wvariables is a point A =
(a1, ...,an) € R™ such that

filar,....an) = = fm(a1, ...

Definition 3. A function f is continuously dif-
ferentiable if and only if the first (and possibly
higher) order derivative of f is continuous.

,ap) = 0.

Definition 4. [29] Taylor series expansion gen-
erated by f(x) at x = a is

f(a) + f'(a)(z — a)

1 1
o (@) - a)?

1
+...+mf(")(a)(x—a)n+....

flz) =

For linearization,

f(@) + f'(a) (& — a) = 0
is considered. Accordingly, the first two terms of

Taylor series expansion generated by f(x1,...,xy)
at A = (ay,...,an), i.e.

0 0
f(A)“‘aTle(A)(xl—al)*" : '+87%f(14)($n—@n) =0
linearizes the function f in n variables.

Definition 5. [29] A set of vectors converges if
the norm is zero, 1i.e.
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g (ak—ak )2 =0

where k is the number of iterations. The vector
x = (x1,...,2y) is the root of the function if it sat-
isfies that | fi(z)| <€, i =1,...,m where e > 0 is
a given tolerance.

3. The proposed approach

A linearization method based on Taylor series ex-
pansion is adopted. Each nonlinear multi vari-
able function of the NLES given in Definition 2.1
is considered as f;(z1,...,25), (i = 1,...,m) and
A = (ay,...,ap) is a nonnegative chosen point.
By using the linear terms of Taylor series gener-
ated at the point A as presented in Definition 2.4,
each original nonlinear equation of the NLES is
reduced to a linear equation. Because the higher
order terms will be close to zero while x; is suffi-
ciently close to a;, we omit them to obtain the
approximation. Thus, by using the expansion,
each nonlinear function f; in n variables is lin-
earized and a linear equations system is obtained.
Using the linear equations system obtained, the
algorithm generated to solve NLES is presented
below.

Step 1. Load an NLES having m equations in n
variables such that

fi(z1, .y n) =0
fa(m1, :xn) =0 0
fm(x1, .oy z) = 0.

Step 2. Choose any initial arbitrary nonnegative
point such that A = (ay, ..., ap).

Step 3. Linearize each equation in (1) by gener-
ating Taylor series expansion at the chosen point
A, and construct a linear equations system having
m equations in n variables as follows

F1(A) + gl%g% —a;)=0

Step 4. Solve the linearized equations system
(@), and obtain a solution (Z1, ..., Zp).

Step 5. Counsider the solution (z1, ..., Z,) and in-
troduce new variables Z;, (j = 1,...,n) by adding

balancing variables

Tj=Tj+u; —v; (3)

where u; and vj, (j = 1,...,n) are nonnegative and
defined as 0 <u; <land 0 <v; < 1.

Step 6. Substitute the new variables ([B]) in the
NLES ().

Step 7. Linearize the NLES obtained in Step 6
by generating Maclaurin series expansion.

Step 8. Construct a LP problem such that

Min >0, (uj +v;)

s.t.

f (U',U‘) =0

For (uyv7) = 0 4)

foni (115, 05) = 0

where the subscript L defines the linearization,
and solve ().

Step 9. If all u; and v;,(j = 1,...,n) are zero,
zj,(j = 1,...,n) is a solution for the NLES (),
and STOP. Else, determine Zj, assign Z; to T,
go to Step 5, and continue. o

The flowchart of proposed approach is given in
Figure [1l

4. Numerical experiments

Example 1 7] Consider the following NLES:

r1+220—3=0 (5)
222 + 22 -5 =0.

Linearize each equation in (B]) by generating
Taylor series expansion at arbitrary nonnegative
point A(3,5). Thus, we have the following lin-
earized equations system as

1+ 229 =3 (6)
1221 + 1029 = 48.

The solution of linearized system (@) is (x1,z2) =
(4.7143,—-0.8571). Then, introduce new variables
xr1 = 4.7143 4+ uy — vy, x2 = —0.8571 + ug — v9,
respectively, and substitute these variables in the
NLES ([@)). After linearizing the NLES (&) by gen-
erating Maclaurin series expansion, the following
LP problem is constructed:
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START

Load a NLES (1) having m equations and n variables

t

‘ Choose any initial arbitrary nonnegative point ‘

{

Linearize each equation in (1) by expanding Taylor series at the
chosen point and construct a linear equations system (2)

i

Solve (2) and find a solution

'

Introduce new variables (3) by adding balancing variables

!}

Substitute the new variables (3) into the NLES (1)

!}

Linearize reconstruscted NLES by expanding Maclaurin series

!}

Construct a LP problem (4) and solve (4) ‘

Are all balancing variables zero?

Yes

¥

Asolution is found for the NLES (1)

t

STOP

Figure 1. The flowchart of finding solution of NLES.

Take into account
the last point

Table 1. Summarized Results of Ex-

9 ample 1 (k is the number of itera-
Min > (u; + vj) tions).
j=1
s.t. 13 5 =
L(ur = v1) +2(uz — v2) (7) 03,0000 | 5.0000 -
+ £1£(0,0,0,0) =0 1]2.6760 | 0.1620 | 4.8488
18.8572(uy — v1) — 1.7142(us — v2) 2 [1.7892 [ 0.6054 |  0.9915
+ £2£(0,0,0,0) = 0. 3 1.5192 | 0.7404 0.3019
411.4884 | 0.7558 0.0344
5| 1.4880 | 0.7560 0.0004
6 | 1.4880 | 0.7560 0.0000

Example 2 7] Consider the following NLES:

p?+a3+a2i-1=0
202 + 23 — 43 =0 (8)

Optimal solution of the LP problem (7)) is found 302 — dgd + x% _o

as
(u1,v1,u2,v2) = (0,2.0383,1.0191,0), and it is
used to determine new variables as x1 = 2.6760 +

Linearize each equation in (8) by generating
Taylor series expansion at arbitrary nonnega-

uy — v1, r9 = 0.1620 + ug — va, respectively. This
approach is applied recurrently until all balancing
variables are found zero. The summarized results
are given in Table [I1

tive point A(1,1,1). The solution of linearized
equations system is found as (x1,x9,23) =
(0.8269,0.7308,0.4423). New variables are intro-
duced as x1 = 0.8269+u1 —v1, o = 0.7308 4+ uo —
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vo and xg = 0.4423 + ug — w3, respectively. Con-
structed LP problems are solved until all balanc-
ing variables are found zero, and the desired so-
lution is obtained after four iterations. The sum-
marized results are given in Table 21

Table 2. Summarized Results of Ex-
ample 2 (k is the number of itera-

tions).
Bl af | af [ af [[l2" -2
0 | 1.0000 | 1.0000 | 1.0000 -
110.7114 | 0.6371 | 0.3457 0.8019
21 0.6984 | 0.6286 | 0.3426 0.0158
3| 0.6983 | 0.6285 | 0.3426 0.0001
4 10.6983 | 0.6285 | 0.3426 0.0000

Example 3 [2] Consider the following NLES:

expri —x2—2=20
cosry+x2—1=0.

(9)

/ — ety =2

1cosy, +x, =1

Figure 2. The graph of Example 3.

Linearize each equation in (@) by generating Tay-
lor series expansion at point A(0,7/2). The so-
lution of linearized equations system is found as
(x1,m2) = (1,0). New variables are introduced as
x1 = 14+ u; — vy and zo = 0 + uy — ve, respec-
tively. The approach is processed and the solution
of (@) is found that is illustrated in Figure 2l The
summarized results are given in Table [3l

Table 3. Summarized Results of Ex-
ample 3 (k is the number of itera-

tions).

R oF [ o5 [l =]
0 | 0.0000 | 7/2 -

11 0.8622 | 0.3438 1.4996

21 0.8503 | 0.3402 0.0124

31 0.8502 | 0.3402 0.0001

41 0.8502 | 0.3402 0.0000

5. Conclusion

In this paper, a linearization approach is proposed
to solve NLESs. Although our approach based on
linearization using Taylor series involves more it-
erations than many other methods used in the lit-
erature, the fundamental of the approach is based
on a very basic and important formation. There-
fore, this proposed approach can be used to have
less computational complexity and easier applica-
tion and to obtain more accurate results. Numer-
ical experiments are presented from the literature
to demonstrate the ability and accuracy of the
proposed approach for solving NLES.
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This paper elaborated an effective and robust metaheuristic algorithm with
acceptable performance based on solution accuracy. The algorithm applied in
solution of the optimal control of fractional Volterra integro-differential (FVID)
equation which be substituted by nonlinear programming (NLP). Subsequently
the FIVD convert the problem to a NLP by using spectral collocation tech-
niques and thereafter we execute the grey wolf optimizer (GWO) to improve
the speed and accuracy and find the solutions of the optimal control and state
as well as the optimal value of the cost function. It is mentioned that the
utilization of the GWO is simple, due to the fact that the GWO is global
search algorithm, the method can be applied to find optimal solution of the
NLP. The efficiency of the proposed scheme is shown by the results obtained in
comparison with the local methods. Further, some illustrative examples intro-
duced with their approximate solutions and the results of the present approach
compared with those achieved using other methods. &) = |

1. Introduction

The main purpose of this essay is to introduce
an efficient approach for solving following optimal

control problem (OCP):

Problem A: Find optimal control u* and corre-

where a(t), b(t), g(t), f(t) are known and real
valued functions which are belonged to L2[0,T]
and ¢(z(s)) is a nonlinear function in terms of
the unknown function x(s).

sponding optimal state z* that minimize the qua-

dratic performance index

J =

subject to the fractional
differential (FVID) equation

D%x(t) = a(t)x(t)+b(t)u(t)+/0 (K (t,s))p(x(s))ds,

*Corresponding Author

T
[ @ 0+020 + 100 + g(0u(v) ar

Volterra

In various problems of physics, mechanics and
engineering, fractional differential equations have
been proved to be a valuable tool in the modeling
of many phenomena. There are many applica-
tions in viscoelasticity, electrochemistry, control
and electromagnetic, [IL2]. In consequence, the
subject of fractional equations is gaining much
importance and attention. Meanwhile, the study
of OCP governed by fractional integro differential
equations is also important as such systems oc-
cur in various problems of applied nature. Some
approaches for numerical solutions of fractional
optimal control problems can be found in [3H6].

(1)

integro-

(2)

55
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We need to be mindful only special cases of OCPs
can be solved analytically, so choosing the best
numerical schemes in terms of rapidity of conver-
gence and accuracy is significant. The method im-
plemented for discritizing mentioned OCP is spec-
tral method, which is one of the most accurate
method which used by several author and in dif-
ferent kind of functional problems for example see
the [7U8] and the references in. The idea is to write
the solution of OCP as a sum of Bernoulli poly-
nomials, substituting these approximations in the
OCP yields a NLP in the coefficients which can
be solved using any metaheuristic algorithm pre-
sented in the literature for solving an optimization
problem.

Among these algorithms, nature-inspired meta-
heuristic algorithms are appropriate for global
searches according to ability in exploring glob-
ally and exploiting locally. Mirjalili et al. [9]
proposed grey wolf optimizer (GWO) algorithm
inspired by the behavior of grey wolves in na-
ture. Indeed, the GWO algorithm simulated the
leadership hierarchy and hunting behavior of grey
wolves. GWO has shown a good performance
when applied to solve nonlinear continuous op-
timization problems. The GWO algorithm is also
compared with particle swarm optimization, grav-
itational search algorithm, differential evolution,
evolutionary programming, and evolution strat-
egy to confirm its results.

So, GWO is theoretically able to solve our NLP.
Some points on the advantages of the GWO have
been expressed:

e The social hierarchy helped GWO to
visit the best solutions generated over the
course of iteration.

e The encircling procedure determined a
circle-shaped neighborhood around the
solutions which can be developed to
higher dimensions as a hyper-sphere.

e The random parameters helped candidate
solutions to have hyper-spheres with dif-
ferent random radii.

e The hunting approach accepted candidate
solutions to detect the probable location
of the prey.

e Exploration and exploitation are war-
ranted by the adaptive values of two pa-
rameters.

e The adaptive values of parameters helped
GWO to efficiently trade off between ex-
ploration and exploitation.

e The GWO had only two main parameters
to be controlled.

The paper is organized as follows: In section [2]
the basic concepts about the Bernoulli polyno-
mials and how to approximate the functions in
terms of these polynomials is interpreted. Also,
the operational matrices of fractional integration
are mentioned. As we have provided some defini-
tion of fractional calculus. In section Bl the out-
line of our spectral scheme for discretizing afore-
mentioned optimal control problem and obtaining
the resulted NLP is presented. Section [ is de-
voted to explain the grey wolf optimizer algorithm
for solving the problem under consideration.

In section Bl numerical results are reported to ver-
ify the applicability of the presented method in
comparison with the other methods in the liter-
ature. Through these examples, the superiority
of these three bases functions are also discussed.
Finally, section [6l ends this paper with a brief con-
clusion and some remarks.

2. Preliminaries

In this section, we give some basic concepts we
require.

2.1. Fractional Calculus

This section, reviews some basic definitions and
notations of fractional integral and derivative
which are applied further in this work [10].

Definition 1. The Riemann-Liouville fractional
integral operator of order o, is defined by

I%¢(t) = r(la)/o (t—s)*"1¢(s)ds, a>0,t>0.
(3)

in which T'(.) denotes the Gamma function and
for oo =0, we set 1°¢(t) = £(t).

Definition 2. Let n = [a| ([.] denotes ceiling
function, [t] = min{z € Z : z > t}), the operator
D<, defined by

Deg(t) = D"I"E(1),

is called the Riemann-Liouville fractional differ-
ential operator of order ao. For a = 0, we set
D = I, the identity operator.

The one type of fractional derivative is Caputo
fractional derivative, which is frequently used in
applications.

Definition 3. The Caputo fractional derivative
of f, is defined as
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n—a n _
fo(t):{l D"¢(t), n—1<a<n,n€N,
dtnf() a=n.
(4)
Lemma 1. Let o, > 0, c1,co € R and

f(t),g(t) € L1[0,T]. Then
1) I°I°f(t) = I°1° f(t),
2) I°I9f(t) = I+ f (1),

3) DY(c1f(t) + cag(t)) =
c2DP(g(t))

Note that forn—1<a<n, neN

aD*(f(t)) +

n—1

tk
D) = €0 - €M )

k=0
hold almost everywhere on [0, 7.

2.2. An overview on Bernoulli
polynomials

Bernoulli polynomials of order m can be defined
with the following formula [11],

=3 (M @)

=0

where «;, i = 0,1, -+ ,m are Bernoulli numbers.
These numbers are a sequence of signed rational
numbers which arise in the series expansion of
trigonometric functions [I2] and can be defined
by the identity

t tt
et — 1 :Zaiﬂ' (7)

1=0

The first few Bernoulli numbers are

-1 1 -1

¥ =5 9 6 30

] = —

with ag;41 =10, i =1,2,3,---. Bernoulli polyno-
mials form a complete basis over the interval [0,
1] [I3]. These polynomials satisfy the following
formula [12]

Jo Ba®)Bm(B)dt = (~1)" 12 ay, L, (9)
m,n > 1

The first few Bernoulli polynomials are

2 —t+
3 1

H=t— 2+ 2t
Bs(t) 5 +2

Presume that H := L?[0, 1] and

Y = span{Bo, b1, -, Bm},

where m € NU{0} and f3;’s are the Bernoulli poly-
nomials. Since Y C H is a finite dimensional vec-
tor space, for every f € H, there exists a unique
Yo € Y such that

If=wolls < IIf —lls Yy ey,

in which || f|l, = \/(f, f). Here, the function yo is
called the best approximation to f out of Y. As

1Yo € Y, we may conclude that

m

FO) = o) = 3 e8(t) = CTw(),
§=0
where
V(1) = (Bo(t), Bu(D), .-, Bm(t)),  (10)
and
CT = (cg,c1,. .., cm) such that C uniquely calcu-
lated by

1
C= Q—l/ FO)(t)dt (11)
1
where Q € R™+1)x(m+1) 5 gaid the dual matrix
of ¥U(t) and given by

1
Q:/\Ilt\I/T
0

For more details about best approximation see
[13].

2.3. Bernoulli operational matrix of the
fractional integration

In in recent years, the operational matrices have
attracted researchers attention and applied to
solving problems consisted of continuous oper-
ators (such as integral, derivative, delay, etc.).
Moreover, the numerical methods via these oper-
ational matrices are easily implemented and have
the following characteristics:

¢ play a significant role as a preconditioner
in inverse problems,
¢ have higher accuracy due to their sparsity.

The RiemannLiouville fractional integration of
the vector ¥(t) given in Equation (I0) can be ex-
pressed by [4]
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IU(t) = F7¥(t), (12)
in which F'7 is the (m+1) x (m+1) RiemannLiou-
ville fractional operational matrix of integration.
Although F7 given in [4] we use the different way
and notations to show this matrix. For this pur-
pose, Assume that S

P =1y ( . ) a t7)

k=0

; <;>F(i—k+1)ak
IF'i—k+1+7)

tikar'y
(13)

Now if t*=%+7 approximated in terms of Bernoulli
polynomials we can define each elements of S =

[Sij](m+l)><(m+1) as

F(i—k+1)< 2 ) < g >ak %)

i J

T ;;o l;J M) (i —krarriry  0J = 0L
(14)
As a results F'7 can be expressed as
F1=5Q71 (15)

3. Bernoulli polynomial collocation
method

For discretization of the integro-differential dy-
namic system (2]), we express the fractional state
rate D7z(t) and control variable u(¢) in terms of
Bernoulli polynomial as

DYx(t) ~ XTW(t),
(16)
u(t) = UTW(t),

where X7 and U are unknown vectors and W(t)
given in (I0). Using Lemma 2.1. Equation (I2)),
x(t) can be represented by

z(t) = I'DVx(t) + 2(0) ~ (XTFY + ET)¥(¢).
(17)

F7 is the fractional operational matrix of inte-
gration and ET = [z,0,... s 0](1x (m+1)- Now we
replace (I6) and (I7) in dynamic system (2))

XTW(t) — at)(XTFY + ET)U(t) — b(t)UTW(t)

- / (b, $)p(XTFY + ET)W(s)) ds = 0,
’ (18)

In order to specify the unknown coefficients in
([I8)), we collocate this equation at m + 1 colloca-
tion points. So ([I8) can be rewrite as

XTw(t;) — a(t;)(XTFY + ETYW(t;) — b(t)) UT W (t;)

_ /ti E(t;, S)¢((XTFV + ET)\Il(s)) ds = 0.
’ (19)

In above equation, t;, ¢« = 0,...,m are the
Chebyshev-Gauss-Lobatto nodes in [0, 1] which
we chose them as suitable collocation points. In
order to utilize the Gauss-Legendre (GL) quad-
rature formula, by means of transformation s =
L(r+1), [T convert to

XTU(t) — a(t)(XTFY + ET)¥(t;)
~ BT () ~ 5 S wik(ti o (7 + 1)

X (XTFY + BD)W( (73 4+1)) = 0,
(20)

where 7;s are GL nodes, zeros of Legendre polyno-
mials in the interval [—1,1] and wjs are the cor-
responding weights. Although explicit formulas
for quadrature nodes are not known, the weights
can be expressed in closed form by the following
relation consequently, the controlled FVID (2) is
reduced to m + 1 nonlinear algebraic.
For discritization of the performance index stated
in ([Il) , we approximate f(t) and g(t) by Bernoulli
polynomials respectively as

F() = FTw (1),

g(t) = GTU(t). (21)

Substituting (2I]) in () conclude that

J= / 1 XTe) T ()X + Ut () v (U
0

+ FTo)u? ()X + GTw ) e (1)U) dt
(22)
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Integrating (21]) on [0, 1] results
J=XTQX +UTQU + FTQX + GTQU, (23)

in which @ given in (IIJ). So, The OCP given in
) and ([23) is converted to a NLP with objective
functional (22)) and constraints (20]).

The resulted NLP problem is also large scale. So,
it is of great importance to use an efficacious and
compatible metaheuristic algorithm which gener-
ates the solutions with high computational deci-
sions. This research utilizes a new metaheuristic
algorithm, called grey wolf optimizer (GWO) to
solve the problem under consideration. The next
section describe the GWO and its elements and
mechanisms to solve NLP governed by OCP.

4. Grey wolf optimizer

The proposed mathematical programming prob-
lem is the nonlinear and large scale. So, we need
to solve the problem by studying both local and
metaheuristic approaches. Among the local al-
gorithms, the trust region method plays a vital
role in solving large-scale nonlinear optimization
problems because of its efciency [14,[15]. How-
ever, it finds local solutions in a long amount of
time as the T" >> 1 or the problem dimension
increases. To prevent this type of imperfection, a
grey wolf optimizer (GWO) algorithm is proposed
in this research. The GWO algorithm is a nature-
inspired metaheuristic algorithm which mimitates
the leadership hierarchy and hunting structure
of grey wolves.Therefore, high-performing meta-
heuristic approach with high computational high-
precision numerical solutions and short execution
time is implemented to solve the problem. The
GWO obtains near-optimal solutions or the global
minimum of objective functional in more efcient
way. About the proposed algorithm, it is nec-
essary to note that the GWO is really suitable
and appropriate for the nonlinear optimization
problems with the number of more variables and
constraints, specially when solving large-sized in-
stances of the problems [I6HI9]. For the prob-
lem, the values of objective functionals show that
GWO'’s performance is better than local method
in terms of the approximate solution of functions
z(t) and u(t). So, on the base of above-mentioned
points, one can come to the conclusion that the
GWO is a favorable candidate for solving the
problem if T >> 1.

The GWO algorithm has derivation-free proce-
dures. In contrast to gradient-based optimization

algorithms, this metaheuristic algorithm mini-
mizes the problems stochastically. The optimiza-
tion mechanism begins with random solution, and
there is no need to compute the derivative of
search regions or gradient information of the ob-
jective functionals to obtain the global minimum
of the problem. This makes the GWO algorithm
highly applicable for the NLP problems with un-
known derivative information. On the other hand,
the simplicity of the GWO is particularly advan-
tageous in the presence of non-smooth objective
functionals, for which exact algorithms may fail to
reach their global solutions. Viability of the GWO
is analyzed using some non-smooth mathemat-
ical functions and engineering design problems
[20-22].S0, the GWO algorithm is a favorable
choice and a competitive algorithm when consid-
ering non-smooth, and non-linear functions.

In this section, the essential nature of the GWO
algorithm is explained. GWO algorithm is an new
nature-inspired metaheuristic algorithm which
was first introduced by Mirjalili et al. [9].

GWO is a technique inspired from the nature and
grey wolves. The GWO algorithm simulated the
leadership hierarchy and hunting behavior of grey
wolves.

In leadership hierarchy, alpha, beta, delta, and
omega were applied as four grey wolves. Also,
hunting, searching for prey, encircling prey, and
attacking prey were as the three main components
of GWO. These new steps are discussed in the fol-
lowing section.

4.1. Social hierarchy

To formulate the social hierarchy of wolves, the
fittest solution is considered as the alpha («). Ac-
cordingly, the second and third best solutions are
called beta (3) and delta (0), respectively. The re-
maining candidate solutions are then represented
as omega (w). Also, the hunting mechanism is
constructed by «, 8, and §. The w wolves fol-
lowed these three wolves.

4.2. Encircling prey

As seen in nature, grey wolves surround prey dur-
ing the hunt. This surrounding behavior is given
by:

!5??() X(t)| (24)
+1)=X(t)—AD

fjl Ul

where t shows the current iteration, A and C are
coefficient vectors, X, is the position vector of the
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prey, and X shows the position vector of a grey
wolf. The vectors A and C' are computed followed
by:

p N}
I
o DO
TS
i
|
8

Q
I
ot
—~
[\&)
\]
N—

where r1 and 7y are random vectors in [0, 1]. Over
the course of iterations, components of @ are lin-
early reduced from 2 to 0.

4.3. Hunting

Grey wolves have the capability to identify the
position of prey and envelop them. The hunt is
normally conducted by the alpha. The beta and
delta also partake in hunting sometimes. So, the
first three best solutions is saved and the other
search agents (including the omegas) is performed
to update their positions based on the position of
the best search agents. This process is stated with
the following equations:

4.4. Attacking prey

At the end of the hunt, grey wolves rush at the
prey when it stops moving. To model nearing
the prey, the value of @ is reduced from 2 to 0.
Then, the variation range of A is also reduced by
a. Especially, A is a random value in the interval
[—2a, 2a].

4.5. Search for prey

Grey wolves chiefly explore based on the position
of the alpha, beta, and delta. They get away from
each other to search for prey and converge to rush
prey. To formulate divergence, A with random
values greater than 1 or less than —1 is applied
to enforce the search agent for diverging from the
prey. So, the GWO algorithm employing global
search strategy and this confirms exploration.

As it is seen in Eq. (27), the C vector is also
another factor of exploration. This factor obtains
random weights for prey to stochastically accentu-
ate (C' > 1) or unaccentuate (C' < 1) the efficacy

of prey in determining the distance in Eq. (24)).
The C vector can be also considered as the efficacy
of barriers to nearing prey in nature. Usually, the
barriers in nature exist in the hunting paths of
wolves and impede them from swiftly and com-
fortably nearing prey.

Briefly, the search procedure starts with generat-
ing a random population of grey wolves. Over the
course of iterations, alpha, beta, and delta wolves
suggest the possible location of the prey. The
distance from the prey is updated by each candi-
date solution The parameter a is reduced from 2
to 0 to accentuate exploration and exploitation,
respectively.

Candidate solutions favor divergence of the prey
when |A| > 1 and move towards (converge) the
prey when |/T| < 1. Finally, the GWO algorithm
stops when an end criterion is satisfied.

The pseudo code of the GWO algorithm is pre-
sented in Algorithm [

Algorithm 1. GWO algorithm
1: Initialize the grey wolf population X; =
(2:(t), wi ()i = 1, -+ ,n)
Initialize a, A, and C
Calculate the fitness of each search agent
X, =the best search agent
Xpg=the second best search agent
Xs=the third best search agent
while (k < Max number of iterations) do
for each search agent do
Update the position of the current
search agent by equation (30)

© PR ;N e

10: end for
11: Update a, A, and C
12: Calculate the fitness of all search agents

13: Update X, Xg, and Xs
14: k=k+1

15: end while

16: return X,

5. Numerical experiments

In these examples, firstly the OCP is converted to
a NLP with proposed method in section Bl The
resulted NLP is solved by using fmincon func-
tion in MATLAB and GWO algorithm to find lo-
cal and global minimum of constrained nonlinear
function, respectively.

For ease of references in tables, we use the pro-
posed method and local method to demonstrate
the results obtained from solving NLP with fmin-
con function and GWO algorithm, respectively.
In order to demonstrate and justify the perfor-
mance and the accuracy of our scheme on OCPs
governed by fractional integro-differential equa-
tion, we consider the following examples.
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Example 1. Consider the following OCP

_ ! t\2 3t\2
J—/ ((2(t) — 2 + (u(t) — ) dt (31)
0

subject to the mnonlinear fractional
differential equation

integro-

The problem is to find the optimal control u*(t),
which minimizes the quadratic performance index
@1)). For this problem, the exact solution in the
case of a =1 is given by [23)]

z(t) = e, u(t) = e
In Table [, one can compare the optimal value
of objective functional by utilizing GOW algo-
rithm as well as local method in M = 7
and different values of o. The numerical re-
sults for x(t) and u(t) in M = 7 and o =
0.5,0.7,0.9 and 1 are plotted in Figures [IH2.
In these figures, we see that our approrimate
solutions converge to exact solution. The re-
sults obtained with GOW method demonstrate
validity and effectiveness of proposed method.

4r
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351 2.61 ——=07
- 05
_-
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26 _-
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X< 25
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A/““/ﬁ/
-

0 0.1 02 03 04 05 06 07 08 09 1

Figure 1. State z(t) as a function of
t for the Example 1 for m = 7 and
different values of o (green: o = 0.5,
blue: a = 0.7, red: a =0.9.
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Figure 2. Control u(t) as a function
of ¢ for the Example 1 for m = 7 and
different values of o (green: o = 0.5,
blue: a = 0.7, red: a = 0.9.

Example 2. Consider the following nonlinear
problem [23]

1
min J = x —et22
7= [ (e
+ (u(t) — (1 + 2t))%dt,

Dx(t) + z(t) — u(t)

_ /Ot (t(l 4 2t)es(t_5)x(s)> ds =0

The optimal control u* and corresponding optimal
state x* for a = 1 are respectively 1+ 2t and e’

Figures [3#{{] show the approzimate solution of
functions x(t) and u(t) using GWO algorithm and
local method for M = 7 and o = 0.5,0.7,0.9.
The exact solution for a = 1 is also represented.
The value of objective function with GWO and lo-
cal methods for M = T and different values of «
are giwen in Table [2. It is obvious that we can
achieve a better approximation with GWO algo-
rithm against local method.
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Table 1. The value of J* for Example 1 (m = 7 and different ).

Local Method Proposed Method
a=0.7 a=0.9 a=1 a=0.7 a=0.9 a=1
J*  0.389877 0.0946404 4.17536 x 10~ 11 2.45 x 107° 8.64 x 1078 7.74 x 10712

Table 2. The value of J* for Example 2 (m = 7 and different ).

Local Method Proposed Method
a=0.7 a=0.9 a=1 a=0."7 a=0.9 a=1
J* 0.0515124 0.00494284 1.29 x 1011 2.50 x 1076 1.22 x 1078 4.70 x 10712

J= /O 1 <(:U(t) — )2+ (u(t) — tet2)2) dt,

subject to dynamic state

0 0t1 0f2 013 0?4 0?5 0t6 Of7 018 0?9 “1 t
2
: DO (t) — z(t) — u(t) +2 / (1se=®) ds = 0.

0
Figure 3. State z(t) as a function of
t for the Example 2 for m = 7 and
different values of a (green: a = 0.5,
blue: a = 0.7, red: o =0.9).

The optimal control u*(t) and corresponding op-
timal state x(t) for a =1 are as follows:

Exact
———-09
35 2498 ——-07
2.496 0.5
=
31 249 / /
= - ="
2.492

25 0.7465 0.747 0.7475
= z*(t) =t,
2r u (t)=1-— te=t*
15 /
1
05 T 02 os 04 o0 o8 o7 o8 oo 1 We solve this OCP using GWO and local methods
u for for M = 7 and various «. Figures show
) . that as o« — 1, the approximate solutions with
Figure 4. Control u(t) as a function GWO algorithm tend to the exact solution in the

of t for the Example 2 for m = 7 and
different values of a (green: a = 0.5,
blue: a = 0.7, red: a = 0.9).

case of « = 1. The value of objective function with
GWO and local methods for M = 7 and differ-
ent values of a, is shown in Table[d. From Table
[3, we can see that the value of objective function
Example 3. Consider the minimization of frac- based on GWO is all less than the least value of
tional [25] objective function obtained by local method.
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Table 3. The value of J* for Example 3 (m = 7 and different ).

Local Method

Proposed Method

a=0.7 a=20.9 a=1

a=0.7 a=20.9 a=1

J* 0.0366084 0.00374084 8.84 x 10714

471 x 1077 037 x 1078 2.12x 1071

Exact

——-09
351
0.78 ——-07

0.779 05
0.778

0.777

= 0.777 0.7772 0.7774

Figure 5. State z(t) as a function of
t for the Example 3 for m = 7 and
different values of a (green: a = 0.5,
blue: @ = 0.7, red: a = 0.9).
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25+ 0.573
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Figure 6. Control u(t) as a function
of t for the Example 3 for m = 7 and
different values of a (green: o = 0.5,
blue: a = 0.7, red: o =0.9).

6. Conclusions

By utilizing spectral method, OCP governed by
fractional Volttera-integro differential equation is
converted to a NLP.

In this research, a powerful and efficacious meta-
heuristic algorithm called Grey Wolf Optimizer
(GWO) is utilized to obtain the solutions of the
optimal control and state as well as the optimal
value of the objective function.

The GWO algorithm imitated the leadership hier-
archy with four types of grey wolves and hunting
procedure with searching for prey, encircling prey,
and attacking prey. These strategies confirmed
the preferable exploitation, exploration capabil-
ity and efficient escape from local optimum of the
GWO.

Numerical experiments verify the validity and the
applicability of the proposed method. Compar-
isons with the exact solution and other methods
show that this technique is a powerful and effi-
cient tool for solving the fractional OCP.
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We present a new type of activation functions for a complex-valued neural net-

work (CVNN). A proposed activation function is constructed such that it fixes

a given ellipse. We obtain an application to a complex-valued Hopfield neural

network (CVHNN) using a special form of the introduced complex functions

as an activation function.

of the plane curve ellipse such as focusing property, we emphasize that these
. broperties may have possible applications in various neural networks.

Considering the interesting geometric properties

1. Introduction

Recently, complex-valued neural networks
(CVNN) have been used in various fields such as
optoelectronics, imaging, signal processing, quan-
tum neural devices and artificial neural informa-
tion processing by many researchers (see [IH8]
for more details). For example, Gandal et al.
tried to evaluate and compare the relative per-
formance of CVNN using different error func-
tions [3]. Hirose studied what merits of CVNNs
arise from [4]. Jalab and Ibrahim introduced a
new type of complex-valued sigmoid function for
a fully multi-layered CVNN [5]. Zimmerman et
al. gave the differences between complex-valued
and real-valued neural networks and studied the
problems of CVNNs gradients computations by
combining the global and local optimization al-
gorithm [8]. Oladipo and Gbolagade investigated
modified logistic sigmoid as relates to analytic
univalent functions by means of subordination
properties in terms of starlikeness, convexity and
close-to-convexity [6]. In [7], it was proposed a

*Corresponding Author
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wind prediction system for the wind power gener-
ation using ensemble of multiple complex extreme
learning machines and used the elegant theory of
conformal mapping to find better transformations
in the complex domain for enhancing its predic-
tion capability.

In a CVNN, one of the main problems is select-
ing of nodes activation function (see [9]). In this
paper, we propose a new type of complex-valued
functions as an activation function for a complex-
valued Hopfield neural network (CVHNN). These
functions fix a given ellipse on the complex plane.
To construct an appropriate activation function,
a suitable ellipse can be chosen according to the
particular problem. The main advantage of this
choice is the increase in the number of fixed points
of a neural network with a geometrical meaning.

On the other hand, an ellipse has some interesting
properties such as the focusing property (see [10]).
We recall the focusing property of an ellipse. Let
FE be the ellipse of the normal form with semi-
major axis a and semi-minor axis b:

332 y2

2

E:—+>5=1 (1)

a2
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The foci of the ellipse E of the form (Il) are as
follows:
C12 =+ a? — b2
The radius of the ellipse F is r = 2a and so we
rewrite the equation of the ellipse of the form ()
as
E:lz—cl+|z—c|=7.

It is a well-known fact from geometry that a light
ray which leaves a focus ¢; of an ellipse will be re-
flected to other focus ¢y (see [10] and [11] for more
details). Using this interesting property and the
following proposition, Frantz proposed an appli-
cation to the open problem about trapped reflec-
tions described in [12]. It was seen that the light
ray gradually approaches a horizontal trajectory
and never leaves the container (see [10] for more
details).

Proposition 1. [10] Let a light ray leave a focus
of an ellipse with departure angle 0y € (0,7) and
let the successive departure angles of the ray be

01,0o,.... Then 0, T 7.

Therefore, it is possible to get some applications
of these kind properties of an ellipse in neural
networks. It is known that the plane curve el-
lipse has appeared in many applications in real life
problems (for example, see [13-21]). We expect
that our study will help to generate some new re-
searches and applications on complex-valued neu-
ral networks.

2. Complex Functions That Fix an
Ellipse

In this section, we investigate a new type of
complex-valued function which fixes an ellipse.
We begin with the following definition.

Definition 1. Let E be any ellipse on the complex
plane. If a complex function T satisfies the con-
dition T'(z) = z for each complex number z € E,
then the ellipse E is called the fized ellipse of T.

Now we consider an ellipse E of the form (). If

we take x = ZT‘FE and y = Z;f, then we can rewrite
the equation of this ellipse as
a(?+72%) + B2z —1=0, (2)

— 1 _ 1 -1 4 1
where a = 15 — g5 and 8 = 55 + 5.

Conversely, let us consider the following general
equation

a (2 +7°) + B2z ++ =0. (3)
The equation (B]) defines an ellipse if the following
conditions hold:
(1) a, B,y € Rand 8 > 0,

(2) v<0,2a0+ 8 >0and 2 — 5 < 0.

Indeed, if we write z = x + iy then we have
a(22+§2)+ﬁ22+720
= a|(@+iy) + (@ —iy)]| + 6 (@®+y?) +7 =0
= 2a2% + Bx? — 20y’ + B2 + v =0
= 20+ B)2” + (B —2a)y* +7 =0
2048,2 | B—2a,2 _
= =l e+ =Y =1
= 4§44,+_4£T,

it}
2a+08

If we choose a and b such as

- g
=4/——andb=,/—— 4
“ 200+ f3 an 200 — 3’ )
then the equation (B)) defines the ellipse i—; + 31’)’—; =
1.
Now we present a complex function which fixes an
ellipse of the form (). For any complex number
z on the ellipse E, we get
a(+72°)+B2Z2+y = 0
= —az’—Bz=az’+7
= z(—az—P2)=aZ +7
2
- 1%,
oz + [z
Hence we obtain the following theorem.

Theorem 1. Let E be any ellipse with the equa-
tion ([3). If we define the transformation Ty as

2
: ()

—Y — oz
Ti(z) = —— 22
1(2) az + Bz

then 11 fixes the ellipse E.

If we consider the following transformation 75 de-

fined as
2 2

Ty(z) = v ng oz ,

then it can be easily seen that T3 also fixes the el-
lipse E. Clearly, the transformations 77 o 15 and
Ty o T fix also the ellipse E. The transformations
T1 and T» are not always commutative, that is,
it can be T1 o Ty # Ty o T7. For example, if we
consider y = —1, a =1, § =3 and z = 1 then we
get

2
TioTy(l) = —3

and
T2 o T1 (1) = Q.
Consequently, we can give the following corollary.

Corollary 1. For each ellipse E, there are at
least three transformations T such that

E={zecC:T(z) ==z}.

Then E is exactly the set of fixed points of each
T.
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Figure 1. The ellipses Eg for 8 € {3,4,5,6,7}.

Taking a« = 0, v = —1, that is, a = b in the
equation (4)), then we get the transformation
1
T3(z) = —
W) = 5

and E becomes the circle with the center zyg = 0
and the radius » = —=. Hence, the transforma-

tion T3 fixes the circle E and it is known that
the transformation T3 is an anti-conformal map
on the complex plane.

Now we consider the following two families of el-
lipses:

1) Let a = ¢ be fixed in the equation (B). Then
we get € (2¢,00) when ¢ > 0 and 3 € (—2¢, o0)
when ¢ < 0. For example, if we choose a = 1 in
the equation (Bl), we get 5 € (2,00). In this case,
the transformation 77 fixes the following ellipses
Eg defined according to 3:

22 2

_— + z

2 2

ag by
—L_ for each

where ag = ,/ﬁ and bg = 72

B € (2,00). In the following figure, which has
been drawn by Mathematica [22], it is seen how
the ellipses E3 change (see Figure[ll). The ellipses
Ejg are indicated with different colors: Ej3 is the
red ellipse, Fy is the blue ellipse, F5 is the orange
ellipse, Fg is the green ellipse and F~ is the pink
ellipse.

Eg: =1,

2) Let 8 = ¢ be fixed in the equation (Bl). Then
we get a € (—%, %) For example, if we consider
B =1 in the equation (), we get a € (—%, %) In
this case, the transformation 7} fixes the following
ellipses F, defined according to a:

22 g2

Ey:—5+5=1
ai gzt E=h

1 _ 1
T7oq and do = /1955

a € (—%, %) It is seen from Figure [ that how
the ellipses E, change. The ellipses E, are indi-
cated with different colors: E1 is the red ellipse,

where ¢, = for each

4
FE1 is the blue ellipse, F 1 is the orange ellipse,
8 1
FE 1 isthe green ellipse and E 1 is the pink ellipse.
12 14

3. An Application to Complex-Valued
Hopfield Neural Networks

Mobius transformations and some related (anti-
conformal) maps have been used as activation
functions in complex-valued neural networks us-
ing some different point of views such as fixed
points or fixed circles. It is known that Mobius
transformations are the conformal mappings of
the complex plane C. A Mobius transformation
is a rational function of the form
az+b

T) = (6)
where a,b,c,d are complex numbers satisfying
ad — bc # 0. A point z on the complex plane
is said to be a fixed point of the Mobius transfor-
mation T'(z) if T'(z) = z. A M&bius transforma-
tion T'(z) has at most two fixed points if it is not
identity transformation (see [23], [24] and [25] for
the basic properties of Mobius transformations).
In [26], it was identified the activation function
of a neuron and a single-pole all-pass digital fil-
ter section as Mobius transformations and then,
the existence of fixed points of a neural network
were guaranteed by the underlying Mobius trans-
formation. In [27], Ozdemir et al. proposed new
types of activation functions which fix a circle for
a CVNN. The usage of these types of activation
functions leads us to guarantee the existence of
the fixed points of a CVHNN.
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Figure 2. The ellipses E, for a € { —————

In this section, we consider the special form of the
transformation (B]) defined as follows:

1 — az?

—_— 7
az+ 2a+ 1)z’ (M)
where o > 0 (notice that v = —1 and f is cho-

sen as 2a + 1). We propose this function as an
activation function for a CVHNN.

Sa(z) =

If we take a = 0 in the equation (7)), then we
get the following activation function used in a
CVHNN in [27]:

So(z) = %

Therefore, the transformation S, defined in ([T
which fixes an ellipse of the form ([B]) with v = —1,
a >0, 8=2a+1>0 becomes a transformation
So which fixes the unit circle. The transformation
So(z) = L was used to guarantee the existence of
the fixed points of a complex-valued Hopfield neu-
ral network (CVHNN). The transformation S, (z)
is not injective while Sp(z) is injective. Also this
transformation S, (z) maps an ellipse of the form
@) onto itself, outside of the ellipse to its inside
and inside of the ellipse to its outside. For exam-
ple, in the following Figure Bl we see the image of
the outside of the ellipse E : 522 4+ y? = 1 under
the transformation defined as

g 172

1(z) = 243z

At first, we give a brief summary about CVHNNS.
In [28], Hopfield presented a recurrent neural net-
work model referred to as the Hopfield neural
network (HNN). HNN has been generalized to
CVHNN and this generalized neural network has
been studied by many authors using different as-
pects. For example, Kobayashi defined the con-
cept of a hyperbolic neuron and constructed hy-
perbolic Hopfield neural network [I8]. Also he

4787107127 14 J°

described the symmetric complex-valued Hopfield
neural networks using the complex-valued multi-
state neurons [29].

Following the studies given in [27], here we con-
sider the class of system in C in order to interest
CVHNN given by

2(t) = —H(2())(=T=(t) + F(2(t)) = U), (8)
where T € C™" U € C" are matrices,
z(t) € C™ is state vector, H(z) : C" —
C™™ is a nonlinear function and F(z) =
(S1(21), S2(22), - - -, Sn(zn))T : C* — C™ is an ac-
tivation function with

1—04@2

Sk(zk) = Salzk) = ot ot DT

for some fixed & > 0 and all & € {1,2,...,n}.
We note that the parameter o can be chosen ap-
propriately according to the studied problem. We
choose T' € R™™ and U = 0 in the equation (§) to
obtain a relationship between the fixed points of
the activation function F(z) and the fixed points
of the network. Fixed points of the equation
z(t) = —H(2(t))(=Tz(t) + F(z2(t))) can be ob-
tained by the equation —H (z)(=Tz + F(z)) = 0.
Suppose that H(z) is a nonsingular matrix then
the fixed points are F'(z) = Tz, which correspond
to the fixed points of the activation function.

9)

In our approach, we increase the number of fixed
points using the activation function defined in (@)
by a point of geometric view. We use the Lya-
punov stability to determine whether the fixed
points are stable or not (see [27], [30] and [31]
and for more details). The fixed points of the
CVHNN are isolated since they are on an ellipse.
Following the steps used in the proof of Theorem
2 on page 4701 in [27] and using the property
Sk(Zk) = Sk(21), it can be easily obtained that

E(z) = —Re|[(Tz - F(=))(Tz - F(2))"H(=2)"],
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-10 -05

0.0 0.5 1.0

Figure 3. The geometric interpretation of the transformation S;(z) for the outside of the ellipse.

which is negative for positive definite matrix
Re[H(z)] and also equal to zero if and only if
z(t) = 0. So the following theorem gives the sta-
bility of the fixed points.

Theorem 2. Let the inner product be defined on
C™ as (21,22) = 2521 where 21,22 € C" and (.)"
denotes the conjugate transpose. Assume that the
matriz T € R™ ™ is symmetric and the matrix
Re[H(z)] is positive definite. Then the function

n
1 _
E(2) = —gz*Tz + Re Z/Sk(s)ds

is a Lyapunov function of the CVHNN given by
the equation z(t) = —H (2(¢))(—=Tz(t) + F(z(t))).

4. Remarks and Conclusion

We note that a general activation function for a
CVHNN can be obtained using the transforma-
tion T given in (B). The fixed points of this ac-
tivation function are on an ellipse with the form

@B)). This allows us to choose the appropriate acti-
vation function according to the considered prob-
lem on a neural network. This activation function
can be helpful to construct several neural nets and
lead to interesting applications. Proposed activa-
tion functions can be considered as the general-
izations of ones used in [27].

Finally, we emphasize that the properties of the
ellipse, which is fixed by the chosen activation
function, are applicable to the neural networks.
Therefore, our results have possible applications
in real life problems.
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our work.

In this work, we have used reduced differential transform method (RDTM)
to compute an approximate solution of the Two-Dimensional Convection-
Diffusion equations (TDCDE). This method provides the solution quickly in
the form of a convergent series. Also, by using RDTM the approximate so-
lution of two-dimensional convection-diffusion equation is obtained. Further,
we have computed exact solution of non-homogeneous CDE by using the same
method. To the best of my knowledge, the research work carried out in the
present paper has not been done, and is new. Examples are provided to support

(co) IS

1. Introduction

We consider two-dimensional convection-diffusion
equation as follows:

dua,b,t du(a,b,t Ou(a,b,t
o

=y, 32ua(géb,t) + a 82uc(§l()12,b,t) + f(a, b, t),
in Qx(0,7],u(a,b, t) = g(a,b,t),
(a,b) € 0, t€(0,T],u(a,b,0) = h(a,b),
(a,b) € Q,

(1)

where 8, and [, are progressive velocity compo-
nents in the direction of @ and b respectively, and
o, > 0 and ap > 0 are the coefficients of diffu-
sivity in the a and b directions, respectively. And
ag > 0 and ap > 0 are g(a,b,c) and h(a,b) are
smooth functions and € is a subset of R? and
(0,7 is the time interval, and 0f2 is the bound-
ary of €.

This equation is frequently used in applied sci-
ences and engineering especially in modeling and

*Corresponding Author
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simulations of various complex phenomena in sci-
ence and engineering. This paper first describes
RDTM and then uses it to solve the Convection-
diffusion equation. In recent years, studies con-
ducted on findings new analytical solutions of dif-
ferential equations have attracted attention of sci-
entists from all over the world (see [1]- [9]).

And some numerical solutions have been devel-
oped to solve these types of convection-diffusion
problems. likes: Higher-Order ADI method [10]
or rational high-order compact ADI method [I1],
the alternating direction implicit method [I2],
the finite element method [I3], fourth-order com-
pact finite difference method [14], decomposition
Method [15], the finite difference method [16], re-
strictive taylors approximation [I7], The funda-
mental solution [I8], finite difference method [19],
combined compact difference scheme and alter-
nating direction implicit method [20], higher or-
der compact schemes method [21], the finite vol-
ume method [22], the finite difference and le-
gendre spectral method [23] and even the Monte
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Carlo method [24]. Keskin in [25] proposed the
RDTM to solve various PDE and fractional non-
linear partial differential equations.

This method is a repetitive procedure for the solu-
tion of a Taylor series differential equations. This
technique reduces the size of the computational
work and can be easily applied to numerous phys-
ical problems. We organize the paper as follows.
In section RDTM is used to four types of TDCDP,
and section 4 concludes the paper.

2. Analysis of the RDTM

We have a function with three variables u(a, b, ),
and presume that it can be shown as an in-
vention of multiple of two functions u(a,b,t) =
v(a,b)w(t). u(a,b,t) can be denoted as

u(a,b,t) =

o0

(> D Vin,nz)a™b™)

n1=0n2=0

(> W(ng)t")

n3=0
oo 00 00

= Z Z Z V(nl,ng)W

n1=0mn2=0n3=0
= Z Uk (CL, b)tk7 (2)
k=0

where Ug(a,b) is called t-dimensional spec-
trum function of u(a,b,t). The three-dimensional
RDTM are introduced are defined in [26] as fol-
lows:

ng)a"tH"2 "3

Definition 1. Assume u(a,b,t) is an analytic

function in the domain of interest. The RDTM
of u(a,b,t) is defined as
1 0"
Uil b) = mlozu(ab o (3)

Definition 2. The differential inverse transform
of Uk (a,b) is defined as:

u(a,b,t) ZUkab (4)

By inserting equation (3) in (4), we obtain

u(a,b,t) = ——u(a,b, t)]i=ot®,  (5)

Some basic properties of RDTM are presented in
Tablel below.

Table 1. The operations for the re-
duced differential transform method.

Original function | Transformed function

g(a,b,t) = h(a,b,t) Gk(a b) + Hi(a,b)

et

L
7
(k+

2 g(a,b, 1) B Gt e(a, b)

g(a,b,t)h(a,b,t) zfcmammJ@m

Jg(a,b,t)

8aw Gk(a b)
a®b’ k=c

a”bvt¢ a”b’d(k —c) = { 0.k # ¢

aw+v+(‘

w—+v k+ ]
poemareg(a,b,t) | s By (a,b)

3. Applications

We used the basic definitions (in Section 2) of the
three-dimensional RDTM for solving four exam-
ples of Convection-diffusion equations (CDE).

Example 1. Consider the TDCDP (see [15])

=0,(a,b,t) €QxJ, (6)

with the initial condition

u(a, b,0) = sin(wa) sin(7d). (7)

By using the RDTM in equations (6) and (7), we
obtain

2 2

(k+1)Uk+1(a,b) — 9a 35Uk (a,b)— 2 Uk(a,b) =
(8)

from initial condition(7), we have

Uo(a, b) = sin(ma) sin(wbh). (9)

By using Eq. (9) in Eq. (8), we obtain Ug(a,b)
values for k = {0,1,2,3,---} as follows:

Ui(a,b) = —27r2sin(7ra)sin(7rb),
Us(a,b) = 2nsin(mwa)sin(mb),

Us(a,b) = —%W6 sin(ma)sin(7b),
Us(a,b) = ZnSsin(ra)sin(mb),

Us(a,b) = —m'¥sin(ma)sin(mb),
Us(a,b) = 4457r12 sin(ra)sin(rb),
Ur(p,q) = —szkm'tsin(ra)sin(wd), ...,

(10)

by using the differential inverse reduced transform
of Ug(a,b) ,we get
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u(a,b, ) }:mab

= Uo((l, b) + U1 (a7 b)t + U2(a7 b)tz +...

= sin(mwa)sin(7b)(1 — 27T2t + 2742 — %776753
+3mtt — 00 4 20 ),

(11)

by using the closed form in the solution of (11),
we obtain following approximate solution

u(a,b,t) = sin(ﬂa)sin(ﬂb)e_2”2t. (12)

Example 2. We consider the non-homogeneous
convection-diffusion problem see ( [15])

ou Ou Ou 0*u O%u 9
e . T 302 —6a+2t+1
ot + 94 + b 92 on 3a” —6a+ 2t +1,

(a,b,t) € Q x J,

subject to the initial condition

(13)

u(a,b,0) = a> + b. (14)

By using the basic properties of RDTM in equa-
tions (13) and (14), we obtain the following rela-
tions

(k +1)Uk1(a b)+ ~Up(a,b) + ZUk(a, b)
32Uk(a b) — 2Uk( ,0)
—5025(k) — 6a0(k) + 28(k — 1) + 5(k),

(15)

Taking the differential transform of Eq.(14), we
write

Uo(a,b) = a® + . (16)

By using Eq. (16) in Eq. (15), we obtain Ug(a,b)
values fork = {0,1,2,3,---} as follows

Ul(a b)
for(i =

The exact solution of the equation (13) will as-
sume the following form:

y UQ(G b)
37 757 )

Ul-(a,, b) = 0, (17)

u(a, b, t) th=a+ b+t

}:mab

Example 3. We consider the non-homogeneous

CDE (see [14])

(18)

ou 0%*u O%u 0u

e 'sin(ra) cos(mb)

+ me"tcos(ma) cos(mb), (a,b,t) € A xJ, (19)
with the initial condition
u(a, b,0) = sin(wa) cos(md). (20)

By using the basic properties of RDTM in equa-
tions (19) and (20), we obtain the following rela-
tions

82
(k + 1)Uk+1(a, b) - WU]@-(CL, b)

— abQUk(a b) + 3 Uk(a b)

= (272 — 1)! kl,) sm(7ra)cos(7rb) (21)
k
+ xl k,) cos (ma)cos(mb),
from initial condition(20), we have
Uo(a, b) = sin(ma)cos(b). (22)

By using Eq. (22) in Eq. (21
values for k ={0,1,2,3,---

), we obtain Ug/(a, b)
} as follows:

Ui(a,b) = —sin(mwa)cos(md),

Us(a,b) = Lsin(ma)cos(mb),

Us(a,b) = —3sin(ma)cos(wb),

Us(a,b) = 3ysin(ma)cos(mb), (23)
Us(a,b) = —qggsin(ma)cos(mb),

Us(a,b) = =3gsin(ra)cos(mb),

Ur(a,b) = —zggsin(ma)cos(mb), ...,

by using the differential inverse reduced transform
of Ug(a,b),we get

(a,b,t) Uo(a,b)+U(a,b)t+

E:%ab

, 2o ot t6
= sin(ma)cos(mb)(1— H—E R TR ),
(24)

by using the closed form in the solution of (24),
we obtain the following exact solution

u(a,b,t) = e 'sin(ra)cos(mb). (25)
Example 4. Consider the TDCDP (see [14])

ou_ Py, O o
Ot~ 9a? b2 oa

+e7t(2n2% — 1)sin(wa)sin(rb) (26)
+me~teos(ma)sin(rb), (a, b, t) € Q x J,
with the initial condition
u(a,b,0) = sin(mwa)sin(wd). (27)
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By using the basic properties of RDTM in equa-
tions (26) and (27), we obtain the following rela-
tions

62 62
(k +1)Ug+1(a,b) = @Uk(av b) + WUk(aa b)

Ea

- ;lUk(a, b)+ (202 — 1) (_kll)
(—1)"

k!

sin(ma)sin(mwb)

+ 7

(28)

cos(ma)sin(mb),
from initial condition(28), we have

Uo(a,b) = sin(ma)sin(md). (29)

By using Eq. (29) in Eq. (28), we obtain U(a, b)
values for k ={0,1,2,3,---}

Ui(a,b) = —sin(ma)sin(mb),

Us(a,b) = 1isin(ma)sin(mb),

Us(a,b) = —isin(ma)sin(nb),

Us(a,b) = gysin(ma)sin(mb), (30)
Us(a,b) = —ggsin(ma)sin(wb),

Us(a,b) = =55sin(ra)sin(mb),

Ur(a,b) = —zggsin(ma)sin(nb),. ..,

by using the differential inverse reduced transform
of Ug(a,b),we get

u(a,b,t) sin(ma)sin(mb)(1 —t + %
B, ! t5 t5

by using the closed form in the solution of (31)

we obtain the following exact solution

u(a,b,t) = e 'sin(ra)sin(mb). (32)

4. Conclusion

In this study, we used RDTM to solve convection-
diffusion problems and showed that RDTM is an
effective and appropriate technique for finding ex-
act solutions of the TDCDP which we have inves-
tigated here. On the other hand the results are
quite reliable for solving this problem. The exact
closed form solution was obtained for all the ex-
amples presented in this paper. RDTM offers an
excellent opportunity for future research.
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In this paper, we introduce a new class of functions called as (P, m)-function
and quasi-m-convex function. Some inequalities of Hadamard’s type for these
functions are given. Some special cases are discussed. Results represent signifi-
cant refinement and improvement of the previous results. We should especially
mention that the definition of (P, m)-function and quasi-m-convexity are given
for the first time in the literature and moreover, the results obtained in special
cases coincide with the well-known results in the literature.

(o) R

1. Preliminaries

Inequalities present an attractive and active field
of research. In recent years, various inequalities
for convex functions and their variant forms are
being developed using innovative techniques. For
some inequalities, generalizations and applica-
tions concerning convexity see [I,2]. Recently, in
the literature there are so many papers about P-
function, quasi-convex and m-convex functions.
Many papers have been written by a number
of mathematicians concerning inequalities for P-
function, quasi-convex functions and m-convex
functions see for instance the recent papers [3Hg]
and the references within these papers.

Definition 1. A function w: I CR — R is said
to be conver if the inequality

w (A + (1 = t)p) < tw () + (1 = t)w(y)

is wvalid for all \,pu € I and t € [0,1]. If this
inequality reverses, then w is said to be concave

78

on interval I # 0 . This definition is well known
in the literature. Denote by C(I) the set of the
convex functions on the interval I.

Definition 2. Let w : I C R — R be a convex
function defined on the interval I of real numbers
and A\, p € I with A < p. The following inequality

w< >< L /}\Mw(x)dxg

=0T
holds.

A+
2

wA) +w(p)

2
(1)

The inequality (I) is known as Hermite-
Hadamard (H-H) integral inequality for convex
functions in the literature.

Some refinements of the H-H inequality on con-
vex functions have been extensively studied by re-
searchers (e.g., [1,9]) and the researchers obtained
a new refinement of the H-H inequality for convex
functions.
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Definition 3. A function w: I CR — R is said
to be quasi-conver if the inequality

w (A + (1= D) < max {w (V) ,w(w)}

holds for all A\,u € I and t € [0,1]. Denote by
QC(I) the set of the quasi-conver functions on
the interval I.

Definition 4. A nonnegative function w : I C
R — R is called P-function if the inequality

w(tA+ (1 =t)p) Sw(A) +w(p)

holds for all A\, € I and t € (0,1).

We will denote by P(I) the set of P-function on
the interval I. Note that P(I) contain all nonneg-
ative quasi-convex and convex functions.

In [I0], Dragomir et al. proved the follow-
ing inequality of Hadamard type for class of P-
functions.

Theorem 1. Letw € P(I), \,u € I with A < p
and w € L[\, p]. Then

o(251) 2 25 [ e@an 2l 4wl

(2)

Definition 5. [I1] The function w : [0,7] — R,
T > 0, is said to be an m-conver function, where
m € [0, 1]; if we have

wWtA+mA—t)p) <tw(A)+m(l—1t)w(p)

for all \,p € [0, 7] and t € [0,1]. We say that f is
an m-concave function if (—w) is m-convex. De-
note by K,,(7) the set of the m-convez functions

on [0, 7] for which w(0) < 0.

Obviously, this definition recaptures the concept
of standard convex functions on [0, 7] for m = 1,
and the concept star-shaped functions for m = 0.

2. Some new definitions and their
properties

In this section, we will define the (P,m) and
quasi-m-convex function supply several properties
of this kind of functions.

Definition 6. A function w: [0,7] — R is called
quasi-m-convex if the inequality

w(tAN+m (1 —t)pu) <max{w(\),mw(p)}

holds for all A\, € [0,7], m € [0,1] and t € [0,1].
We will denote by QnC(7) the set of quasi-m-
convez function on the interval [0, T].

It is clear that quasi-convexity obtained in quasi-
m-convexity for m = 1.

Definition 7. A nonnegative function w
[0,7] — R is called (P, m)-function if the inequal-
ity

wtA+m (1 —1t)p) <w (X)) +mw(p)

holds for all \,pn € [0,7], m € [0,1] and t €
(0,1). We will denote by P,,(7) the set of (P, m)-
function on the interval [0, T].

It is clear that P-function obtained in (P,m)-
function for m = 1. Note also that P, (1)
contain all nonnegative m-conver and quasi-m-
convez functions. Since

wtAN+m (1 —1t)p) tw(A) +m (1 —t)w(p)

<
< W) +mw (),

wtA4+m(1—t)p) < max{w\),mw(u)}
<

w(A) +mw (@) .

Theorem 2. Let m € [0,1] and w : [0,7] - R
If w is a quasi-m-convexr function, then, for
ceR (¢>0), aw is a quasi-m-convex function.

Proof. For ce R (¢ > 0),

(cw) (A +m (1 —t) )
< ecmax{w(\),mw (u)}
= max{(cw) (A),m (cw) ()}

O

Remark 1. If w and ¢ are quasi-m-convez func-
tions, then it is mot necessary that the function
w ~+ @ is a quasi-m-convex function.

Example 1. Let w,¢o : [0,7] — R, w(u) =
u, o(u) = 1. Then w and ¢ are quasi-m-
convez functions. Now, if we choose A\, € [0, 7],
m € [0,1] as numbers which satisfy the condi-
tions mp > X and m(p+1) < X+ 1. Then,
(w+¢)(u) = u+ 1. Moreover, w + ¢ is not
quasi-m-convex function. Indeed, we can write
following equality: for all t € [0,1],
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(W+ @) tA+m(1—1t)p) wA+m(1—1t)u)
= tA+m(l—-t)p+1 = supwe (EA+m(l—1t)u)
= tO+D+A-D et D). < sup fmas f (4) i, (1))

«

IN

Since mu > A, max {supwa (N\), msupwq, (,u)}
«

< max{w(\),mw(p)} < oo
(wWH+e)A+m (1 —1t)p)

= tA+1D)+ 1 —=t)(mu+1) This shows that J is an interval since it contains
> tA+D+1—-8t)(A+1) every point between any two of its points and w
B A4l is a quasi-m-conves functions on J. d

Theorem 4. Let m € [0,1] and w : [0,7] - R
be a m-convex function. If ¢ is a quasi-m-convex

and since m (p+1) < A+ 1, functions and increasing on [0, 7], then the func-
tion @ o w is a quasi-m-convex function.

(w+ @) (tA+m(1—1t)p) Proof. For \,ju € [0,7] and t € [0, 1],
= tA+1)+1—¢)(mu+1)
> tm(u+1)+ (1 —t) (mu+1). (pow) (A +m (L —1t)pu)

p (WA +m (1 —1t)p))
@ (w(A) +m(l = t)w(p))
max {(¢ ow) (A),m (pow) (u)}.

Since m < 1,

IN A

O

S iw ) (1t)\ - Tln(lt ) Theorem 5. Let m € [0,1] and w,¢ : [0,7] — R.
= tm(p+1)+( ) (mpe+m) If w is a quasi-m-convex and non-negative func-
tm(p+1)+m(1—1t)(p+1) tion, ¢ is a (P,m)-function. Then, w + ¢ is a
= m(p+1). (P, m)-function.

Proof. For A\, € [0,7] and t € [0, 1],
So,
(wW+e)tA+m (1 —t)p)
WA+mA—t)p)+e(X+m (1 —1t)p)
max {w (A) ,mw (1)} + ¢ (A) +me (1)
w(A) +mw (1) + ¢ (A) +me (1)

= (w+o)A)+mw+e)(p).

Theorem 3. Letm € [0,1] andwg : [0,7] — R be =

an arbitrary family of quasi-m-convex functions Theorem 6. Let m € [0,1] and w, ¢ : [0,7] = R.
and let w (z) = sup, wa (x) for all x € [0, 7]. If If w and ¢ are (P, m)-functions, then

(wWH+e)A+m (1 —1)p)
> max{A+1,m(p+1)}
= max{(w+¢)(A),m(w+¢) (W)}

IN A

(1) w+ ¢ is a (P,m)-function ,
J={u€0,7]:w(u) <oo} (2) For ¢ € R (¢>0), cw is a (P,m)-
function .

is nonempty, then J is an interval and w is a Proof. i) For A\, € [0,7] and ¢ € [0, 1],
quasi-m-convex functions on J.
(wW+@)tA+m (1 —1t)p)
= wtA+mA—t)p)+e(tr+m(l—1t)p)
w (A) +mw (1) + ¢ (A) +me (p)
(w+¢) (A) +m(w+e) ().

Proof. Let t € [0,1] and A, € J be arbitrary.
Then

VANVAN
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ii) For ce R (¢ > 0),

(w) (A+mA—t)p) < clw) +mw ()]

= (aw) () +m(w) () -

g

Theorem 7. Let m € [0,1] and wy : [0,7] — R
be an arbitrary family of (P, m)-functions and let
w (x) = sup, wq (z) for all x € [0,7]. If

J={uel0,7]: w(u) < oo}

1s nonempty, then J is an interval and w is a

(P, m)-functions on J.

Proof. Lett € [0,1] and A\, u € J be arbitrary.
Then

w(A+m (1 —1t)p)
Sl;p wa (EA+m(1 —t)u)

IA

Sl(ip [wa (A) + mwq (M)]

IN

supwa (A) + msupwe (1)
a a

w(A) +mw (p) < oo.

This shows simultaneously that J is an interval
since it contains every point between any two of
its points and w is a (P, m)-function on the in-

terval J. O

Theorem 8. Let m € [0,1] and w : [0,7] - R
be an m-convex function. If the function ¢ is a
(P, m)-function and increasing, then the function
pow is a (P, m)-function.

Proof. For \,p€ I and t € [0, 1],

(pow)(tA+m (1 —1t)u)
@ (w(EA+m(1—1t)p))
@ (tw (A) +m(1 = t)w(p))
@ (w(A)) +me (w(p)
(pow) () +m(pow)(n).

INIA

3. Hermite-Hadamard integral
inequality for (P, m)-function and
quasi-m-convex functions

The main purpose of this paper is to develop con-
cepts of the (P, m)-function and quasi-m-convex
functions and to obtain some inequalities of H-H
type for these classes of functions.

Theorem 9. Let m € [0,1] and w : [0,7] = R
be a (P,m)-function. If 0 < A\ < pu < 7 and
w € L[\ p], then the following inequalities holds:

Lo
mM—)\/,\ w(x)dx

< min fw (\) + mew (1), w (1) + mew (A}

Proof. By using (P, m)-function property of w
and changing variable as u = tA+m (1 —t) p
1
/ WA+ m (1 — ) ) dt
0
1
= / w(u)du
A

mp— A

1
< [ e+ meora
— W) 4w ()

and similarly for z = tu +m(1 — t)A, then

/lw(tu—i—m(l — ) dt
0

LM
= mM—/\/A w(z)dz

1
< /0 o (1) + mew (V)] dt
= w(p)+mw(A).

So, we have

! //\mu w(x)dx

mp— A
< min fw (\) + mew (1) ,w (1) + mew ()}
O

Remark 2. Under the conditions of Theorem [d,
if m =1 then, the following inequality holds:
[ e <w ) o)
—_— w(z)dr <w +w (p
=X Jx

The above inequality is the right hand side of the
imequality [2.

Theorem 10. Let m € (0,1] and w : [0, 7] — Rbe
an (P,m)-function. If0 < A < pu < 7 and
w € L[\, 7], then the following inequalities holds:

A 2 e
w +mi < / w(z)dz.
2 mp — A Jy
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Proof. By the (P, m)-function property of w, we

have
<)\ + mu)
w
2

B A +m(1 —t)p] + [(1 — )X + mtp]
- ; )

— W @ A+ (1 — )] + % (1= x4+ mm})

wtA+m(l —t)p) +w (I — )X+ mtp).

IN

Now, if we take integral in the last inequality on
t € [0,1] and choose x = tA + m(1l — t)u and
y = (1 —t)\ + mtp, we deduce

A4+ mpu 1 /m“
<
w< 5 > S w(x)dx

1 o

g

Remark 3. Under the conditions of Theorem[10,
if m =1, then, the following inequality holds:

2 1
w(A_i_'u)S / w(z)dz
2 m— A A
This inequality is the left hand side of the inequal-
ity [2.

Theorem 11. Let m € (0,1] and w : [0,7] — R
be a (P,m)-function. If 0 < X\ < pu < 7 and
w € L[\, p], then the following inequalities holds:

o(25) < e me(2)]

é min {Il,lg}. (3)
where
_ H A 2 H
Il—w()\)—kmw(g)-f—mw - +mw 3
and

mst (2) o () s ().

Proof. Using the (P, m)-function property of w,

we have
z+y Yy
< il
w( 5 ) w(w)—i—mw(m)

for all z,y € [0,7]. If we take z = t\ +

(L=t p, y=(1—-t)A+tu, we get

()\+u)
w2 H
2
I

< WA+ (1 —1t)p) +mw ((1—t))\+t>

m m

for all ¢t € [0,1]. Here, if we take integral over
t €1[0,1], we get

w<)\—2k'u> < /Olw(t)\—l—(l—t),u)dt (4)

1
+m/ w<(1—t))\+t'u> dt.
0 m m

Taking into account that

1

1 W
/0 WA+ (1 —t) ) dt = H/)\ w(z)dz,

and

/01w<(1—t);;+t:1> dt

o

m m

1 ko
N m— A A W<E> daj’

we deduce from () the first part of ([B]). That is

o(25) < s [ ot (2)] e

By the (P, m)-function property of w we also have

WA+ (1 — ) ) + mw <(1—t)/\+t“>5)

e om(8) e (2) o ()

for all ¢ € [0,1]. Integrating the last equality (&)
over t on [0, 1], we deduce

1

Y /\u {w (z) +mw (%)} dx (6)
< w(A) +rmw (%) + mw <:;L) + m?w (%) .

By a similar argument, if we take
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w (it + (1 — )A) + mw <t)\ +(1- t)“) (7)

m m

< s (B e (3) e (35).

we have

M;/j @ (@) + mw (%)} dz 8)
L ()8 ()
From (@) and (8]), we obtain

1

— /\u [w (z) + mw (%)} dr <min{l, I} .

g

Remark 4. For m = 1, (3) exactly becomes the
inequality [2 (the Hermite-Hadamard integral in-
equality for P-functions given in [10]).

Theorem 12. Let m € (0,1] and w : [0,7] — R
be a (P,m)-function. If 0 < X\ < p < 7 and
w € L[\, p], then the following inequalities holds:

1 s d 1 #
m,u—)\/)\ w(@) x+,u—m>\/)\m

< (m+D)w) +wp)] (9)

w(x)dx

Proof. By the (P, m)-function property of w we
have that

w(tA+m((1—1t)p)
w(tpe+m(l—1t)AN)

(A) +mw () ,

<w
< w(p) + mw (V)

for all t € [0,1] and A, € [0,7]. By adding the
above inequalities we get

wW(A+m (1 —t)p) +w(tp+m(l—1t)N)
< (m+Dw) +w )]

Integrating over ¢ € [0, 1], we obtain

/lw(t)\+m(1—t)u)dt
0

-I-/1 w(tpn +m(l —t)N\)dt
0
< (m+Dw) +wp)].

As it is easy to see that

/1w(t)\+m(1—t),u)dt
0

Lo
= mﬂ—)\/>\ w(x)dx

and

/lw(tu+m(1 _ ) dt
0

1 /“
a p—mA mA

from (0 we deduce the desired result, namely,
the inequality (). O

w(x)dz,

Remark 5. For m =1, (9) exactly becomes the
right hand side of the inequality [2.
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Article History: A dengue epidemic model with fractional order derivative is formulated to an-
Received 11 September 2019 alyze the effect of temperature on the spread of the vector-host transmitted
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Keywords: of the equilibrium points of the considered dengue model is studied. The cor-
Fractional operators responding basic reproduction number R§ is derived and it is proved that if
Stability of the equilibria R§ < 1, the disease-free equilibrium (DFE) is locally asymptotically stable. L1
method is applied to solve the dengue model numerically. Finally, numerical
simulations are also presented to illustrate the analytical results showing the

Temperature effect " ] > 6
- - influence of the temperature on the dynamics of the vector-host interaction in
AMS Classification 2010: dengue epidemics.

26A33; 34A34; 92B05; 92D30 N

Dengue epidemics

1. Introduction All mosquito species go through four distinct
phases during their life cycle: Egg, Larva (plural:

A deeper understanding of mathematical models larvae), Pupa (plural: pupae), Adult. The first

is essential to represent and to reliably control the three phases take place in water, but the adult is

transmission of the (epidemic/pandemic)diseases. an active flying insect (see Figure . Only the fe-

The vector-borne diseases becomes an extensive male mosquitoes bite and they feed on the blood

threat with a significant affect on human and ani-  of humans or other animals.

mal health. Distribution of vector-borne diseases

is determined by complex demographic, environ- 7 :

mental and social factors. Vector-borne diseases :“i" kit o

are responsible from more than 700 000 deaths / \

annually as taking a part of 17% of all infectious

diseases. Dengue fever, as a severe, flu-like ill- Emerges L/

ness influences infants, young children and adults, /

is mainly faced in urban and semi-urban areas \

of the countries in tropical and sub-tropical cli- @

mates [1,2]. Dengue fever disease has no concrete Fros

treatment but early detection and efficient medi-

cal treatment reduces the death rates below 1%.
_ _ ) Figure 1. Mosquito Life Cycle [3].
Dengue virus is carried from vector-host-vector

mainly by the bites of infected female mosquitoes

of the type Aedes aegypti. After virus incuba- In order to keep the dengue infection under con-
tion for 410 days, an infected mosquito is able to  trol some adequate and powerful mathematical
transmit the virus for the rest of its life |2]. (compartmental) models and analysis have been

*Corresponding Author
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suggested (see [4-{15]). Abdelrazec et al. |15] de-
veloped a model for the dynamic study of trans-
mission of dengue fever by means of a nonlin-
ear rate of recovery to analyze the spread and
control of the disease. A mathematical model
for dengue is constructed in [8] to determine the
chain of two epidemic diseases with different hu-
man populations. The reproduction number R
as a threshold quantity of the epidemics is ex-
plained by means of the stability analysis. Their
model shown that the ecological administration
alone as a the vector control is not enough; it
may postpone the spread of epidemics. The usage
of a vaccine may control simultaneously against
some serotypes. In Andraud et al. [16], deter-
ministic models of dengue transmission are sur-
veyed in terms of the assumptions for parameters,
threshold values and control measures. The effect
of seasonal variations in temperature and some
other climate factors on the transmission dynam-
ics of dengue diseases are epidemiologically dis-
cusses in several experimental research (e.g. see
[17] the references therein) and mathematically
analyzed in the recent studies [18-21]. The math-
ematical analysis in these references are based on
the compartmental integer-order epidemic mod-
els that contain a system of ODE’s. However,
in general, integer-order systems are memoryless

( [4-8,[T0L[TTL[15-20]).

Fractional calculus is the study of an extended
form of integrals and derivatives in fractional or-
ders. The most vital aspect of fractional deriva-
tives is that, the models based on these operators
hold memory which provides an important advan-
tage for a well understanding of the behaviour
of the entomological factors and so the dynamics
of the epidemic diseases. Sardar et al. [12] in-
vestigated a compartmental dengue transmission
model having the memory, in which the memory
incorporated in the model exhibiting an arbitrary
order differential operator. A threshold quantity
Rg is derived, having the similarity with elemen-
tary reproduction number and determined that
although the value of Rf is less than one, the
disease-free equilibrium would not be constantly
stable, and the system reveals a Hopf-type bifur-
cation. The SIR model of the fractional order
differential equation of the dengue fever is inves-
tigated in [22], and a fractional order SEIR model
with vertical transmission in a nonconstant pop-
ulation is studied by [23]. In [24] and [25], three
definitions of fractional operators are carried out
for MSEIR models of some other type of epi-
demics as varicella disease validated by an out-
break data. Moreover, in the studies of [26-29],
dengue fever epidemics is modeled within real

data by the help of fractional operators of some
types that varies by the definition of their ker-
nel. Our goal in this study is to investigate the
fractional order dynamical model of the dengue
fever with temperature effect centered at the dis-
tribution of the human population into three cat-
egories (susceptible, infected, and resistant hu-
mans), whereas the population of the Aedes ae-
gypti pre-adult female mosquitos (eggs and lar-
vae) is distributed in two parts (susceptible and
infected) and adult mosquitos population is di-
vided in three parts (susceptible, infected but not
infectious, and infectious) to understand the dy-
namics of dengue disease in a more accurate and
realistic way.

The manuscript is organized as follows: after
the related literature info in Introduction part
in Section 1, the generalized non-integer order
mathematical model of the temperature effect in
the vector-host (vertical) transmission dynamics
of dengue fever epidemics is introduced in Sec-
tion 2 with a preliminary info about its param-
eter list and initial conditions. The disease-free
equilibrium points of the system are newly ob-
tained and the local asymptotic stability condi-
tions are derived correspondingly which results
the basic reproduction number of the system. Sec-
tion 3 is dedicated to the numerical solution of the
discretized version of generalized Caputo-based
dengue model. Followingly, the numerical simu-
lations are performed for the model (for different
temperature values and fractional orders) in order
to analyze the temperature effect on the dengue
transmission dynamics by using the real data of
the FongShan district, Kaohsiung, Taiwan. The
discussions of the simulations are provided in Sec-
tion 3 and the concluding remarks are given in
Section 4.

2. Preliminaries and the proposed
generalized dengue model

In this part, we present fractional operators where
the Caputo fractional derivative is mainly consid-
ered. For a function z(t) defined on a time inter-
val [0,7], the Caputo derivative and integral of
x(t) are denoted by “D®x(t) and “I%x(t), respec-
tively, and defined as [30]

D)= e [ -7 HOE ()

Crog(n) ::F(la) /O (t— ) (), (2)

where 0 < a < 1 represents the order of the frac-
tional operator.
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We will examine a mathematical model of the
dengue fever having arbitrary order, the parame-
ter values used in this mathematical model are es-
timated based on the demographic data of Fong-
Shan district, Kaohsiung in southern Taiwan (
[20], [31]). Kaohshiung is the second largest cos-
mopolitan city of Taiwan. The data showed that
Kaohsiung was at high risk for dengue fever from
1998 to 2010 and in total 2415 number of cases
of dengue fever were reported. According to the
WHO Dengue situation update by July 2019, ap-
prox. 29 300 cases reported in 2019 only in the
Western Pasific Region ( [1], [2]). In this study, a
set of weekly meteorological data has been used
which belongs to Kaohsiung district that was
recorded by 11 supervising observatory locations
of the Taiwan Environmental Protection Agency
[3] in 2011, further weekly maximum, minimum
and mean temperatures between the years of 2001
and 2010 are incorporated [20].

2.1. Fractional order vector-host dengue
model

This study is based upon the model of vector-
host transmission dynamics proposed in [32] to
represent the transmission patterns of the dengue
fever. The population has been separated into
three main parts as host (human), vector (pre-
adult female mosquito), and vector (adult female
mosquito) population. There are two compart-
ments of Aedes aegypti pre-adult female mosquito
population (effective eggs and larvae) namely sus-
ceptible F; and infected E;. The three compart-
ments of vector (adult) population are stated ac-
cordingly as: Mg, M., and M;, which are the
values evaluated at time ¢t of susceptible, in-
fected (but not being infectious) and infectious fe-
male mosquitoes. Also, host (human population)
is divided into three compartments as: Hg, H;,
and H,, these are the numbers at the time ¢
of the susceptible, infected/infectious and recov-
ered/immune human populations, respectively.
This way dengue model defined by the following
system [32] and correspondingly the model pa-
rameters are listed in Table [I}

“DE, = e (1 — paroir=ar) — 1" Es,
“DE; = eop(gr=itar) — 1" B,
DM, = n*Es — b* £ M, — §° M,
“D*M, = b* {= My — 4> M, — 6> M.,
D*M; = y* M, +1*E; — 6> M;,

°DH, = Ry, Ny, — b fV’; M; — R Hy,
“D*H; = b* = M; — € H; — R}, H;,
°DH, = ¢“H; — R}, H,..

The initial values are Hs(0) = 341094 (total hu-
man population), H;(0) = 26 (number of con-
firmed cases), and H,(0) = 0 according to the
collected info in December, 2010 in FongShan dis-
trict (Kaohsiung, Taiwan). The transmissible bit-
ing rate was taken as 0.33 on a daily basis (mean-
ing that one bite occurs per three days for one
female mosquito). At an initial time ¢ = 0, the
values for pre-adult and adult vector populations
are set as Es(0) = 0, E;(0) = 0, M(0) = 341120,
M.(0) = 0, and M;(0) = 0, respectively. The
total adult mosquito population N,, was 341120
female mosquitoes that is same value with the hu-
man population size. The detailed assumptions
of the considered (vertical) transmission dengue
dynamics model can be seen in [20] and the ref-
erences therein.

2.2. Equilibrium Points

The system has two types of disease free equi-
librium points namely trivial disease-free equilib-
rium (DFE) E§ and biologically realistic disease-

free equilibrium (BRDFE) E®. To find equilib-
rium points, we will solve the following system:
CD*E, = 0,°D"E; = 0,°D*M, = 0, DM, = 0,
DM, =0,°D*H, = 0, D*H; = 0,° D“H, = 0.
By solving above system, we obtain the following
equilibrium points:

Eg = (Oa 05 Oa Oa 07 Hsa 0, 0)

E = (E,0,Ms,,0,0, Hy, 0,0)
where
. — Ry Nn o~ ey — € i :R%bNh.

7E =—, M, = <
S R%d S qa7 S 50{ S Rgd

2.3. Stability analysis

Theorem 1. The biologically realistic disease-
free equilibrium (BRDFE) E{ of the system in
Eq. (@) 1s locally asymptotically stable if
Ny, +n%ey — n*0* Ny,
N,
Proof. The Jacobian matrix of the system in
Eq. evaluated biologically realistic disease-
free equilibrium (BRDFE) Ef is given by

(e

o« — <1
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Table 1. Dengue model parameters (at temperature 25°C)
’ Symbol ‘ Meaning and unit ‘ Range of values ‘ References ‘
P “proportion of eggs” 0.028 [33]
n “pre-adult mosquito maturation rate (per day)” 0.099 Estimated
b “the biting rate (per day)” 0.33 [32]
€y “Oviposition rate (per day)” 6.218 Estimated
y “Virus incubation rate in mosquito (per day)” 0.0607 Estimated
0 “Adult mosquito death rate (per day)” 0.0331 Estimated
13 “Human recovery rate (per day)” 1/7 [32]
Rpq “Human death rate (per day)” 0.000016 [31]
Rpp “Human birth rate(per day)” 0.00002 [31]
N, “Total number of mosquitoes” 341120 Assumed
Ny, “Total size of human population” 341120 [31]
R and V is the M-Matrix of the corresponding tran-
J(EY) = sition terms given as in below [13]
EE 0 0 jvﬁp 0 0 o 0 0 0 b
0 -n* 0 jv”o’z 0 0 0 F= 0 0 0 po
R R 0" 0 0 0 b“]]\\[,—f 00 O ’
. @ _ 60(
e 0 0 0 00 0
0 0 0 —bU R 0 o 0 0 1
Ry, o ma hd £Q+Rgd 0 0 0
0 o0 0 0 b% Riwy 0  —€—RY, 0 0 1 0 0
Ryq o Vvl = ne
0 0 0 0 0 0 3 —Rpyy 0 0 vaJlr 5o 0 ’
- - 1 1 1
(4) 0 % 3 &
The calculated eigenvalues are given by and so
>\1 = _na7)‘2 = _50(7)\3 = - gdv 0 g% .l;% g%
6()
M= =Ry As = —(§" + Rpg)s de = —(V* +9%), py-1_ 0 p B= p
remaining eigenvalues are the roots of the qua- %(fa +Rp) 000 0
dratic polynomial 0 0O 0 O
M (46924 (1 - RYY) =0, The eigenvalues of FV ! is:
by the Routh-Hurwitz stability criterion, E‘f‘ is 4b*N,,,

locally asymptotically stable if and only if

RY < 1. 0

2.4. The basic reproduction number (Rf)

The basic reproduction number Rf of the epi-
demic disease is known as the number of sec-
ondary infections caused by a unique infected
individual. Hypothetically, when Rf < 1 the
transmissions chains are not beneficial and dis-
ease will eradicate from the population. Although
it R > 1, each generation will be raised by the
number of infected humans and infection will be
taken advantage of with the usage of next gen-
eration matrix approach. In this situation Rf is
equal to the spectral radius of K = FV !, where
F' is a non-negative matrix of the infection items,

Npye (ga + R%d)

p 1
L
2 2\/p+

Therefore, the dominant eigenvalue of FV ! is

o p 1/, 422N,
0 2+2\/P+

Npye (€ + RyYy)
3. Numerical method and simulations

()

In this section, we will construct the discretiza-
tion of the model given by Eq. involving the
Caputo fractional operator.

First, we rewrite system in Eq. in a compact
form so that the relations can be simplified

CDY (t) = F(Y(t)), 0<t<b< oo,
Y(0) =YY",

(6)
where Y = (E87 Ei, Mg, M¢, M;, Hg, H;, Hr) €
Ri, where F, is a real-valued continuous vector
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function having the Lipschitz condition
I7040) ~F ORI < LG Y50, >0
7

and YO = (EJ, E}, M], M0, M, H), H), I}) is
the initial vector. By applying the fractional inte-
gral operator in Eq. to Eq. @ the following
result is obtained

Y(t) = Yo +CI°F(Y(t), 0<t<b<oo, (8)

where ¢T® represents the Riemann-Liouville in-
tegral operator. In order to propose a numeri-
cal scheme, the discretization of the time interval
[0, b] is done by equally spaced nodes so that time
step size is T = %. Let Y,, denote the approxima-
tion of the true solution Y (¢,) at point ¢, = nt
and():to <t1 <..<tn :b, with tny1 —tn =
7, n=0,1,2,...,(N — 1). Then, we derive fol-
lowing numerical scheme for the Caputo operator
using Euler method [34]

T4 s
T3 F(Y;
=+ F(Oz n 1) i wk-i-ly]f( k)a

where ( n=0,1,2,...,(N-1)) and
(k+1-5)"= (k=5
are the weights of the fractional Euler method.

Thus, we obtain the following discretization of the
model in Eq.

E"Jrl = E0
MF

+F(a+1 Do Wt (63(1 -p(x=)) —n
Ertt = E9
+F(a+1) Zk 0 Wk+1,5 (evp(]vm) -n Ezk) )
MnJrl MO

] Oéqu a
+F(a+1) Zk 0 Wk+1,5 (77 B —b N,'LMf =0 Mf),

yril = y? (9)

Wg+1,5 =

Mn+1 MO

o HY
Jr1“(0l+1) Dm0 Wt1,5 (0% 7
MTL+1 MO
AR CES)) a+1) > ho Wi,y (YXME +nEF — 5*MF)
Hn+1 HO

o H
+F(a+1) D ko Wht1,5 | By Np — b

Hn+1 HO (
(v

+1"(a+1) D k0 W1, — & Hf — R%dHik)
Hrtt = H?

T4 n « oY
+F(a+1) D k=0 Wht1,j (5 sz - thHf) )

(10)
where n = 0,1,2,...,(N — 1), and N,,, = M, +

M, + M;.
3.1. Simulation results and discussion

We solve the newly proposed fractional dengue
model given by Eq. numerically. The effect of
temperature on the dynamics of dengue epidemics

F ok o 17k
v M; —thHs)a

is presented by Fig [2] where the temperature val-
ues are considered as 18° C, 25° C and 28° C
since the parameter values in Table[I]are known at
these temperatures. It is stated that (see ref. [20]
and the related references therein) e,-oviposition
rate, y-virus incubation rate in mosquito, §-adult
mosquito death rate and n-pre-adult mosquito
maturation rate are found as temperature depen-
dent entomological parameters in the selected dis-
trict of Taiwan. It is seen that the temperature
is a significant environmental factor that affect
the transmission in dengue epidemics. The ob-
tained results in Fig [2| shows that the infected
human (host) population and infected (pre-adult
and adult) mosquito populations reached to their
peak values with a higher amount at the tem-
perature of 28° C approximately in the period
of 50-100 days. Correspondingly, the suscepti-
ble human population showed a sharper decrease
whereas the recovered human population size has
a sharper increase (after 100 days approx.) at 28°
C.

The impact of the fractional order is depicted
in Fig In this sense, the temperature effect
in vector-host (vertical) transmission dynamics in
dengue epidemics formulated by fractional order
dengue model is investigated for different values of
the fractional order such as o = 1,0.8 and oo = 0.6
at a fixed temperature of 25° C. The results for
all considered values of « reach to steady state
for each population and integer order case is re-
covered when o = 1. The susceptible human and
pre-adult mosquito populations, recovered human
populations reach to different values in the as-
ymptotic case as « differs for the fixed tempera-
ture value of 25° C. The fractional order « here
enables us to include the memory into the evolu-

» tion of the epidemic dynamics and also it gives us

the opportunity to capture different behaviors of
the system components inside the same model.

Moreover, Table [2] verify the Theorem [I] as the
condition R{ < 1 is satisfied for the considered
3-different temperature cases which means that
the biologically realistic disease free equilibriums

» of the system are all asymptotically stable.

Table 2. Stability of E®

Equilibrium Ri RV R{S

E¢ at 18° C 0.9761
EY at 25° C 0.9677
Ef at 28° C 0.9633

0.9931 0.9761
0.9897 0.9677
0.9878 0.9633
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Figure 2. Simulation results of the fractional order dengue model at temperature 18° C, 25°

C and 28° C with o« = 1.

4. Conclusion

A fractional order dengue model is newly inves-
tigated that incorporate temperature dependent
features in entomological parameters. In the mod-
eling process four entomological parameters are
used for this purpose, that includes the oviposi-
tion rate (ey), pre-adult mosquito maturing rate

1, adult mosquito death rate 4, and the virus
incubation rate in mosquitoes v. Weekly mean
temperature data in Kaohsiung (2001-2010) [20]
has been utilized to perform the simulations. We
applied L1 method to solve the model numer-
ically for various fractional order and tempera-
tures. Further, the basic reproduction number is
derived for the newly considered fractional order
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Figure 3. Simulation results of the fractional order dengue model at « =1, « = 0.8, « = 0.6
at temperature 25° C.

dengue model (that is formulated by using Caputo on the control of the aquatic and adult stages of
fractional operators). Correspondingly, stability —the mosquito and so this study can contribute to
analysis is performed and the local asymptotic adapt effective control strategies like the use of
stability of the disease-free equilibria is obtained. pesticide and other techniques.

Simulation results refers that the highest danger

of dengue transmission exists at temperature 28°

C. The control of dengue transmission is based
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In this study, an algebraic stability test procedure is presented for fractional
order time delay systems. This method is based on the principle of eliminating
time delay. The stability test of fractional order systems cannot be examined
directly using classical methods such as Routh-Hurwitz, because such systems
do not have analytical solutions. When a system contains the square roots of
s, it is seen that there is a double value function of s. In this study, a stability
test procedure is applied to systems including +/s and/or different fractional
degrees such as s where 0 < a < 1, and aeR. For this purpose, the integer
order equivalents of fractional order terms are first used and then the stability
test is applied to the system by eliminating time delay. Thanks to the proposed
method , it is not necessary to use approximations instead of time delay term
such as Padé. Thus, the stability test procedure does not require the solution

of higher order equations.

(@) er |

1. Introduction

The systems shown by differential equations with
real orders instead of integer orders are called
fractional order systems [I]. Fractional order sys-
tems (FOS) are one of the most popular research
topics of today. Although the mathematical anal-
ysis of such systems has been known since 1695,
mostly, it has been discussed and investigated
by mathematicians because of its complexity [I].
The most important feature of this subject is that
it expresses real systems better than integer order
ones [2]. As it is known time delays are intrinsic of
a variety of electrical, electronic, and communica-
tion systems, control applications, power systems
with long transmission lines, and many real world
applications [3H5]. In control applications, there
are many examples of neutral-type time-delay sys-
tems as well as discrete-continuous hybrid sys-
tems regarded as delay differential algebraic equa-
tions (DDAEs) [4]. Besides, power systems with
long transmission lines can be modeled as DDAEs

*Corresponding Author
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for certain assumptions [4]. Systems with neutral
delay differential equations (NDDEs) contains de-
lays in both the state variables and their time
derivatives [3]. If fractional order systems include
time delay, the analysis of such systems becomes
more and more complicated. And, the studies to
obtain analytical solutions of fractional order sys-
tems with delays are very restricted.

Many studies have been carried out in relation
to FOS, in the literature [6HI4]. Analytical sta-
bility test procedures of FOS are still important
research topics. Analytical stability test proce-
dures such as the Routh-Hurwitz method cannot
be applied to FOS,directly. There are some stud-
ies on the stability of FOS in [I,15-22]. In [15],
a method for stability analysis of distributed pa-
rameter systems having delay is presented. This
method is also applicable to FOS. In [18], internal
and external stabilities of fractional differential
systems in the state-space form are investigated.
In [16], stability for a certain class of linear and
nonlinear fractional order systems is presented. A
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test procedure based on the Nyquist stability cri-
terion is presented in [I]. However, the studies
related to the stability of FOS continue, and an
analytical stability test technique does not exist,
to the best of the author’s knowledge. In addi-
tion, examining of time response analysis of such
systems is very complicated since calculating in-
verse Laplace transforms of them is difficult, in
spite of this, time response analysis of FOS can
be made by using integer order approximations.
Some toolboxes designed to examine such systems
can be found in [23H26].The frequency domain
based methods can be considered advantageous
for FOS since the stability of FOS can be tested
thanks to frequency domain methods such as the
Nyquist curve.

In the literature, the most preferred method to in-
vestigate FOS is to use integer-order approxima-
tions [27,28]. That is, in order to apply methods
in classical control to such systems, integer-order
equivalent transfer functions can be used. There
are many approximation methods to obtain inte-
ger order equivalencies of fractional order differ-
ential equations. For example, the continued frac-
tion expansion method (CFE), Oustaloup, Carl-
son and Matsuda’s method and Maclaurin series
etc. [29]. In this study, the CFE method is pre-
ferred to obtain integer order approximations of
FOS. Then, the proposed algebraic stability test
is applied to the system. According to results that
are obtained in [2§], it is observed that when the
degree of used approach increases the obtained re-
sults are closer to the original system. However,
this makes the process mathematically more com-
plicated. As aforementioned, the analytical sta-
bility test of FOS cannot be performed by classical
methods, directly. Therefore, this study is aimed
to fill this gap. For this purpose,in the first step,
the integer order equivalents of fractional order
terms are used. In the second step, the stabil-
ity test is applied to the system by eliminating
time delay. As it is known, in general, analytical
stability test procedures of time delay systems re-
quire to use some approximation methods such as
Padé. Besides, we need to use higher order Padé
approximations instead of time delay term to ob-
tain more reliable results. This process makes the
analysis of time delay systems more complicated.
However, using the proposed method, it is not
necessary to use approximations instead of time
delay term since it is eliminated. Thus, the sta-
bility test procedure does not require the solution
of higher order equations. This makes the pro-
posed method practical and preferable. For the
future studies, this method can be extended for
systems with multiple time delays. It can also be

applied to systems controlled by fractional order
controllers. Besides, power systems modeled by
delayed differential equations can be investigated
by using the proposed method.

This paper is organized as follows: In the first sec-
tion, literature information has been presented.
In the second section, fractional order time delay
systems are introduced. In the third section, an
algebraic stability test procedure is presented for
fractional order time delay systems. In the last
section, concluding remarks have been presented.

2. Fractional order time delay systems

Systems where derivatives are expressed in frac-
tional orders instead of integer ones are called
fractional order systems. A unity feedback con-
trol system is given in Fig.(T).

Definition 1. Fractional order time delay sys-
tems are represented as follows.

G(s) = ggg ehs

_ b $PM by, _15Pm—14  4bysP0 _p (1)
T aps®ntan_18*n—14.. . +ags*0

Where, h represents time delay, ax (k= 0,...,n),
and by (k = 0,...,m) are constants, aj (k =
0,...,n), and S (k =0,...,m) are arbitrarily real
numbers. Where, one can assume inequalities
Op > ap_1>...>apand By > Bt > ... > Bo
without loss of generality [30].

Time delay, which may cause poor performance
or even instability in system response, is a com-
mon case in many industrial processes. It can
be originated from the internal dynamics of the
system [31]. Since stability test of time delay sys-
tems cannot be performed directly, some approxi-
mations such as Padé are used instead of time de-
lay term. However, in some cases, the first order
Padé approximation may not give correct results
in terms of stability [31I]. Therefore, to obtain
more correct results, it is necessary to increase
the degree of approach, which makes the processes
mathematically more complicated. Thus, a sta-
bility test eliminating time delay will be impor-
tant for simplicity.

3. A Stability test for fractional order
time delay systems

Definition 2. The characteristic equation for
a linear system having a single time delay is ex-
pressed as follows, where h is time delay [32].

A(s,h) = Ai(s) + Aa(s)e " =0 (2)
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R(s)

+

G(s) >

Figure 1. A feedback system.

Definition 3. The general representation of this
expression for systems having multiple commen-
surate time delay is given as follows [32].

An(s,h) =Y Ag(s)e " (3)
k=0

For zero delay systems, the necessary and suffi-
cient condition of asymptotic stability is known
as the presence of all the roots of the charac-
teristic equation on the left half of the complex
s plane. For systems with time delay, this re-
sult may be stable or unstable for some values
of h [32]. It has been concluded that the sys-
tem is asymptotically stable regardless of delay
for a particular case where all positive values of
time delay h are not negative [32]. Here, the main
problem is to determine h values when A(s, h) =
A1(s) + Aa(s)e™ = 0 has root/or roots on the
complex axis. A(s,h) = 0 is an implicit func-
tion of s and h, which may exceed or not exceed
the imaginary axis. Suppose that all the roots of
A(s,0) = 0 are in the left-half plane. So, the sys-
tem is stable for zero time delay. If A(s,h) =0
has a root on the imaginary axis when s = jw for
some values of h, it can be said that A(—s,h) =0
has also a root on the imaginary axis for the same
values of h and w. Thus, with the same common
root A(s,h) =0 and A(—s,h) = 0 for the deter-
mination of the roots on the imaginary axis, we
do not need to find A values. That is, a structure
independent of time delay is obtained.

Theorem. A system is asymptotically stable re-
gardless of delay for a particular case where all
positive values of time delay h are mot negative.
If A(s,h) = Aq(s)+Ag(s)e™ = 0 has root/roots
on the complex axis, the value range of h is cal-
culated for the stability.

Proof. A(s,h) = 0 is an implicit function of s
and h, which may exceed or not exceed the imag-
inary axis. If all the roots of A(s,0) = 0 are in
the left-half of s plane, the system is stable for
zero time delay. If A(s,h) = 0 has a root on
the imaginary axis when s = jw for some val-
ues of h, A(—s,h) = 0 has also a root on the
imaginary axis for the same values of h and w.
Thus, with the same common root A(s,h) = 0
and A(—s,h) = 0 for the determination of the

roots on the imaginary axis, it is not necessary to
find h values.

Corollary 1. The Eq.(f) is obtained by elimi-
nating the time delay h from Eq.[ ) and Eq.(H).
It is clear that this structure is independent of
time delay.

A(jw, h) = A1(jw) + Ag(jw)e ™ =0 (4)

A(—jw, h) = Ar(—jw) + Ag(—jw)e™" = 0 (5)

M (w?) = Ay (jw)Ar(—jw) — Do (jw)Az(—jw) = 0

(6)
Corollary 2. Where, it is clear that M (w?) is a
polynomial in the form w? = —s%. If M(w?) =0
does not have positive roots, the system is stable
for all h > 0.

The proposed stability test procedure is summa-
rized as follows:

(1) In the first step, Eq.([2) is turned into the
form of Eq.(7) for h=0.

A(5,0) = A(s) + Aa(s) =0 (7)

It is tested whether the zeros of the char-
acteristic equation are in the left half of
s plane. The system is stable for A if all
the zeros are located in the left half of s
plane. If so, the second step is applied.

(2) The presence of positive roots of M (w?) =
0 is investigated. The system is stable for
all h > 0 if M(w?) = 0 does not have
any positive roots. If M has at least one
positive root, the range of h must be in-
vestigated for the stability.

(3) If the second condition is met, the follow-
ing equations are used to determine the
range of h [32)].

cos(wh) = Re e

As(jio) } (8)

Az (jw)

—A; (jw) } ,

sin(wh) = Im
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For the given value of w, ho(w) is the smallest pos-
itive value of h providing Eq.(8]), and the general
solution is given as follows.

h = ho(w) + 2mn/w,n =10,1,2,3, ... (9)

More information about the method can be found
in [32,33]. Let handle some examples to better
understand the subject.

3.1. Example 1

Consider the characteristic equation given as fol-
lows.

A(s,h) =s*+4s+4—e =0 (10

When the procedure described above is applied,
one obtains

A(s,0) =s*+4s+3=0 (11)

for A(s,0) = 0, we obtain s = —3 and s = —1.
It is clear that the system is stable for h = 0.
Thus, the second step is applied to the system as
follows.

M(w?) = (—w? + 4jw + 4)(—w? — 4jw + 4)
—1=w+8w?+15
(12)
Since w? = —3 and w? = —5, there is no positive
root of M(w?) = 0. It means that there is no any
point touching or crossing imaginary axis. Thus,
this system is stable independent of time delay h.

2

3.2. Example 2

For a unity feedback system given in Fig.(), G(s)
is given by Eq.(I3).

G(S) 1 —hs

T sl —|—2e

The characteristic equation of the system is ob-
tained as follows.

(13)

A(s,h) =stt +2+4+e M =0 (14)

In this equation, if we use the first order integer
approximation instead of fractional order term,
the characteristic equation is obtained as follows.

A(s, h) = s242.4654+2+(0.825+1)e " = 0 (15)

The characteristic equation is stable for h = 0 and
it is obtained as follows.

A(5,0) = s +3.285+3=0 (16)

In this case, the second stage is applied. There-
fore, M is obtained by Eq.(IT)

M(w?) = (—w? + 2.46jw + 2)(—w? — 2.46jw + 2)
—(1+0.82jw)(1 — 0.82jw)
(17)
Since Eq.(I7) does not have a positive solution,
the system is stable regardless of time delay. Let’s
examine the Nyquist curve of the system to con-
firm this result. The Nyquist diagrams of the
original system and the first order approximation
for w = 0:0.01 : 5 and h = 1 are shown in
Fig.([@). As can be seen from the Fig.(2]), the sys-
tem is stable because the curve does not contain
the critical point (—1,50). Besides, the results
of original system and of first order approxima-
tion are very close to each other. In Fig.(d), the
Nyquist diagrams of the original system are given
for w € [0,50], and h = 0.1:0.1 : 2. The Nyquist
diagrams of original system and of first order ap-
proximation for w € [0,50], and h = 0.1 : 0.1 : 2
are shown in Fig.(]). As can be seen from Fig. (3]
and Fig.( ), the curves do not include the critical
point for increasing values of h. Therefore, if the
system 1is stable for condition 1 and 2, as stated
in the stability test procedure in section 3, it can
be said that it is stable for all values of h > 0.
The Nyquist diagrams are shown in Fig.(3]) and
Fig.(d) also support this result.

In this example, if we use second order integer ap-
proximation instead of fractional order term, the
characteristic equation is obtained as follows.

A(s,h) = 1.3515% + 6.67s% + 10.34s + 2.702
+(5% +4.67s +1.351)e™ " =0
(18)
If the procedure is applied to the system, one ob-
tains

A(s,0) = 1.351s% + 7.67s> + 15.01s + 4.053 = 0

(19)
where, 519 = —2.6791£51.491, and s3 = —0.3191.
It is clear that the system is stable for h = 0.

In the second step, M is obtained by Eq.(20)

M (w?) = (—1.351jw3 — 6.67w? + 10.34jw + 2.702)
x(1.351jw® — 6.67w? — 10.34jw + 2.702)
—(—w? 4+ 4.67jw + 1.351)(—w? — 4.67jw + 1.351)
(20)
Since Eq.(20) does not have a positive solution,
the system is stable regardless of time delay.
Fig.(B) shows unit step responses of the system
(using first order approximation) with the second
order Padé approximation for ~h =0.1:0.1:1.2.
If we use a PI controller of the form C(s) =
(kps + ki)/s, as shown in Fig.(@), unit step re-
sponses of the system are depicted in Fig.([7) for
k,=k;=1. Here, It should be noted that M can
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Nyquist Diagram
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Figure 2. Nyquist diagrams of the original system and the first order approximation for
w € [0,5] and h = 1.
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Figure 3. Nyquist diagrams of the original system for w € [0,50] and h = 0.1:0.1: 2.
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Figure 4. Nyquist diagram of the original system (blue) and the first order approximation
(red) for w € [0,50] and h =0.1:0.1: 2.
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Figure 5. Unit step responses of the system (the first order approximation) with the second
order Pade for h =0.1:0.1:1.2.

have positive solutions. Thus, delay free sys- root touches the imaginary axis. If not, it means
tem can be unstable for some values of k, and the system is unstable for h = 0, but it is sta-
k;. In this case, it should be determined if the ble for infinite small A, that is, it is stable for
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Figure 6. Feedback control system with PI controller.
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Figure 7. Unit step responses of the first order approximation and the second order Padé for

h=0.1:0.1:1.2, and k,=k;=1.

0 < h < hg(w). If the root touches the imaginary
axis, then the system is unstable for h = 0 and
corresponding values of k, and k; for that h.

3.3. Example 3

In this example, G(s) is given by

1 e—hs
Vs(s+1)
By using the first order approximation, the char-
acteristic equation of the system is obtained as

Gs) = (21)

A(s,h) =35 +4s+1+ (s +3)e ™ =0 (22)

The characteristic equation for A = 0 is obtained
as follows

A(s,0) =35> +55+4=0 (23)

Where the roots of the characteristic equation are
s1,2 = —0.833 &£ j0.8. Thus, the system is stable
for h = 0.

Thus, the second step of the procedure is applied
to the system. And one obtains

M(w?) = (—=3w? + 4jw + 1) (—w? — 4jw + 1)
—(3+jw)(3 —jw)
(24)
From Equation Eq.(24), we obtain w? = —1.5672,
and w? = 0.5672. Since M (w?) = 0 has a positive
solution, there is a root touching the imaginary
axis. In this case, it is necessary to determine the
stability range of h. For this purpose, using the

Eq.([®) and Eq.(@) the range of h making the sys-
tem stable is calculated as 0 < h < 2.1086. The
Nyquist curve for h = 1 and the critical point
h = 2.1086 are shown in Fig.(®]) according to the
first order approximation. As can be seen from
the Fig.(8), h = 2.1086 is the critical point for
stability of the system. However, this value was
obtained according to the first order approxima-
tion. That is, when the second, third and fourth
order approximations are used, the range value of
h would change. Depending on results in [28], it
can be said that third and fourth order approxi-
mations provide the best results in capturing the
original system. Thus, the value of h obtained
using these approximations will probably provide
the best results for the system. But this change
may not involve big numerical differences. That
is, using first order approximation may be suffi-
cient to examine stability of the system in terms
of simplicity. The unit step responses of the sys-
tem according to the first order approximation are
given in Fig.([@) for h = 1, and according to the
critical point h = 2.1086. As can be seen from the
Fig.[@), the critical point gives an oscillatory re-
sponse as expected. Fig.(I0) shows the unit step
responses of the system for h = 2.2 and h = 2.5
values exceeding the critical point. The system
becomes unstable after the critical point.

In this example, if we use the second order inte-
ger approximation instead of the fractional order
parameter, the characteristic equation is obtained
as follows.
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Figure 9. Unit step responses of Example 3.
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Figure 10. Unit step responses of Example 3 for h=2.2 and h=2.5.

A(s,h) = 55> + 1552 + 11s 4+ 1
+(s2 +10s +5)e " =0
If the procedure is applied to the system, one ob-
tains

(25)

a.
A(s,0) = 553 + 1652 +21s +6 =0 (26)

where, s12 = —1.4074 £ j1.0654, and s3 =
—0.3851. It is seen that the system is stable for
h =0.

b. In the second step, M is obtained by Eq.(27)

M(w?) = (—=5jw? — 15w? + 11jw + 1)
x (5jw3 — 15w? — 11jw + 1)—(—w? + 10jw + 5)
X (—w? — 10jw + 5)

(27)

From Equation Eq.(27), we obtain w? = —4.5038,
w? = —0.4906, and w? = 0.4344. That is,
M (w?) = 0 has a positive solution. Using the
Eq.([®) and Eq.(@) the range of h making the sys-
tem stable is calculated as 0 < h < 2.6962. The
unit step response of the system according to the
second order approximation is given in Fig.(ITl)
for the critical point h = 2.6962. As can be seen
from the Fig.(Il), the critical point gives an os-
cillatory response as expected.

4. Conclusion

In this study, an algebraic stability test procedure
based on the principle of eliminating time delay
is presented for fractional order systems with a
single time delay. Thus, mathematical operations
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Output
o
3

Figure 11. Unit step response of Example
critical point h = 2.6962.

that are already complicated for FOS have be-
come easier. The examples show that the pro-
posed method gives very reasonable results. For
this purpose, integer-order approximations have
been used. Thus, a fractional order equation has
been turned into an integer-order one, and then
the stability test has been applied to the sys-
tem. When using integer-order approximations,
there can be a difference depending on the de-
gree of approximation. Studies have shown that
good approximation results for FOS are obtained
when using third or fourth-order approximations.
Therefore, when determining the stability range
of h, the order of approximation can cause some
differences in the calculations. However, it can
be said that the first order approximation is suf-
ficient for determining whether a system is stable
or unstable because higher order approximations
make mathematical operations quite complicated.
Besides, too large values of the time delay can
produce unwanted results in system performance.
Thus, it is necessary to investigate of stability
range of h to obtain reasonable results. For fu-
ture works, stability analysis can be investigated
for FOS having parameter uncertainty or differ-
ent time delays. In addition, stability for different
types of controllers can also be investigated. As
there are no analytical methods in this area, the
studies on this subject will contribute significantly
to the field.
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The maximum cut problem is known to be NP-hard, and consists in deter-
mining a partition of the vertices of a given graph such that the sum of the
weights of the edges having one end node in each set is maximum. In this
paper, we formulate the maximum cut problem as a maximization of a simple
non-smooth convex function over the convex hull of bases of the polymatroid
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given graph. In this way, we show that a greedy-like algorithm with O(mn?)
time complexity finds a base of a polymatroid that is a solution to the maxi-
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1. Introduction

The well-known maximum cut problem consists in
determining a partition of the vertices of a given
graph such that the sum of the weights of the
edges having one end node in each set is maxi-
mum. The maximum cut problem is very easy
to state but hard to solve. This problem is one
of the first problems whose NP-hardness was es-
tablished in [I] by Karp. Note that the problem
remains NP-hard even for unit edge weights [2//3].

The solution of the maximum cut problem has
been approached by mathematical programming.
In terms of design variables for every vertex,
an integer quadratic programming formulation is
given in [4]. Further integer linear programming
formulations of the maximum cut problem using
the boolean design variables are given in [5]. The
algorithm in [6] for finding solutions of the max-
imum cut problem is an efficient method from a
practical point of view. Goemans and Williamson
use a semidefinite relaxation technique. Their ex-
periments show that exact solutions are obtained

*Corresponding Author
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in a reasonable time for any maximum cut in-
stance of size up to 100 vertices. Using a semidef-
inite relaxation, the authors achieve an approx-
imation ratio of 0.87856 for this difficult combi-
natorial optimization problem. Semidefinite pro-
gramming is a convex optimization approach with
a linear objective function of the design variables
for a symmetric matrix, subject to linear con-
straints, and also convex constraints requiring the
matrices to be positive semidefinite. Despite the
fact that the algorithm in [6] has one of the best
worst-case performance, Bertoni, Campadelli and
Grossi [7] show that the algorithm improved by
Goemans and Williamson has a complex design
and its computation time may be prohibitive on
large problem instances having more than 500 ver-
tices. By solving experimental test problems on
large random graphs, Bertoni et al. also show
that their algorithm is better than the semidefi-
nite programming algorithm of [6] and they define
cuts with the same values in less time on standard
benchmarks. Ben-Ameur et al. discuss the com-
plexity of the maximum cut problem and some
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cases where the problem can be solved in polyno-
mial time [8]. They also introduce some approx-
imation methods for the maximum cut problem,
both with and without guarantees.

In all references mentioned, the topological prop-
erties of a given graph did not play an essen-
tial role in proofs or in solving the maximum cut
problem. Differently from the investigations men-
tioned above, to solve the maximum cut problem,
some polynomial time algorithms have been de-
veloped based on topological properties of given
graphs such as planar graphs [9l[10], weakly bipar-
tite graphs with non-negative edge weights [11],
graphs without K5 minors [I2]. The problem is
solved using a linear time algorithm for series-
parallel graph [13].

For definitions used in the paper, we refer read-
ers to [I4,[15]. Following the success of the theory
of polymatroids in solving difficult combinatorial
problems, we apply a polymatroid approach to
the maximum cut problem.

Section 2 contains necessary notations and defini-
tions in the theory of polymatroids used through-
out the paper. In Section 3, we present the max-
imum cut problem as a maximization of a simple
non-smooth function over a special polytope P(f)
called a polymatroid [14,[16] associated with the
submodular function f(.S) defined on subset S of
V of a given graph G = (V, E). This model in-
cludes variables for each node in V. The convexity
of the objective function implies that an optimal
solution to the maximum cut problem is among
extreme points (bases) of the polytope (polyma-
troid) P(f) [17].

It is well known that the greedy algorithm defines
bases of P(f) according to different linear order-
ing of vertices, in polynomial time (see [14,[16]).
One might say that for each maximum cut prob-
lem, an optimal linear ordering of vertices has to
be chosen such that an optimal base of P(f) (an
optimal solution) can be defined by the greedy
algorithm in polynomial time. Hardness of the
maximum cut problem implies that an optimal
linear ordering cannot be defined in polynomial
time. In [I8], Sharifov proposes a O(mn?) time
algorithm which defines different linear ordering
and related bases of P(f) based on the topological
properties of a given graph. We show that a so-
lution to the maximum cut problem with the ap-
proximation ratio 0, 75\ can be defined in O(mn?)
time by this algorithm, where A < 1.3 is some pos-
itive number and m = |E|,n = |V|. In Section
4, we present a new model of the maximum cut
problem in terms of flows with respect to a base
of P(f). This model is used in the proof of new

necessary and sufficient conditions for optimality
of a base of P(f).

2. Basic notions and preliminary
results

Consider an undirected graph G = (V, E) with
non-negative weights ¢, > 0 on the edges e € F.
We assume that G is a graph without loops and
parallel edges. An edge with endpoints v and u
is denoted by (v, u) and uv denotes the arc whose
tail is v, and head is u. We use S = V \ S for
S CVand S+wv for SU{v} when v ¢ S, and
S —wvfor S\ {v} whenv e S.

Let v(S) and k(S) denote the subsets of edges
having at least one of endpoints in S C V and
both endpoints in S C V', respectively. Consider
functions

F(8) =Y (ce:e€q(9))
g(S) = (e : e € K(S)).

Obviously f(S) and g(S) are monotone functions
by definitions, moreover, it is well known that f
is submodular, i.e.,

fO)+ (1) = f(SUT)+ f(SNT)
and g is supermodular, i.e.,
9(8) +9(T) <g(SUT) +g(5SNT)

for any S, T C V [16].

The cut given by a subset S C V is denoted by
6(S). We will use ¢(E) for > . pce, and c(6(S5))
for Y (cij; (i,j) € E,i € S,j € S). The vector
d = (dy = ¢(d(v));v € V) is called the weighted
degree vector of the graph G. From the definition
of the sets v(S) and (.S) it follows that

£(8) +9(S) =d(S) =>_d,,

veES

and
f(8) = g(S) = ¢(6(5))

for the cut §(S) given by any S C V. Clearly,
f(S) —g(9) is a submodular function.

Let RY denote the set {(u(v) € R:v € V)}. For
u=(u(w):veV)eRY and a subset S C V, we
denote u(S) = >, cguy,. The following two sets
of vectors in RV associated with the functions f
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and g are called polymatroid and superpolyma-
troid [14], respectively:

P(f)={z eRY; z(9)
Q(9) = {y e RY; y(S) > g(9)

IN

f(S8), SCV},
, SCV).

The following polytope associated with the func-
tion f — g is called extended polymatroid [14]:

EP(f-g) ={w e R"; w(S) < f(S)—g(5)

Vectors = € P(f) and y € Q(g) are called bases
of the polymatroid and the superpolymatroid if
z(V) = f(V) and y(V) = g(V), respectively.
Note that, for any bases x € P(f) and y € Q(g),

since

by definition of the sets v(S) and k(S). So, a
vector w € EP(f — g) is a base of EP(f — g) if
w(V) =0.

Let 2 € P(f) and y” € Q(g) be bases computed
by the greedy algorithm in [I8] with respect to
any linear ordering L of the vertices. The first
observation is that the difference w” = z¥ —y* of
the bases 2 and y’ is a base of EP(f — g) which
can also be found by the greedy algorithm with
respect to the linear ordering L of the vertices. In
what follows, we will write x, y and w instead of
zl, y and w’, respectively.

We write v <, u if v precedes u in the linear or-
dering L of the vertices. According to the linear
ordering L of vertices, one can orient the edges of
the graph G = (V, E) in such a way that the re-
sulting digraph G = (V, A) is an acyclic oriented
graph. This requires each edge (v,u) to be re-
placed by an arc vu if v <p u or an arc uv if
u <1, v. The opposite is also true; each acyclic
orientation of the edges of the graph G = (V, E)
defines a linear ordering L of its vertices. In an
acyclic oriented graph G = (V, A) with weights
Cow ON arcs, let 94 (v) be the set of arcs entering
to node v, and let §_(v) be the set of arcs leaving
from node v.

Our key observation is that the bases z € P(f)
and y € Q(g) satisfy the equalities

Z Cou = (04 (V) =z, vEV, (1)

u€d4(v)

Z cuw = c(0_(v3)) =yp, vEV. (2)

In other words, x, is the sum of weights on the
leaving arcs from the node v, and y, is the sum
of weights on the entering arc to the node v.

All the above equalities are satisfied by any bases
of z € P(f) and y € Q(g) which are computed
with respect to any linear ordering of the vertices
in any graph. Their proof immediately follows

» 5 S V}from the greedy algorithm formula for computing

bases of P(f) and Q(g) with respect to a given
linear ordering of the vertices. So, we can state
the following claims.

Claim 1. Let = € P(f) and y € Q(g) be any
bases computed by the greedy algorithm developed
in [18] with respect to any linear ordering L of the
vertices, then

r+y=d

and the difference x—y = w is a base of EP(f—g),
for which the following the zero sum equality

Z(wv;wv >0) = —Z(wv;wv <=0)

holds.

Proof. Since d, = ¢(d4+(vi)) + ¢(6—(v;)) in the
graph, obtained by orientation of the edges G =
(V, E) according to the linear ordering L, then
Xy + Yy = d, for any node v € V. From z(V) =
y(V) it follows that w(V) = z(V) —y(V) = 0.
Since z € P(f) and y € Q(f), =(S) —y(9) €
EP(f — g). Besides, w(V) = 0 can be written
as the zero sum equality by performing algebraic

operations. Therefore, x — y = w is a base of
EP(f - 9). O

Claim 2. For a given linear ordering L =
{v1,...vn} of the vertices in V', the bases x(L) €
P(f), y(L) € Q(g) and w(L) € EP(f —g) can be

found in O(m) time.

Proof. For L; = {vy,..v;} and i = 1,...
the greedy formula

,m, by

Ty, = f(Li) — f(Li-1) = c(6+(vi)),

it follows that z,, is the sum of weights on the
edges (vj,v;) € E for which v; <z vj in L. So,
each edge of E appears only once in comput-
ing the base z. From y = d —x € Q(g) and
w=ux—y € EP(f — g), we obtain the bases y
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and w in O(m) time with respect to the linear
order L. O

We make the following useful observation whose
proof immediately follows from equalities (1) and
(2), for two graphs obtained after the orientation
of the edges in GG with respect to linear orderings
L = {v1,v9,...,v,} and I = {v,,...,v3,v1}.

Claim 3. If the greedy algorithm defines the bases
zt € P(f) and 2* € P(f) with respect to the L
and I, respectively, then x> = y' =d —2' € Q(g)
and ' = y? =d — 2% € Q(9).

Proof. Consider two acyclic oriented graphs
G(L) and G(I) obtained after replacing edges in
E by arc according to L and I, as above. If
v <1 u, then an edge (v,u) corresponds to arc
vu in G(L) and arc wv in G(I). Let z. and
yl = d, — x} be bases defined by the greedy al-
gorithm [I8] with respect to L, that is, equalities
(1) and (2) hold for x} and y. with respect to
G(L). Let 22 and y2 = d, — x} be bases defined
by the greedy algorithm with respect to I. Since
an edge (v,u) corresponds to arc vu in G(L) and
arc uv in G(I), then x! defined by (1) for G(L) is
y? for G(I) and y! defined by (2) for G(L) is 22
for G(I). By Claim 1, 2%, 22 € Q(g). O

The greedy algorithm [I8] defines the following
bases with respect to the linear order L = (W, U)
for a bipartite graph H = (W, U, A):

z, =di forveW, z,=0, foru e,
Yy =0, forv e W, yu:dg, for u € U.

Therefore,

Z |xv - yv| (3)

veWuUU

is equal to the double weight of the maximum
cut separating the sets W and U, in the bipartite
graph H = (W, U, A). To the best of our knowl-
edge, there is no an algorithm to define a linear
ordering L of vertices for non-bipartite graph in
order to determine a maximum cut. Our goal in
the next sections is to develop some new ideas
for finding maximum cut in a non-bipartite graph
G=(V,E).

3. Models with convex objective
function

The maximum cut problem of a graph G = (V, F)
is to find the set of vertices S that maximizes
the weight of the edges in the cut (5,9), i.e., the
weight of the edges with one end node in S and the

other in S. In this section, we propose an alter-
native formulation for the maximum cut problem.
First, the relationship between cuts and bases of
the polymatroids P(f) is established. In a linear
ordering L of vertices, if v < u for any vertices
v and u such that v € S C V and u € S, we write
it as L = (S, S) for short.

Theorem 1. The double weight of a cut 4(S) sep-
arating sets S and S is equal to

>l —wl, (4)

veV

where bases ¥ € P(f) and y* € Q(g) are com-
puted by the greedy algorithm with respect to the
linear ordering L = (S, S) of vertices in V.

Proof. Consider the linear ordering L = (S, 9)
of the vertices in V, that is, v < wu for any
node v € S and v € S, and let z* € P(f) and
y* = d — z¥. According to the linear ordering L,
we can direct each edge (v, u) of the graph as arc
vu, if v <p w or as uv if u < v. Then all edges
in E will be directed as arcs vive, if v1 <, vy for
vertices vi,vy € S, as arcs ujug if uy <y ug for
vertices u1,us € S and as arcs vu, where v € S
and u € S. Clearly, after deleting the arcs vivy
with end nodes v1,v9 € S and the arcs ujus with
end nodes uy, up € S, in G, the resulting subgraph
is a bipartite subgraph H = (5,5,4) (S Cc V
and A C E). With respect to H, one can de-
fine the functions fy and gg, also the matroids
P(fo), Q(go) and E(fo — go). Consider the bases
h € P(fp) and t € Q(go) defined by the greedy
algorithm with respect to L, i.e.,

hv:df, forvesS, h, =0, forues,
t, =0, forv e S, tu:duH, for u € S.

Hence, t, = df — h,, for any node v € V, and

2 Z cuv:de+de:
(u,w)EA veES vES

= 1(S) = 1(S) + [1(S) = t(I)].

Since h is defined with respect to L and t, =
d — h,, then

hT) —t(T) = «™(T) — y“(T), for T =5, S.
Therefore,

2 S = aH(S) — yH(S) +12H(5) — 45|
(u,v)EA
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=Y el -yl

veV

Thus, H is a maximum bipartite subgraph (the

sum of weights on its edges is maximum) of G,

if the last sum is maximum for the bases 2 and
L

Y. O

Since f is a monotone submodular function, the
convex hull of bases P(f) is the following poly-
tope [14]

B(f) ={z;z>0,z(5) < f(S),ScV,z(V) = f

We recall that  + y = d (Claim 1) for the bases
z and y generated by the greedy algorithm with
respect to any linear ordering L of vertices. Thus,
Yo = dy — x,, for all v € V', and hence

[Ty — yo| = |22y — do].

We now present our original formulation of the
problem. By Theorem [, the maximum cut prob-
lem can be formulated as the following special
convex program;

MaxCut, = max{Cut(x

= 5" 2w, —d]} (5)

veV

subject to
x € B(f). (6)

In what follows, we propose further formulations
for the max-cut problem. To this end, we first
state the following lemma. Let

fi(z) = Z (22 — dy),
veVy (z)

Fe = S (d—20),
veV_(x)

where

Vi(z) ={veV;2z, —
Vo(z) ={veV;2z, —

d, > 0},
d, <0},

for any base z € B(f).

Lemma 1. For any base x € B(f)

Cut(r) = 2f4(z) = 2f ().

Proof. From the equality

fi(@) = f-(2) =

2(2% —dy) =0

veV

it follows that

Cut(z) = f(z) + f-(z) + 0 =2f4(2),
Cutle) = f1 () + f(x) — 0 = 2f_(z)
O
By Lemma [II

VI azCut, = fo(a*)+f-(a") = 2f+(a") = 2f_(a"),

where z* is an optimal solution to the problem
(5)-(6). Since z = 2z —d = x — y for any
z € EP(f —g) and = € B(f) by Claims 1-3, the
vector 2t = {z;v € V}, where 2 = max{z,,0}
can be defined with respect to each base x € B(f).
By the equality Cut(z) = 2f4(x), the following
problem

max{z"(V);2 € EP(f — g)}

is equivalent to the maximum cut problem (5)-(6).
In addition to the above models, by the equality

Cut(z) = f+(x) + f—(x), the problem
max{f(z) : x € B(f)} = c¢(E)
—min{z(V_) +y(Vy),z € B(f),y =d—x} (7)

is also equivalent to the maximum cut problem
(5)-(6). The problem in the right hand side of
equality (7)) can be considered as dual of the prob-
lem (5)-(6). We note that z =2z —d = x — y for
x € B(f) and y = d — x. We can also define the
vector 2~ = {z, ;v € V}, where z; = min{z,,0}
for any v € V. It is easy to show that the follow-
ing problem

min{z"(V);z € EP(f —g)},

is equivalent to the above dual problem (7). Thus,
the latter problem can be considered as another
dual problem of the problem (5)-(6).

Moreover, Lemma [ says that to solve the max-
imum cut problem on a given undirected graph,
one can find a base z € EP(f — g)} for which ei-
ther 2T (V) is maximum or 2z~ (V') is minimum. It
is well known that the latter problem is used es-
sentially to design polynomial algorithms for min-
imizing a submodular function. For more details,
the reader can refer to [16].
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The above models are also useful for solv-
ing the maximum cut problem. For exam-
ple, since the algorithm in [I8] defines O(n)
bases of B(f) in O(mn?) time, we can apply
it to handle different bases and related strings
Cut(x),Vi(z),V_(z). Let LIST(Cuts) contains
strings Cut(z), Vi (x), V_(z) for each these bases.

Theorem 2. In LIST(Cuts), if there are strings
for some pair of different bases x*,x € B(f) such
that

Cut(z™) > (Vi) +y(Vo),

fory=d—z, Vo, =Vi(x) and V_ = V_(x), then

MaxCut,
2
Proof. If LIST(Cuts) contains the string for
base x, then Claim 3 implies that z(V}) = f(V4)
and y(V_) = f(V_). Let LIST(Cuts) contains
the string for the base x*, too. Then

3
> ZC(E)

Cutla®) = J(Vi) + (V)
= (V) +gv) + D oy 4 S

To define C'ut(x), the algorithm in [18] chooses a
node w # s for which 2x,, —d,, > 2z, —d, > 0 for
v ¢V, and sets V. := Vi +w, where V := s at
the beginning of the algorithm, and V_ = V' \ V..
This implies that Cut(z)/2 > ¢(E)/2. Thus,

Cut(z*) > ¢(E) + C(QE) - gc(E),

which completes the proof of the theorem. O

In LIST(Cuts), let
Cut(x*) = max{Cut(z); Cut(x) € LIST(Cuts)},

and let z(Vy) + y(V_) be minimum for a base x
(y = d—x). In other words, Theorem [2states that
Cut(z*) is a solution to the maximum cut prob-
lem with the approximation ratio at least 0.75. In
this case, clearly the graph G has a cut with value
at least 3/4c(E). If the graph G does not have a
cut with value 3/4¢(FE), then Theorem [2 is not
true. In this case, we define A\ from the equality

Cut(x®) = Mz (V) +y(V2)).
Clearly, A is a positive number and A < 1.3. By
the proof of Theorem 2 it can be shown that

MaxCut, 3
— > )= .
5 > )\4C(E)

So, the graph G has a cut with value at least
3/4Ac(E). In this case, the algorithm in [I8] de-
fines a solution to the maximum cut with the ap-
proximation ratio at least 0.75\ for some positive
number A < 1.

As a conclusion of this section, we note that sim-
plicity of the algorithm in [I8] allows to solve real
practical large problems effectively by Theorem
2l In future, we plan to do some investigations in
this direction.

4. Maximum flow model

Now, we formulate the maximum cut problem
by another model. Let x € B(f) be a base
generated by the greedy algorithm with respect
to a linear ordering L of vertices in V and let
z=2r—d=x—y € EP(f—g). Since 2(V) =0,
we can define subsets

Vi ={v;zy =22, —d, > 0,0 €V}
and

Vo ={w; 2y =224 — dy < 0,w € V}.

We consider an acyclic oriented graph G = (V, A)
obtained after replacing all edges by arcs accord-
ing to the linear ordering of L. The capacity on
each arc vu equals to the given weight of the edge
(v,u) € E. We add two new vertices, a source
s and a sink r, to the graph G = (V,FE). For
each vertex v € V and w € V_, we add arcs sv
and wr with capacity z, and |z,| to the graph
G = (V,E), respectively. In the resulting net-
work G, = (V,, E,), let 04+(S) denote the set of
entering arcs to the vertices S C V, and §_(.5)
denote the set of leaving arcs from the vertices of
the subset S. Recall that the capacity of the cut
separating a subset of S is defined as the sum of
the flows on the leaving arcs entering to vertices
v € S minus the sums of the flows on the enter-
ing arcs to vertex v € S. A cut with a minimum
capacity is called a minimum cut.

Theorem 3. In the network G, = (V,, E,), any
mazimum s — 1 flow (source s, and sink r) satu-
rates all arcs, i.e., on all arcs vu with end node
v,u € V, the value of the mazimum flow equals to
Cou, and on all arcs sv and rw, the value of the
mazximum flow equals to z, and |z,|, respectively.

Proof. Let x be a base generated by the linear
ordering of . and y = d — x. From the defini-
tions of the capacity of arcs sv and rw, it follows
that ¢(d4(v)) = ¢(d—(v)) in the network G,. This
means that the sums of capacities of arcs in the
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sets d4(v) and d_(v) are the same for each ver-
tex v € V. Therefore, to maintain a balance be-
tween leaving and entering flows for each vertex
v € V, the value of the maximum flow on arcs
of the acyclic oriented graph G = (V, A) must be
equal to its capacity. In addition, since

A
=9
+
—~
~—
~
I
8
—~
<
~
|
=
£
I
=
=
|
A
=

it follows that z, and |z,| are the maximum flow
values on the arcs sv and rw, respectively. O

By Theorem [3], since the value of the flow on all
arcs is equal to its capacity, that is, any cut sep-
arating the source s and the sink r are the mini-
mum cut in the network G, = (V,, E,). Thus, we
obtain that fy(x) is the value of the maximum
flow from the source s to the sink r in the con-
structed network G, = (V,, E,) according to the
base z =2x —d € EP(f — g).

So, Theorem [3] implies that to solve the maxi-
mum cut problem on a given undirected graph
G = (V, E), it needs to find a base z € EP(f —g)
such that the capacity of any minimum cut sepa-
rating the source and sink is maximum in the con-
structed network G, = (V,, E,). Such a model of
the maximum cut problem can have applications
for transportation of natural products from time
to time in different directions through pipelines of
the transport network.

Definition 1. Let G, = (V,, E.) be a network
constructed for the base z =2x —d € EP(f — g).
The flow on each arc vw is called transit, if ver-
tices v, w are either in Vi (x) or in V_(z).

Theorem 4. A base z =2z —d € EP(f — g) is
an optimal solution to the problem (5)—(6) if and
only if a maxzimum flow from source to sink has
a minimum sum of transit flows in the network
G, = (V., E,) constructed for the base z.

Proof. Let © be the base generated by the lin-
ear ordering of L and the network GG, constructed
for z = 2 — d contains the minimum sum of
transit flows on the arcs vw. By definition of a
cut in the graph G with respect to the bases x
and y = d — z, if v,w € Vi (z), then y(Vi(x)) if
v,w € Vi (x), then z(V_(x)) are the total number
of transit flows on the arcs vw. Therefore, from
the dual equality (7), we obtain that 6(Vi(z)) is
a maximal cut in the graph G.

If we consider that y(Vi (z))+z(V_(z)) is the sum
of the transit flows in the network G, constructed
for arbitrary bases z = 2x —d and = € B(f), then

the opposite also follows from the dual equality
(7). O

In other words, Theorem [l states that if the min-
imum number of variables satisfies inequalities
0 < z, < dy in solving the problem (5)-(6), then
a definite cut for x, is maximal in the graph G.
It is relatively difficult to design an effective al-
gorithm based on this theorem. At a first glance,
one might think that the network G, = (V,, E,)
should not contain much more transit flows if
z(Vi(x)) = y(V_(x)). However, the situation is
very complicated, since it is easy to design some
small maximum cut problems for which this is not
true. Indeed, this theorem states some connec-
tion between the maximum independent set and
the maximum cut problems, that require new in-
vestigations on network flow problems.

5. Concluding remarks

The value of applications of the theory of poly-
matroids ensures that the optimal solution of
many combinatorial optimization problems can
be found in polynomial time bounded algorithms.
For example, the vector z € P(f) maximizes cz
in polynomial time for the monotonic submodular
function f. A deep understanding of this theory
makes it possible to use known methods devel-
oped for solving the network flows, as a solver
of subtasks enumerating in solving optimization
problems with a nonlinear objective function over
polymatroids structures (see [14]). Considering
topological properties of graphs under considera-
tion in solving combinatorial problems over poly-
matroids leads to a polynomial algorithm as a
solver for the maximum cut problem. In [I0],
topological properties of planar graphs namely
the geometric duality is used to develop a polyno-
mial time bounded for finding a maximal cut of
these graphs. Since we do not know about unam-
biguous connections between NP and P, it is dif-
ficult to come up with a polynomial time bounded
algorithm for solving (5)-(6), only using the above
described and other specifics of the problem. But,
with respect to the specifics of the objective func-
tion (5) and constraints (6), we hope that the next
two weaker questions can be solved by a polyno-
mial time algorithm.

(1) Is it possible to design greedy type algo-
rithm by using the subgradient of the ob-
jective function at a current point (base)
x to compute the next point z* such that
(5) will be strongly increased?

(2) How topological properties of a given
graph and the techniques described in the
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paper could be combined for finding an ex-
act upper bound of the objective function
(5)?
Based on positive answers to these two questions
a polynomial time algorithm can be developed for
finding an optimal solution to (5)-(6) on graphs
with unit edge weights and as a result, we could
get NP = P.
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(o) R

1. Introduction

In recent years, studies conducted on findings
new analytical solutions of differential equations
have attracted attention of scientists from all
over the world [IH2I]. Especially the dynam-
ics of optical soliton is one of the most fascinat-
ing areas of research in the field of mathematical
physics. There are a great number of models that
studies the dynamics of optical soliton propaga-
tion through a large variety of waveguides such
as optical fibers, optical couplers, crystals, opti-
cal metamaterials and metasurfaces. The com-
plex Ginzburg-Landau equation (CGLE) is one
of these models and it is extended kind of the
nonlinear Schrodinger equation that is the gov-
erning model of this context.The CGLE describes
various phenomena including nonlinear optical
waves, second-order phase transitions, Rayleigh—
Bnard convection superconductivity, superfluid-
ity, Bose—Einstein condensation and liquid crys-
tals [IH4]. It is studied widely all over the world
by a variety researchers [IH12]. A wealth of re-
sults have been reported in this context. Some
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of the integration methods that have been im-
plemented to this model are trial solution ap-
proach [7], modified simple equation method [§],
first integral method [9], semi-inverse variational
pirinciple [I0] and others.The current paper will
use Jacobi elliptic functions to extract cnoidal and
snoidal wave solutions to the model.These will get
soliton solutions in the limiting case of the mod-
ulus of ellipticity.

2. Mathematical analysis

The dimensions form of CGLE is [5]- [§]

. 1
1qt + aqQry + bF (|Q|2) q = W |:a |q‘2 (’(J|2>xx

—ﬁ{(IQIQ)gC}Q] +74, (1)

where ¢ (x,t) is a complex-valued function which
represents the soliton molecule in an optical fiber.
The independent variables z and ¢ show spatial
and temporal coordinates, respectively. Then a
and b represent coefficients of the group velocity
dispersion (GVD) and nonlinearity, respectively.
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Also o and (8 are additional nonlinear terms and
7 stem from the detuning effect [I1].

In (1), if we think the complex plane C' as a two-
dimensional linear space R?, it can be written
F (la*) a € Ui C* ((=nym) x (~6,0); R?).

(2)
The initial hypothesis for (1) is taken by the fol-
lowing form:

q(z,t) = u (€)™, (3)

In @), v and ¢ represent amplitude and phase
component of the soliton respectively and here

£ =1z — v, (4)

and
¢ =—kKkxr+wt+46 (5)
where v represents the soliton velocity, x and w

represent the frequency and wave number of the
soliton respectively and @ is the phase constant.

Substituting (B]) into (1) and then decomposing
real and imaginary parts, the real part is given
(a—4B)u" — (w+ak® + ) u+ F (v*) u

N2
ag ) (6)

=2(« _—
It is also note that v’ = du/d¢, u" = d*>u/d¢? and
so on. The choice
a =20, (7)
Eq. () modifies to

. 8
ige + agee + F (|a”) a = —5— [21a” (1aP")

~{(1aR), )]+ 0

and the real part reduces
(a —2a)u” — (w+cm2+7)u+F(u2)u:0,
(9)

and then imaginary part of the Eq. (II) gives the
soliton velocity as:

v = —2ak.

(10)

The velocity of the soliton, given by (10), is in-
dependent of the type of nonlinearity. So it stays
the same for all forms of fiber in question.

2.1. Kerr law

In this case,

F(s) = bs, (11)
where b is the real-valued constant. So, Eq. (8]
reduces to

| 8
e+ (V1) 0= 21 ().,

- {(!{ﬁ)x}z] +74,

and the real part equation (@) simplifies to
(a—4B)u" — (w+ar® +7)u+u®=0. (13)

(12)

We assumed that « is in the form
(€)= Asn? (BE D), E=z—ut,  (14)

where £ is the modulus of Jacobi elliptic function
and 0 < £ < 1. Also A represents the amplitude,
B is the inverse width of the soliton and unknown
index p will be determined.

Substituting Eq. (I4]) and its necessary deriva-
tives in the real part Eq. (I3]), we have

(a —48) (p — 1) pAB*sn~? (B, €)
—(a—4B8)p [ (p— 1) + £ + p|] AB?sn” (BE, 1)
+ (a—4B) lp (Lp+ 1) AB?sn*2 (B, 1) (15)
(w+ ar’ + v) Asn? (B¢, 0)+bA3sn (BE, () = 0.

From Eq.([IH), matching the exponents
snPt2 (B, 0) and sn® (B¢, () yields
p+2=3p, (16)
which gives
p=1 (17)
Equating coefficients of them and setting coeffi-
cients of sn?*7 (BE, (), for j = —2,0, to zero in
([I3) as these are linearly independent functions
yields
Jw+ ark? +
A=\——F— 18
be ) ( )
w+ ak? +
B= , 19
\/(45—@)(6—1—1) (19)
which requires the constraints
(w+ ar? +7) b > 0, (20)
(w+ ar® +7) (48 — a) > 0. (21)

So, for Kerr law nonlinearity, the Jacobi elliptic
function solution is

w+a/12+’ysn w+ ak? +
bl ' (48 —a)(L+1)
(z + 2axt) , (] ' (TraTwitd) (22)

If the modulus ¢ — 1 in Eq. (22]), we obtain fol-
lowing dark optical soliton solution
w + ak? + v

_JwHak? + 7y
q(m,t)—\/T.tanh 343 —a)

(z 4 2axt)] . Tratwito) (23)

q(x,t) =




The complex Ginzburg Landau equation in Kerr and parabolic law media 115

In solutions ([22)) and (23)), ¢ (z,t) represents the 2.2. Parabolic law
soliton molecule in fiber. k and w are the fre-
quency and wave number of the soliton respec-
tively, 6 is the phase constant. Also v depicts F(s) =b1s+ bos?, (32)
detuning effect, a , b and [ are constants.

In this case,

where by and b are constants. So, Eq. (8) reduces
In order to construct exact solutions for Eq. (I2); to

we use hypothesis in the form i + agan + (bl \q|2 by |q|4> g ’q‘gq*
u (&) = Aen® (BE, L), 24 2
) (BL,8 2 : [QW (19?) = {(1a) } ] +yq,  (33)
From (24)), Eq. (I3) reduces to zx x

(a— 48) (1 _ 62) (p—1) pAB2en~? (BE, 0) and the real part Eq. (@) simplifies to
+(a—48)p [*(2p — 1) + £ — p] AB%en” (BE, 1) " 2 3 5
—4 — b bou” = 0.
=B b+ ) AR (Be) a7 (e uk b b2

— (w + ar? + ) Aen® (BE, £)+bA%en™ (BE,£) = 0, The initial hypothesis as given below
Setting the exponents and coefficients of functions

enft? (B¢, 0) and cn®f (BE,F) equal to one an- u (&) = A[D + sn (BE, ()", (35)
other, and again setting the coeflicients functions So we get
of en?t7 (BE, £) to zero for j = —2,0, we acquire ) ) 5o
the same value of which is in (I7) and following (a—4B) (p—1) pAB* (1 - D) (1 - £°D7)
equations D+ sn(BE,0)° 7 + (a — 48) p {2p (1 — £2D?)
+¢(1—-D?% +¢*(3D*—2) — 1} AB’D
4 \/ D@ ra+y) o D+ sn(BEOP 4 (a—48)
btz +€—1) {¢D? (6¢p — 4D + £ +2) + €2 (1 — 2D — p)
B w+ ak? + 27) —0— pY AB?[D + sn (B, 0))” + (a — 48) (36)
N (a—4p) (2 +0-1) Lp (—=4lp + 30— 3) AB’D [D + sn (B¢, 0)]P™!
with the conditions +(a—48)Lp (bp+ 1) AB? [D + sn (BE, 0)]F+>
(w+ar? +7)b(+0-1)>0,  (28) — (w+ar® + ) A[D + sn (BE, 0))°

(w+ar? +7) (a—48) ((*+£—1) > 0. (29) +b1 A% [D + sn (BE, 0)]* +by A [D + sn (B, 0)]*F = 0.

o ] ) Setting the exponents and the coeflicients
Hence, we get the Jacobi elliptic function solution [D + sn (BE E)]"Hand (D + sn (B¢ Z)]3p and also

for CGLE with Kerr law nonlinearity as (D + sn (Bg,g)]pw and [D + sn (B, E)]5p equal
C(04+1) (w+ ar? +7) to one another, again equating the coefficients of
q(z,t) = b(CZ+ 10— 1) [D + sn (B¢, 0)]"*7 to zero, for j = —2,—1,0, in

the Eq. (34), yields

w+ ar? +
. 2arxt), | (30 1
C”[\/(a—w)(ww—n(” )] 30) =1, (37)
i(—rztwt+0) D = +1, (38)
When ¢ — 1, solution (B0) reduces bright optical ) by (0 +2)
. X S = — 39
soliton solution which is given by 2, ((—3) D’ (39)
2 2
q(x,t):\/ (w+ ar® +7) (w+ ak? +7)
b B =2 ,  (40)
(a —45)[4¢ (1 +2¢ — 2(D)
2 2(1 — — _
.sech wras ty (x + 2akt) (31) +(1-4D) - 2¢ - 1]
(48 — a) with conditions
ei(mratwt+0) biby (0 —3)D >0, (41)

where k represents the soliton frequency, while w  and
depicts the wave number of the soliton. 6, a, b and 9
B are constants and so y arise from the detuning (w art 7) (a —4B)[4€(1 +2¢ — 24D)

effect. +0% (1 —4D) —2¢ —1] > 0. (42)
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Thus, the Jacobi elliptic function solution for the
CGLE with parabolic law nonlinearity is given by

by (¢ +2)
=) —r
9@ =\ 5 =3 D
2
Dtsnlo (w+ ak? + )

(a — 4B) [4¢ (1 + 2 — 2¢D)
+0%(1 —4D) — 20 — 1]

(43)

(l‘ + 2a/€t), f)] .ei(—mc—I—wt-i-G)

When the modulus ¢ — 1 , we obtain following
dark optical soliton solution

by -3
q(z,t) = S\ b

Dt tonh <\/(2(w+aﬁ2+7)

-G M

i(—rzt+wt+6)

(z + 2akt))] .e

In solutions (3)) and (@4), g (z,t) represents the
soliton molecule in fiber. k and w are the fre-
quency and wave number of the soliton respec-
tively, € is the phase constant. Also v depicts
detuning effect, a, b1, b, D are constants.

Now, if we take the starting assumption as

u(€) = A[D + cn (BE, X)), (45)
Eq. (B4) changes to
(a—4B) (p — 1) pAB* (1 — D?) (¢* + 1)
D+ en (BE O™ + (a—46) p

{[(P(4p-3)+ (] (D*—1) +2p—1}
AB?*D[D + en (B, 0)]" " +(a — 48) p { (1 — 3D?)
(20°p — 02 +£) — p} AB*[D + cn (BE,()]” (46)

So, we obtain

—b1 (£ +2)

100 =\ a0, (015D

w ~+ ak? +
D 2
ton ( \/(a—4ﬁ) 20(1—3D%) 1]
(z + 2akt), £)] e TrzFwi+o),

If the modulus £ — 1, we get following bright op-
tical soliton solution

(51)

—3b1
8hy D’

Q(wat) =

w+ ak? 4+
D+S€Ch<2\/(a—4ﬁ) =607

(z + 2akt))] ./ retwtto)

where ¢(z,t) represents the soliton molecule in
fiber. k represents the soliton frequency, while w
depicts the wave number of the soliton. 6, a, b and
B are constants and so vy arise from the detuning
effect.

(52)

3. Conclusion

This paper consider CGLE in kerr and parabolic
law media. Jacobi elliptic functions are used for
the integration scheme here. Bright and dark
optical soliton solutions are obtained using two
types Jacobi elliptic functions. The existence cri-
teria of these solutions are also indicated. These
solutions provide recognise physical phenomena
described by the equation. Due to the fact that
bright and dark optical soliton solutions always
help to address the soliton dynamics in long dis-
tance telecommunication system, the results of
the paper are useful in the fiber optics communi-

+(a—48) lp (4lp — 0+ 3) AB>D[D + cn (BE, g)]ﬂ+1cation technology. It can be obtained different so-

—(a—4B)€p (lp+1) AB®D [D + cn (B¢, )] +?
_ (w—i—a,g? +’Y)A[D+Cﬂ(Bf,€)]p+blA3
[D + cn (BE, 0)* + b2 A% [D + en (BE, )] = 0.
Doing similar operations, value of the parameters

p and D obtained the same as Eq.s [87) and (38
respectively and yields

—b1 (€ +2)

meap W
B w+ ar? +
L= e
where
biboD > 0, (49)

(w + ar? +7) (a—48) [2¢(1 - 3D2) —1] > 0.
(50)

lutions of the CGLE using the other Jacobi elliptic
functions. This technique is very useful and effec-
tive to get soliton solutions of nonlinear partial
differential equations in mathematical physics.

References

[1] Aranson, I.S., Kramer, L. (2002). The world
of the complex Ginzburg-Landau equation.
Reviews of Modern Physics, 74(1) 99-143.

[2] Cross, M.C., Hohenberg, p.C. (1993). Pattern
formation outside of equilibrium. Reviews of
Modern Physics, 65(3) 851.

[3] Matsuo, T., Furihata, D. (2001). Dissipative
or conservative finite-difference schemes for
complex-valued nonlinear partial differential
equations. Journal of Computational Physics,
171(2) 425-447.



The complex Ginzburg Landau equation in Kerr and parabolic law media 117

[4] Ginzburg, V.L., Landau, L.D. (1950). On the
theory of superconductivity. Zhurnal Eksper-
imentalnoi i Teoreticheskoi Fiziki, 20 1064—
1082.

[5] Biswas, A. (2018). Chirp-free bright optical
solitons and conservation laws for complex
Ginzburg-Landau equation with three nonlin-
ear forms. Optik - International Journal for
Light and Electron Optics, 174, 207-215.

[6] Mirzazadeh, M., Ekici, M., Sonmezoglu,
A., Eslami, M., Zhou, Q., Kara, A.H.,
Milovic, D., Majid, F.B., Biswas, A., Belic,
M. (2016). Optical solitons with complex
Ginzburg-Landau equation. Nonlinear Dy-
namics, 85(3),1979-2016.

[7] Biswas, A., Yildirim, Y., Yasar, E., Triki, H.,
Alshomrani, A. S., Ullah, M. Z., Zhou, Q.,
Moshokoa, S. p., Belic, M. (2018). Optical
soliton perturbation with complex Ginzburg—
Landau equation using trial solution ap-
proach. Optik, 160, 44-60.

[8] Biswas, A., Yildirim, Y., Yasar, E., Triki,
H., Alshomrani, A.S., Ullah, M.Z., Belic, M.
(2018). Optical soliton perturbation for com-
plex Ginzburg-Landau equation with modi-
fied simple equation method. Optik, 158, 399—
415.

[9] Akram, G., Mahak, N. (2018). Application
of the first integral method for solving (1+41)
dimensional cubic-quintic complex Ginzburg-
Landau equation. Optik, 164, 210-217.

[10] Biswas, A., Algahtani, R.T. (2017). Optical
soliton perturbation with complex Ginzburg-
Landau equation by semi-inverse variational
principle. Optik, 147, 77-81.

[11] Shwetanshumala, S. (2008). Temporal soli-
tons of modified complex Ginzburg Landau
equation. Progress In FElectromagnetics Re-
search, 3, 17-24.

[12] Arshed, S. (2018). Soliton solutions of frac-
tional complex Ginzburg-Landau equation
with Kerr law and non-Kerr law media. Optik,
160, 322-332.

[13] Baskonus, H.M. (2019). Complex Soliton So-
lutions to the Gilsonpickering Model. Axioms,
8(1), 18.

[14] TThan, O.A., Esen, A., Bulut H., Baskonus
H.M. (2019). Singular Solitons in the pseudo-
parabolic Model Arising in Nonlinear Surface
Waves. Results in Physics, 12, 1712-1715.

[15] Cattani, C., Sulaiman, T.A., Baskonus H.M.,
Bulut, H. (2018). Solitons in an inhomoge-
neous Murnaghan’s rod. European Physical
Journal Plus, 133(228), 1-12.

[16] Baskonus, H.M., Sulaiman, T.A., Bulut, H.
(2018). Dark, bright and other optical solitons
to the decoupled nonlinear Schrédinger equa-
tion arising in dual-core optical fibers. Optical
and Quantum Electronics, 50(4),1-12.

[17] Ciancio A., Baskonus, H.M., Sulaiman, T.A.,
Bulut, H. (2018). New Structural Dynamics
of Isolated Waves Via the Coupled Nonlin-
ear Maccari’s System with Complex Struc-
ture. Indian Journal of Physics, 92(10), 1281
1290.

[18] Than, O.A., Sulaiman, T.A., Baskonus H.M.,
Bulut, H. (2018). On the New Wave So-
lutions to a Nonlinear Model Arising in
plasma physics. Furopean Physical Journal
Plus, 133(27), 1-6.

[19] Yel, G., Baskonus H.M., Bulut, H. (2017).
Novel archetypes of new coupled Konno-
Oono equation by using sine-Gordon expan-
sion method. Optical and Quantum Electron-
ics, 49(285), 1-10.

[20] Baskonus H.M., Bulut, H., Sulaiman, T.A.
(2017). New complex and hyperbolic func-
tion solutions to the generalized double com-
bined Sinh-Cosh-Gordon equation. AIP Conf.
Proc., 1798, 1-9.

[21] Baskonus H.M. (2016). New acoustic wave
behaviors to the Davey—Stewartson equation
with power-law nonlinearity arising in fluid
dynamics. Nonlinear Dynamics, 86(1), 177—
183.

Esma Ates is an Assistant Professor in the Depart-
ment of Electronics and Communication Engineering
at Karadeniz Technical University. Her main research
interest is the exact solutions of nonlinear partial dif-
ferential equations.
http://orcid.org/0000-0001-7302-367/

An International Journal of Optimization and Control: Theories & Applications (http://ijocta.balikesir.edu.tr)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit

http://creativecommons.org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/
http://orcid.org/0000-0001-7302-3674

An International Journal of Optimization and Control: Theories & Applications

ISSN:2146-0957 eISSN:2146-5703
Vol.10, No.1, pp.118-136 (2020)
http://doi.org/10.11121 /ijocta.01.2020.00797

RESEARCH ARTICLE

journai of

2010

An improved differential evolution algorithm with a restart
technique to solve systems of nonlinear equations

Jeerayut Wetweerapong and Pikul Puphasuk”

Deparment of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen, 40002, Thailand

wjeera@kku. ac.th, ppikul@kku.ac.th

ARTICLE INFO ABSTRACT

Article History:

Received 06 March 2019
Accepted 16 December 2019
Awailable 81 January 2020

Keywords:

Systems of nonlinear equations
Global optimization
Differential evolution algorithm
Restart technique

AMS Classification 2010:
65K10

In this research, an improved differential evolution algorithm with a restart
technique (DE-R) is designed for solutions of systems of nonlinear equations
which often occurs in solving complex computational problems involving vari-
ables of nonlinear models. DE-R adds a new strategy for mutation operation
and a restart technique to prevent premature convergence and stagnation dur-
ing the evolutionary search to the basic DE algorithm. The proposed method
is evaluated on various real world and synthetic problems and compared with
the recently developed methods in the literature. Experiment results show that
DE-R can successfully solve all the test problems with fast convergence speed
and give high quality solutions. It also outperforms the compared methods.

(co) T

1. Introduction

Difficult nonlinear problems arise in a variety
of fields in science and engineering, which de-
mands for the effective computational methods
and leads to the development of various intelli-
gence methods [1, 2] such as genetic algorithm,
particle swarm optimization, and differential evo-
lution algorithm. These methods are recognized
as the alternative approaches to the analytical
ones and have found applications in many areas.
For example, they have been applied to data clus-
tering problems in data science [3,4], the weight
training of artificial neural networks [5,6], and nu-
merical treatments of nonlinear systems [7-11].

This research focuses on solving nonlinear systems
of equations which is common and important both
in theoretical and application aspects [12-16]. It
has been used as a key part of solving complex
problems involving decision variables of nonlin-
ear models. New systems of nonlinear equations
often emerge from computational problems and
can range from moderate problems with a few
variables to the hard ones with many variables.

*Corresponding Author

118

For example, physical models that are expressed
as nonlinear partial differential equations become
large systems of nonlinear equations when dis-
cretized [17]. The systems may also have strongly
dependent variables or a large number of local so-
lutions, which makes them much more difficult to
solve. So the analytical solution approach aiming
to get the closed form solution is usually imprac-
tical or impossible.

There are two practical approaches to solving a
system of nonlinear equations: the local meth-
ods that directly solve the original system and the
global methods that transform the system into an
optimization problem (with box constraints of the
variables) and solve that equivalent optimization
problem instead. The local methods consist of
iterative procedures that require an approximate
solution as a starting vector point and use the lo-
cal information (the derivatives or gradients) from
the equational functions of the system to compute
a new better approximate solution point for the
next iteration. They include all various Newton-
type methods [12] and can produce solutions with
good computational speed and solution quality if
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the functions satisfy some analytical properties
and an approximate solution sufficiently close to
a real solution is given. Since these critical re-
quirements of the local methods are often not full-
filled, the derivative-free global solution methods
are needed.

1.1. Related work

There are a few global methods proposed for solv-
ing nonlinear systems in the literature. In 1998,
Karr et al. [18] presented a hybrid scheme us-
ing a genetic algorithm to locate initial guesses
of solutions, which are then supplied to a Newton
method. Their results on one selected test prob-
lem of finding the nodes and weights for Gauss-
Legendre quadrature showed that the genetic al-
gorithm can effectively locate an initial guess that
allows the Newton method to converge to an ac-
curate solution. Later, Grosan and Abraham [19]
applied a multi-objective optimization approach
to solve nonlinear systems in 2008. They used
a genetic algorithm and considered the nondomi-
nated solutions stored in an external set. Several
problems are tested and the obtained solutions
of various qualities both in number of different
solutions and accuracy are reported. In 2009,
Hirsch et al. [20] used the continuous GRASP
optimization method, a multi-start local search
procedure, to find all roots of nonlinear systems.
In order to find different solutions, the objective
function is adaptively modified to create an area
of repulsion (or penalty region) around solutions
that have already been found, and the continu-
ous GRASP is run multiple times. The method
showed promising results on four selected nonlin-
ear systems from the literature. Jaberipour et
al. [21] used a particle swarm optimization algo-
rithm to solve nonlinear systems in 2011. They
proposed a new way of updating each particle
and a mechanism to replace some of the worst
particles. Several test problems including both
nonlinear systems of a single equation and a few
equations are tested, and the solutions and their
accuracies are reported. In 2012, Pourjafari and
Mojallali [22] proposed a hybrid scheme of a two-
phase root finder for a nonlinear system using an
invasive weed optimization algorithm and a clus-
tering technique. They also aimed to locate all
roots of the system. The approach gives success-
ful results on several constructed nonlinear equa-
tions in single variable that have many local so-
lutions and on three real world problems of small
size that have a few different solutions. Oliveira
and Petraglia [23] proposed a stochastic optimiza-
tion method known as fuzzy adaptive simulated
annealing (fuzzy ASA) to find many solutions of

a nonlinear system in 2013. The fuzzy ASA is
run several times to explore different regions dur-
ing different activations. The method is stopped
when the solutions with the predefined accuracy
are found. Several test problems are tested and
the obtained high accuracy solutions are reported.
In 2016, Raja et al. [24] presented a memetic algo-
rithm (GA-SQP), a hybrid of a genetic algorithm
and a local search method based on a sequen-
tial quadratic programming (SQP) technique, for
solving nonlinear systems. Several variants of
GA-SQPs are proposed and tested on six different
application problems. The results showed that
the hybrid approaches give higher precision solu-
tions and their proposed methods outperform sev-
eral methods: simulated annealing (SA), pattern-
search (PS), Nelder-Mead (NM) and Levenberg-
Marquardt (LM) algorithm.

Recently in 2018, Zhang et al. [25] proposed a
modified cuckoo search algorithm (CSA) for solv-
ing nonlinear equations and nonlinear systems.
Four application systems are used to evaluate
the CSA performance. By setting high preci-
sion tolerance as the termination condition, solu-
tions with high accuracies are obtained and re-
ported. They have shown that the CSA gives
more accurate solutions than those obtained by
GA-SQPs. And also in 2018, Raja et al. [10]
have presented the particle swarm optimization
hybrid with Nelder-Mead method (PSO-NMM) to
solve nonlinear benchmark models. PSO-NMM
exploits the strength of PSO as an efficient global
search method to find good initial solutions and
then applies the Nelder-Mead simplex method to
refine the solutions for rapid local convergence.
They have shown that for moderate to difficult
nonlinear system problems, the hybridization of
NMM can enhance the convergence and give qual-
ity solutions with high precision.

1.2. Innovative contribution

From the development of computational intelli-
gence and evolutionary optimization methods to
solve various complex real world and synthetic
test problems of nonlinear systems, it is clear that
the global methods become the essential tools and
need more researchers attentions. This approach
will also make solving nonlinear systems an im-
portant field of global optimization since it can
supply plenty of challenging test problems. In
addition, research contributions in this direction
still lack common ground of how to compare and
establish the obtained results.

In this research, we aim to apply the differential
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evolution algorithm (DE) to solve nonlinear sys-
tems. DE is a popular and efficient global opti-
mization method introduced by Storn and Price
during the years 1995-1997 [26,27] and it is sur-
prising that no explicit research contributions on
using DE to solve the problems are found among
our extensive related literature reviews. We pro-
pose an improved differential evolution algorithm
with a restart technique (DE-R) for solving the
problems and offer a basic ground of applying DE
in this direction. The main features of the pro-
posed algorithm can be summarized as follows:

e The mixing strategy of the xbest-
mutation to the basic DE mutation that
utilizes the current best vector solution to
enhance the search and the convergence
to an optimal solution.

e The incorporating of a restart technique
to prevent premature convergence and
stagnation during the evolutionary search.

e Its performance both in term of the con-
vergence speed and the achievement of
high precision solutions are tested on
several nonlinear benchmark problems of
varying difficulty.

The remainder of the paper is organized as fol-
lows. The basic differential algorithm is presented
in the next section and the proposed algorithm is
described in Section 3. Section 4 gives details of
the experimental design and lists all the bench-
mark problems. In Section 5, the performances
of the DE-R method are compared with those of
the basic DE algorithms based on the setting of
the value to reach, and with those of the PSO and
PSO-NMM methods [10] based on the setting of
the maximum number of function evaluations. Fi-
nally, the conclusion are given in the last section.

2. The differential evolution algorithm
(DE)

The basic or classic DE algorithm [26,27] for solv-
ing a continuous optimization problem is a sto-
chastic search method using a population of real
vectors with four main operations: initialization,
mutation, crossover and selection. The pseudo
code of the basic DE is illustrated in Table 1. Its
main features are the differential mutation, the
combined binomial crossover and the greedy se-
lection. First, the initial population is generated
uniformly in feasible region. For each generation
and each target vector z;, three different random

population vectors 1, 2, T3, which are also dif-
ferent from the target vector, are used to gener-
ate a mutant vector xm = x,1 + F (2,92 — x,3) by
adding the scaled difference of two vectors to an-
other one with the scaling factor F'. Then, some
components of the target vector are exchanged
with those of the mutant vector according to the
crossover rate C' R to produce the trial vector. The
trial vector will replace the target vector in the se-
lection process if it is fitter.

For more than two decades, DE has been shown
to be one of the most efficient methods for con-
tinuous optimization problems [28-30]. However,
DE’s performances depend on five main factors:
the population size N P, the control parameters F'
and CR, the dimension D, the objective function
f to be solved, and the amount of computations
allowed [31,32]. There are numerous research con-
tributions on modifying DE to improve the per-
formances in solving practical problems. These
include the main approaches of adapting the con-
trol parameters and adjusting the basic mutation
operation [33-42].

3. An improved differential evolution

algorithm with a restart technique
(DE-R)

We propose an improved differential evolution al-
gorithm with a restart technique (DE-R) as a
general purpose method for solving nonlinear sys-
tems through their equivalent transformed objec-
tive functions. Let the form of a nonlinear system
be

fl({L‘l,Q?Q,...,Q?n) =0
f2(x171'27~-7$n) :0
fm($17$27"-7$n) =0

where f; : [LB,UB|" C R" — Rfori=1,....m
are nonlinear equations (including linear func-
tions) and = = (z1, 22, ..., x,) is a real vector. We
want to find a solution z* such that f;(z*) = 0
simultaneously for all i. The problem is trans-
formed into the corresponding optimization prob-
lem by defining the objective function f as the
sum of the absolutes or the squares of all f;.
For the smoothness of f, we use the sum of the
squares. So the objective function f is as follows:

fx) =) fi(). (1)
=1
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Table 1. Pseudo code of the DE algorithm.

The DE algorithm

(1) Inputs:
Objective function to be minimize (f), problem dimension (D), and population size (N P).
(2) Initialization:
(2.1) Randomly initialize all (row) vectors of the population matrix P = [z;;] of size NP x D with
real values between the lower and upper bounds LB and UB.
(2.2) Calculate the fitness (the objective function value) for each population vector and record the
best vector xbest and the best value fbest.
(3) Mutation:
For each target population vector z;, construct the mutant vector xm by

axm =z + F(xp2 — x,3)

where 71, 72 and r3 are randomly generated distinct indices (in the range of 1 to N P) which are
also different from the target index ¢, and F' is a scaling factor.
(4) Crossover:
Construct the trial vector (the candidate vector) xc by replacing some components of x; with the
corresponding components of xm as follows:
_ { zm; ;rand() <CRor j=1IC,
xre; = N .
Tij ; otherwise
where rand() is a uniform random number in [0, 1], CR is a crossover rate, and IC is a randomly
fixed index from 1 to D.
(5) Selection:
Apply the greedy selection and check for an update of zbest.
(5.1) Greedy selection:
If f(zc) < f(z;), then replace the target vector x; with zc.
(5.2) Updating zbest:
If f(xc) < fbest, then update xbest with xc¢ and update fbest with f(zc).
(6) Stopping condition:
Repeat all the steps (3) - (5) until fbest is less than the value to reach (VTR) or the maximum
number of function evaluations (maxznf) is reached. Then report the obtained best solution.

To be able to optimize the objective function by
using small number of function evaluations, we
tend to use small population size. But optimiz-
ing with small populations will tend to loss diver-
sity and lead to premature convergence or stagna-
tion easily [31,32,43,44]. We can also accelerate
the convergence by utilizing the information of
the population xzbest but this again increases the
chance of those convergence problems. DE-R uti-
lizes the xbest information and at the same time
prevents premature convergence and stagnation
by incorporating an xbest-mutation and a restart
technique.

The pseudo code and the flowchart of the pro-
posed DE-R method are presented in Table 2 and
Figure 1, respectively. After initialization, the
DE-R creates a mutant vector by using the mix-
ing scheme of two mutation operations: the basic
mutation

Tm = Tp1 + F(x’l"Q - x'r3) (2)

and the xbest-mutation [28] that uses the xbest
information

am =xbest + Fy (1 — Tr2) + Fo(xrg — 2r4) (3)

where x,1, xr9, 3, and x4 are different random
vectors from the population and different from the
target vector x;. Each mutation operation is ran-
domly chosen and applied with the proportion of
50% : 50%. And instead of using a fixed value for
scaling factors, the DE-R algorithm uses random
values in the range of [0.5,0.7] for F, F and Fb.
These basic proportion and range of scaling fac-
tors are chosen from the preliminary experiments.
For the crossover operation, the fixed value of
crossover rate CR = 0.9 is used to generate the
trial vector. Then the same greedy selection as
in basic DE is applied. To prevent premature
convergence or stagnation, the restart technique
randomly restart PR of the population vectors
by replacing them with the new generated vec-
tors as in the initialization for every NRS gen-
erations. This incorporated restart operation pe-
riodically supplies small amount of new contents
to the evolving population. Note that the xbest
vector is kept, updated and used in the xbest-
mutation along the entire optimization process.
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Table 2. Pseudo code of the improved DE algorithm with a restart (DE-R).

The improved DE algorithm with a restart (DE-R)

(1) Inputs and control parameters:
Objective function to be minimize : f
Problem dimension: D
Lower and upper bounds of the problem: LB, UB
Population size: NP = 50
The value to reach: VIR = 10~2°
Maximum number of function evaluations: mazn f
Scaling factors: F, Fy, Fy in the range of [0.5,0.7]
Crossover rate: CR =0.9
Mixing rate of basic mutation and xbest-mutation: 0.5
The period to apply a restart (number of generations): NRS = 200
Restart rate (the percentage to restart the population vectors): PR = 0.2
(2) Initialization:
(2.1) Randomly initialize all (row) vectors of the population matrix P = [z;;] of size NP x D with
real values between the lower and upper bounds LB and UB.
(2.2) Calculate the fitness (the objective function value) for each population vector and record the
best vector xbest and the best value fbest.
(3) Mutation:
(3.1) For each target population vector x;, generate a uniform random number v in [0, 1]. If u < 0.5,
apply the DE basic mutation in (3.2); otherwise, apply the xbest- mutation in (3.3).
(3.2) Basic mutation:
Randomly generate distinct indices r1, 2 and 73 (in the range of 1 to NP) which are also
different from the target index ¢. Construct the mutant vector xm by

axm =z + F(xp — x,3)

where F' is randomly generated in [0.5,0.7].

(3.3) The xbest-mutation:
Randomly generate distinct indices r1, r2, r3, and r4 (in the range of 1 to NP) which are
also different from the target index ¢. Construct the mutant vector zm by

xm = xbest + Fy (xr1 — Tra) + Fo(2r3 — Trg)

where zbest is the current best solution and Fi, F» are randomly generated in [0.5,0.7].
(4) Crossover:
Construct the trial vector (the candidate vector) xc by replacing some components of x; with the
corresponding components of xm as follows:
zm; ;rand() <CRor j=1IC,
xrey; = . .
Tij ; otherwise

where xm is the mutant vector from the step (3), CR is the crossover rate, rand() is a uniform
random number in [0, 1], and IC' is a randomly fixed index from 1 to D.
(5) Selection:
Apply the greedy selection and check for an update of xbest.
(5.1) Greedy selection:
If f(zc) < f(z;), then replace the target vector x; with zc.
(5.2) Updating zbest:
If f(xc) < fbest, then update axbest with xc and update fbest with f(zc).
(6) Restart:
Apply the restart technique every NRS generations by randomly choosing PR x NP distinct
population vectors to be re-initialized as in the initialization where PR is the restart rate.
(7) Stopping condition:
Repeat all the steps (3) - (6) until fbest is less than VTR or maxznf is reached. Then report the
obtained best solution.
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Set NP, maxnf, NRS and VTR.

v

Generate initial population.

v

Evaluate all vectors x; ; i=1,2,...,NP.
Find and set xbest and fbest.

v

Set the generation number G=/ and

number of function evaluations nf=0.

Set a target vector x;.

v

(Mutation)
Generate the mutant vector xm.

v

(Crossover)

Generate the candidate vector xc from x; and xm.

v

(Selection)
Compute f{xc) and nf=nf+1.
Update x; by xc if flxc)<f{x:).

Update xbest and fbest by xc and f{xc) if f{xc)<fbest.

fbest <VTR or

nf > maxnf

Report xbest and fbest.

Apply the restart operation.

Figure 1. Flowchart of the proposed DE-R method.
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4. Experimental design

To evaluate the performance of the DE-R algo-
rithm, two experiments with different settings
and measurements are performed. The first ex-
periment assesses the proposed DE-R algorithm
against the basic DE algorithms on 10 nonlin-
ear benchmark models by setting the value to
reach (VTR) while the second experiment com-
pares the DE-R algorithm to the PSO and PSO-
NMM methods [10] by setting the maximum num-
ber of function evaluations (maznf).

4.1. Experiment 1: Performance
comparison of the DE-R with the
basic DE algorithms

The DE-R algorithm and the basic DE algorithms
are tested on 10 selected nonlinear systems con-
sisting of 6 real world problems (case study 1-6)
and 4 synthetic problems (case study 7-10). Their
definitions, parameters, variable bounds and the
solutions (for the case of synthetic problems) are
listed as follows.

Case study 1: Neurophysiology application 23,
45]. The system consists of the following six equa-
tions in six variables

([ fi(z)= 22+22-1=0
foz)= a3+25—-1=0
f3(z) = w523 + w23 —c1 =0
fa(z) = x5:c‘i’ + xﬁxg —cp=0
fs(x) = :L'5:c1x§ + wgr3T9 —C3 =0
fo(z) = 1‘556%333 + xﬁx%m —c4 =0

where ¢; = 0 for all 4 as in [23] and —10 < z; < 10.

Case study 2: Robot kinematics application [46].
This problem concerns the indirect-position prob-
lem which is to find the desired position and ori-
entation of the robot hand and the relative joint
displacements. This problem can be reduced to
the following system of eight equations in eight
variables

( fi(z) = 4.731 x 10732123 — 0.3578x023
—0.1238z1 + z7 — 1.637 x 10324
—0.9338x4 — 0.3571 =0

fa(x) = 0.2238z1x3 + 0.7623z223 + 0.263821
—0.07745x5 — 0.6734x4 — 0.6022 =0

fo(x) = zems + 0.357821 + 4.731 x 10325 = 0

fa(z) = —0.7623z1 + 0.2238z5 + 0.3461 = 0

fs(@)= 23+23-1=0

fo(z)= 23+23—-1=0

fr(x)= 224+22-1=0

fe(x)= 224+22-1=0

where —1 < z; < 1.

Case study 3: Automative steering application
[20,47]. This problem describes the kinematic
synthesis of a trailing six-member mechanism for
automotive steering. The system contains three
equations in three unknown as follows

filz) = [EBi(zzsing; — x3) — Fy(wzsing; — x3)]°
+[F;(1 + 29 cos ;) — E;(xo cos ¢; — 1)]?
—[(1 + @2 cos ¥;) (w2 sin ¢; — w3)a1
— (29 sin; — x3) (w9 cos ¢ — x3)11]2 =0,
i=1,2,3

where 0 < z; <1 and

E; = x3(costh; — costhy) — xoxs(sineh; — sinthy
—(x2siny; — x3)x1
F, = —x9cos¢; — xox3sin¢; + w9 cos ¢y

+xz1x3 + (X3 — 21)T2 SN G-
The constants ¢; and v; are given as follows
bo = 1.3954170041747090114,

91 = 1.7444828545735749268,
92 = 2.0656234369405315689,
¢3 = 2.4600678478912500533,
Yo = 1.7461756494150842271,
1 = 2.0364691127919609051,
o = 2.2390977868265978920,
Y3 = 2.4600678409809344550.

Case study 4 : FEconomics modeling applica-
tion [23,45]. This problem arises in economics
modeling. It can be extended for general dimen-
sions n as follows

n—i—1
file) = (x4 Y xjzj18)T0n — ¢ =0,
j=1
1=1,2,....n—1
n—1
falz) = z;+1=0
j=1

where ¢; = 0 for all 7 as in [23] and —10 < z; < 10.

Case study 5 : Chemical equilibrium applica-
tion [23,46,48]. This problem describes a chem-
ical equilibrium system. It concerns the combus-
tion of propane in air to form ten products, which
are transformed to ten equations in ten variables.
To solve this problem, the system can be reduced
to the following systems of five equations in five
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variables

filz) = xi294+ 21 —325=0

fa(x) = 22122 + 71 + 223 + Rswa — Ry
+2R713 + Ryzow3 + Rexory = 0

f3(x) = 2x973 + 2R92% — 8x5 + R3xs
+Ryxox3 =0

fi(x) = Rewoxy +22% —4Rj25 =0

f5(x) = z1(w2+ 1) + Rra3 + x93 + Rsao
+Roa3 + 25 — 1+ Ryws + Rawoxs

. +Rgrory =0

where —100 < z; < 100 and the constants used
in this system are

Ry = 10,Ry; = 0.193, R3 = 0.002597/+/40,

Ry = 0.003448//40, R5 = 0.00001799/40,
R = 0.0002155/v/40, R; = 0.00003846/40.

Case study 6 : Combustion application [23,45].
This problem is a typical chemical equilibrium
problem which represents a combustion problem.
The system consists of ten equations in ten un-
knowns as follows

filx) = a9 +216+ 79 +2210— 1075 =0

fo(x) = 23+23—3x1075=0

f3(x) = a1+ a3+ 225 + 228 + 29 + 210

—-5x107% =0

filx)= z4+227,—-107°=0

fs(w) =  0.5140437 x 10~ 7z5 — 22 = 0

fe(x) = 0.1006932 x 107526 — 222 =0

fr(z) = 0.7816278 x 10~ Pz; — 22 = 0

fs(z) = 0.1496236 x 10 025 — x125 = 0

fo(z) = 0.6194411 x 10~ 729 — 2129 = 0
{ fio(z) = 0.2089296 x 10~ z19 — 2122 = 0

where —20 < z; < 20.

Case study 7 : Rosenbrock function [49]. This
function is well-known for testing the perfor-
mance of the optimization methods. The two-
dimensional function has the global minimum in-
side a long, narrow, parabolic shaped flat val-
ley. It is unimodal for dimensions 2 and 3, and
has 2 minima for higher dimensions. The high-
dimensional function is highly nonseparable and is
used as one of the difficult test functions. Rosen-
brock function can be written in the form of sys-
tem of nonlinear equations in general dimensions
n as follows

fai—1()
sz(fC)

=10(zie1 —22) =0,i=1,2, ...
=1-2;,=0,i=1,2,..,n—1.

,n—1

In this work, we set n = 10 and —100 < z; < 100.
The global solution is (1,1,...,1).

Case study 8 : SINQUAD function [50]. This
function is multimodal and nonseparable and it is
one of the test functions from CUTE: Constrained
and Unconstrained Testing Environment. It can
be scaled up to arbitrary dimension n and can be
written in the form of the following system

fl(ﬂj) = (Il — 1)2 =0

filx) =sin(z; —x,) — 23 +27=0,i=1,...,n—1

fo(z) =22 —2?=0.
We set n = 10 and —100 < z; < 100.
There are 2" ' + 1 solutions in the forms
(1,1,..,1,1) and (1, a1, a2, ...,ag, —1) where a; €
{0.2357835607, —1}.

Case study 9 : Proposed function 1. This
function can be written in the form of the sys-
tem of three nonlinear equations in n variables
where n > 3. The first two equations give the
intersection of two n-spheres which is an (n — 1)-
sphere. The last equation chooses the two in-
tersection points where xq; = 0.05. This system
is expected to be highly nonseparable since the
searching points must lie in the (n — 1)-sphere. It
is shown as follows

filz)= 22+ 23+---+22-100=0
folx)= (21 —-01)2 423+ - +22 —-100=0
fa(@) = o+ (22 —w3)® + (23 — 20)” + -
(Tt — )% — 0.0025 = 0.
We set n = 10 and —-100 < z; <
100. There are two solutions which are

(0.05,a,a,...,a) and (0.05, —a,—a,...,—a) where
a = /(100 — 0.052)/(n — 1).

Case study 10 : Proposed function 2. This func-
tion can be written in the form of the system of
three nonlinear equations in n variables where n
is even. The system has one obvious solution at
(n,n,...,n). It is presented as follows

fi(z) =
fa(z) =

fs(z) =
We set n = 10 and —100 < z; < 100.
For the first experiment, the proposed DE-R is
tested and compared with two basic DE algo-
rithms. The basic DEs follow the settings as rec-
ommended in [27] to use N P in the range of 5x D
to10x D, F = 0.5 and CR = 0.9. Since the max-
imum D of all test problems is 10, NP = 50 and
NP = 100 are chosen. So we denote these ba-
sic DEs as DE59-50 and DE59-100, respectively.

Tyt ayt+a, —n?=0
i+ad4+ 422 -nd=0

x%—x%+m§—xi+-~-+x%fl—x%:O.
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The DE-R method, denoted by DE59-50-R, uses
NP =50, Fin [0.5,0,7] and the same CR = 0.9.
The settings and features of DE59-50, DE59-100
and DE59-50-R are summarized in Table 3. Each
algorithm is run 30 times for each problem. The
maximum number of function evaluations maxn f
is set to 1000000 and the VTR (value to reach)
for fbest is set to 10720 to guarantee that each
fi(wbest) is less than 10710, If the fbest value is
less than the VI'R before reaching the maznf,
the successful run and the number of function
evaluations used (nf) are recorded. We report
the number of successful runs (NS), the mean of
function evaluations (Mean nf) and the percent-
age of standard derivation (%SD).

4.2. Experiment 2: Performance
comparison of DE-R with PSO and
PSO-NMM methods

The second experiment compares the perfor-
mance of the DE-R algorithm with those of the
PSO and PSO-NMM using the same setting as
in [10]. The objective function f is the mean
square defined by

fla) = 3 fila)® (4)
=1

We choose the following PSO and PSO-NMM
variants that obtain good results in [10]: PSO-12,
PSO-15, PSO-16, PSO-NMM-12, PSO-NMM-15,
and PSO-NMM-16. They are compared on the
case studies 1, 4, 5, and 6. Note that for the case
study 4, the parametersc¢; = 1fori =1,2,...,n—1
where n = 5. Each algorithm conducts 100 inde-
pendent runs for each problem. The Min, Mean
and SD values of fbest of DE-R at each maznf
are compared with those of PSO and PSO-NMM.
The PSO-12 and PSO-15 methods use maxnf =
50000 while PSO-16 uses maxnf = 100000. The
PSO-NMM-12, PSO-NMM-15 and PSO-NMM-16
variants extend the corresponding PSO variants
respectively. For each PSO-NMM method, if its
PSO phase obtains the solution that reaches the
tolerance 1071% or uses up all the maxnf with-
out reaching the tolerance, then it enters the
NMM phase by applying the local search using the
Nelder-Mead method with the additional func-
tion evaluations of 200000. To compare the DE-R
with each PSO-NMM method on each test prob-
lem, the maxnf for DE-R needs to be adjusted
properly. For the former case, Neurophysiology
and Economics modeling applications, the DE-R
method uses only 200000 as the maxznf. For the
latter case, Chemical equilibrium and Combus-
tion applications, DE-R uses the sum of the func-
tion evaluations of both two phases.

5. Results and discussion

This section shows performance comparison of
the DE-R with the basic DE algorithms and the
performance comparison of DE-R with PSO and
PSO-NMM methods. In each report table, the
best values are indicated in bold. The discussion
for each experiment is given as follows.

5.1. Performance comparison of the DE-R
with the basic DE algorithms

The performance comparison of DE59-50, DE59-
100 and DE59-50-R are shown in Table 4, Figure
2 and Figure 3. The table presents the NS, Mean
and %SD of each method for all 10 test systems.
For the ability and stability of solving each prob-
lem, the number of successful runs out of the
total 30 runs is considered first. From Table 4,
the results show that the DE59-50 algorithm can
successfully solve 6 out of 10 problems. It can-
not solve the problems 6, 8, 9 and 10, and gives
no successful runs out of total 30 runs for these
problems. It can solve problem 5 (Chemical Equi-
librium Applications) and problem 7 (Rosenbrock
problem), but gives high Means and %SDs. How-
ever, DE59-50 gives the best results for the first
four problems which appear to be relatively easy
problems. We can conclude that DE59-50 is good
for easy problems but cannot be recommended
for solving difficult problems. This is because of
its too small population size.

The DE59-100 algorithm can solve all 10 prob-
lems. This shows that the increased population
size of 100 can increase the solving ability of the
DE algorithm with F' = 0.5 and CR = 0.9. How-
ever, DE59-100 gives very high Mean values. This
shows that its speed of convergence is rather slow.
The proposed DE59-50-R, algorithm can success-
fully solve all 10 problems. It also gives the best
results (smallest Means) for the last 6 problems
which appear to be difficult problems. For the
first four easy problems, DE59-50-R gives the
second best results. This shows that the incor-
porated new mutation strategy and restart tech-
nique can prevent the premature convergence and
stagnation, and still gives fast convergence speeds
for difficult problems as clearly shown in Figure
2 and Figure 3.

Some solutions obtained by DES59-50-R for all
application systems and SINQUAD function are
reported. We show only 4 different solutions for
each problem. Since we set the VIR = 10720,
the absolute values of each f;(x) must be less
than 10710, Table 5 shows some solutions of Neu-
rophysiology application. Our method gives 30
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Table 3. The settings and features of DE59-50, DE59-100 and DE59-50-R.

DE algorithm NP F CR Mutation and other feature
DE59-50 50 0.5 0.9 basic mutation

DE59-100 100 0.5 0.9 basic mutation

DE59-50-R 50 [0.5,0.7] 0.9 Dbasic mutation & xbest-mutation

and a restart technique

Table 4. Performance comparison of DE59-50, DE59-100 and DE59-50-R using NS, Mean nf,
%SD values at VTR = 10~2Y averaged over 30 independent runs.

Systems Methods NS  Mean nf %SD
1: Neurophysiology DE59-50 30 27272.70 16.98
application DE59-100 30 76787.67 19.51
DE59-50-R 30  40233.67 16.99
2: Robot kinematics DE59-50 30  24942.53  28.27
application DE59-100 30 57355.60 18.13
DE59-50-R 30  34721.30 17.70
3: Automative steering  DE59-50 30 2303.30 12.34
application DE59-100 30 4307.83 8.89
DE59-50-R 30 2682.10 12.03
4: Economics modeling DE59-50 30 12780.60 5.96
application DE59-100 30 30193.97 4.63
DE59-50-R 30  21831.93 7.96
5: Chemical equilibrium DE59-50 30  190249.03  47.06
application DE59-100 30 124793.33 5.70
DE59-50-R 30 30582.23 3.95

6: Combustion DE59-50 0 - -
application DE59-100 30 95503.70 3.79
DE59-50-R 30 59380.20 4.13
7: Rosenbrock DE59-50 30 193992.90  50.51
function DE59-100 30  110388.83 3.62
DE59-50-R 30 59565.40 2.52

8: SINQUAD DE59-50 0 - -
function DE59-100 30  173259.07  12.29
DE59-50-R 30 81755.37 8.90

9: Proposed DE59-50 0 - -
function 1 DE59-100 30  109782.20 6.95
DE59-50-R 30 65107.80 5.72

10: Proposed DE59-50 0 - -
function 2 DE59-100 30 638354.80  14.20
DE59-50-R 30 160827.47 12.69

different solutions for 30 runs. The values of each
variable can be positive or negative. There are
two trends of solutions. First, their magnitudes
are pairwise equal as |z1| = |2, |z3| = |z4| and
|z5| = |z6|. For another trend, all their compo-
nents are different. We notice that the absolute
values of x5 and xg are quite smaller than other
components.

Some solutions of Robot kinematics application
are presented in Table 6. The authors in [46]
claimed that there are 16 solutions. Our results
show that the proposed method gives 10 different

solutions in 30 runs. All |z;| are not equal but
have roughly the same order. Table 7 shows some
solutions of Automative steering application. Our
method gives all 30 different solutions for 30 runs.
The absolute values of x1 are bigger than others
and the values of xo and x3 have quite the same
order. For the Economics modeling application,
30 different solutions are obtained. Some of them
are reported in Table 8. Each variable can be pos-
itive or negative. The absolute values of x1y are
much smaller than others which have the same
order.
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Robot kinematics application
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Figure 2. Convergence graphs of DE59-50, DE59-100 and DE59-50-R for systems 1 - 6.

There are four real solutions of the Chemical
equilibrium application reported in [48]. Our
method gives all four solutions as shown in Table
9. For the Combustion application, the proposed
method gives 30 different solutions in 30 runs.
Some solutions are presented in Table 10. It
shows that the absolute values of x5, zg, 9 and
x10 are bigger than those of other components

which are rather small.

In case of the synthetic test problems, the num-
bers of solutions for each of Rosenbrock function,
proposed functions 1 and 2 are at most 2 and
all these solutions are found. Thus we show only
the solutions of SINQUAD function which has
27=1 1 1 solutions. Some of them are shown in
Table 11. After running the proposed method 30
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Figure 3. Convergence graphs of DE59-50, DE59-100 and DE59-50-R for systems 7 - 10.

Table 5. Some solutions of Neurophysiology application.

Solution 1 Solution 2 Solution 3 Solution 4
1 9.7749269097E-01 - 4.2695388140E-02 9.2272247439E-02 - 8.2491292630E-01
T2 - 9.7749277453E-01 4.2695288767E-02 - 1.1674880868E-01 7.9424101299E-01
T3 - 2.1096928480E-01 9.9908813614E-01 9.9573381602E-01 5.6525981992E-01
T4 2.1096889745E-01 - 9.9908814042E-01 - 9.9316147514E-01 6.0760284168E-01
Ts5 - 2.9012525772E-05 1.0549841840E-04 1.0199560579E-09 - 4.1050316028E-11
Tg - 2.9012444215E-05 1.0549834938E-04 1.0098557221E-09 4.2217134911E-11
fi(z) 1.9671153595E-11 - 5.6388893555E-11 1.6900481015E-11 - 1.7983725620E-11
f2(z) - 4.6815662458E-11 1.6239010137E-11 3.8434810889E-11 - 7.0937811181E-11
f3(z) 2.2663307018E-12 6.7481831402E-11 1.7678400883E-11 2.0558188234E-12
fa(z) - 6.9223284026E-11 - 6.2704301665E-14 - 8.0570377011E-13 4.4194815939E-11
f5(z) - 8.0752967592E-12 - 1.3367709799E-11 - 2.2980110987E-11 2.3198700376E-11
fe(z) 2.6177939401E-11 1.0192828755E-12 - 5.0234619236E-12 3.9133806914E-13

times, it can give 27 different solutions.

To show that the proposed method can also give
high quality solutions, it is applied to solve two
difficult application systems and one difficult syn-
thetic function (Neurophysiology and Combus-
tion systems, and SINQUAD function) by setting
3 different levels of the VTR values: 10720, 10739

and 107%°.  The solutions once reaching each
VTR level are recorded in the same run in or-
der to investigate their behaviors and accuracies.
The results are shown in tables 12, 13, and 14,
respectively. One set of three solutions (each one
at each accuracy level) from the same run is re-
ported for each problem.
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Table 6. Some solutions of Robot kinematics application.

Solution 1

Solution 2

Solution 3

Solution 4

1.6443166583E-01

T1

1.6443166582E-01

6.7155426177E-01

6.7155426182E-01

T2 - 9.8638847688E-01 - 9.8638847685E-01 7.4095537891E-01 7.4095537883E-01
T3 - 9.5472843449E-01 2.3961601716E-01 - 2.3961165919E-01 9.5472976979E-01
T4 2.9747876626E-01 - 9.7086773778E-01 - 9.7086881339E-01 2.9747448069E-01
Ts - 9.1115479620E-01 - 9.9763539824E-01 9.5791710189E-01 - 1.2877823744E-01
T 4.1206423943E-01 - 6.8728539911E-02 - 2.8704498935E-01 9.9167341678E-01
T7 9.9132241509E-01 - 6.1550840708E-01 - 5.2790902637E-01 9.6931180772E-01
s - 1.3145291671E-01 7.8813031971E-01 8.4930092421E-01 - 2.4583453656E-01
fi(z) - 2.4255042419E-12 4.6582404600E-11 2.1869284161E-11 - 1.5662637853E-11
fa(z) 3.1039615322E-11 4.5871084708E-12 - 1.3820167233E-11 5.0422999109E-12
fa(z) 2.1743830694E-12 1.2673250470E-11 1.4527121259E-11 - 5.7471936498E-11
fa(zx) 1.5060341862E-11 2.7537028213E-11 5.3715809578E-11 - 2.9148350400E-12
f5(x) 4.0200731632E-11 - 1.2329803845E-11 3.2028157904E-11 - 1.9571233523E-11
fe(z) -9.7184482684E-12 - 6.6788574671E-11 3.0616620350E-11 - 2.4448998381E-11
f7(z) 5.4400040028E-11 1.0798473227E-11 - 5.2414739216E-12 - 1.9850676658E-11
fs(z) - 2.2364221586E-11 2.5351054589E-11 - 1.3006706823E-11 - 3.8787306700E-11
Table 7. Some solutions of Automative steering application.
Solution 1 Solution 2 Solution 3 Solution 4
T1 1.1192696492E-01 1.4669784820E-01 2.1001674043E-02 1.8459769700E-02
T2 3.8819470790E-05 2.5842964204E-05 1.0358260865E-05 2.5086298124E-05
3 1.3969968025E-05 9.5393185049E-06 9.4604945191E-05 4.0484643474E-06
fi(z) - 2.4953389394E-12 5.1027141958E-13  1.5509436820E-11 1.0749400610E-12
fa(z) 6.2113867145E-12 - 1.8836413824E-12 2.9312085336E-11  1.9709660895E-11
fa(x) 9.1878352205E-11 3.1456991936E-11  4.8961749305E-11 6.6461220923E-11
Table 8. Some solutions of Economics modeling application.
Solution 1 Solution 2 Solution 3 Solution 4
T1 - 6.1626101672E4-00 6.0154692495E4-00 5.1444125822E+00 3.5697160902E-01
T2 8.4423418690E4-00 2.4451383666E400 - 8.8035624273E-01 - 3.2209182844E4-00
T3 - 6.0135423035E+00 - 4.3358334024E4-00 1.8536153932E+00 6.4891799317E400
T4 6.6724322251E4-00 9.7533235680E-01 9.9392766203E-01 - 8.4197837365E400
s 1.4648933274E+00 - 6.7099720313E+00 8.8882743353E-01 3.8711746522E4-00
Te - 9.4952931192E+-00 2.9005275369E4-00 8.0171844852E-01 5.6239280280E4-00
T7 - 1.8950537683E+00 - 2.0062068336E400 - 3.9152883109E+-00 6.0633634547E-01
s 2.5753259373E4-00 3.0111923766E4+00 - 5.5692586733E-01 1.0345842326E4-00
Tg 3.4115059994E4-00 - 3.2956476191E+00 - 5.3299310986E4-00 - 7.3414727781E+00
T10 - 2.1904782760E-13 - 5.8674381000E-14 - 6.1325687030E-13 4.1496727200E-14
fi(z) 2.8765042169E-11 2.4583005293E-12 - 2.7179403893E-12 - 3.7642815954E-12
fa(z) 8.8232434540E-13 - 2.3163223689E-12 - 1.6660038822E-11 3.1943021197E-13
fa(x) 4.1467842031E-12 3.4719167082E-12 6.0666202644E-13 - 6.1741234660E-13
fa(x) 1.0720305561E-11 - 8.5259062950E-14 4.7145635625E-12 - 2.4212746954E-12
fs5(x) - 1.1227997919E-11 6.1242977433E-13 - 1.3063316353E-12 3.0065629487E-12
fe(x) - 7.4689413357E-13 - 7.3251520844E-13 1.7618556611E-11 - 1.8728334542E-12
fr(x) - 2.4172620758E-12 - 4.7228264171E-13 1.2805457393E-12 1.0217298215E-12
fs(x) 4.0410941261E-12 9.8653194558E-13 1.7156652338E-11 - 6.5818503348E-14
fol(z - 7.4728297801E-13 1.9337008404E-13 3.2686168644E-12 - 3.0464709312E-13
fio(x) 4.9998227780E-11 - 8.8817841970E-16 - 8.0000006619E-11 - 9.9991126490E-12

From tables 12 and 13, the solution for both ap-
plication problems at VI'R =

10—20

are quite

different from those at VTR = 1073% and 1040
where at these higher accuracies we obtained sim-
ilar solutions with more accurate solutions at

VTR = 10740,

For

the solutions of SINQUAD
function as in Table 14, we can see the same trend
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Table 9. All solutions of Chemical equilibrium application.

Solution 1

Solution 2

Solution 3

Solution 4

3.1141022831E-03

2.7571773851E-03

2.4710000144E-03

2.1533077099E-03

T2 3.4597924347E401  3.9242289252E+01  4.3879222733E4+01  5.0549570315E4-01
T3 6.5041778861E-02 - 6.1387603945E-02 5.7784455215E-02 - 5.4144807517E-02
T4 8.5937805056E-01 8.5972442500E-01 - 8.6020547295E-01 - 8.6067132299E-01
Ts 3.6951859146E-02 3.6985043297E-02 3.6965520015E-02 3.7000695742E-02
fi(z) 4.4613771011E-11 - 4.0732806017E-11 - 2.5496216249E-11 - 2.4678356580E-11
fa(z) 7.7566347442E-12 - 3.0284536164E-11 5.4004083757E-11 2.1900292344E-11
fa(z) -5.7297743156E-11 - 7.1773320794E-12 - 2.5416176759E-11 8.9192338411E-12
fa(z) 1.4782175484E-11 - 2.1605606193E-11 - 7.5870421057E-11 - 2.4946711363E-11
fs(z) - 4.8531411962E-11 - 6.2299256465E-11 - 2.2982240893E-11 - 3.8321561636E-11

Table 10. Some solutions of Combustion application.

Solution 1 Solution 2 Solution 3 Solution 4
1 - 2.1256693800E-07 - 1.2076437010E-06 - 8.2052168644E-08 - 2.9426051511E-07
T2 - 8.1757590664E-06 4.2644337543E-06 - 1.4477162217E-07 - 4.7401492243E-06
T3 - 6.7527163990E-04 - 4.2090672635E-05 5.1227964677E-05 - 6.0923109793E-05
T4 - 4.1833078103E-06 6.4157325619E-06 2.1289152054E-06 3.0404307410E-06
s 1.6567014001E-04 4.5312194101E-04 - 2.2149062432E-04 3.2378004814E-04
Te 1.2934173578E-03 8.0745848233E-04 - 2.3204194677E-04 1.6392254306E-04
T7 7.0916610888E-06 1.7921487387E-06 3.9355599926E-06 3.4797831273E-06
s 7.0527161222E-04 7.2090667874E-05 - 2.1227993570E-05 9.0923084400E-05
T9 5.3586029742E-04 - 3.0507240444E-04 4.9435402384E-04 - 1.1232728214E-03
T10 - 1.5522596511E-03 - 6.5205449512E-04 - 1.0062660059E-05 4.0508395318E-04
fi(z) - 4.8273876190E-11 3.7401625020E-12 3.8557848129E-11 2.1883831795E-11
fa(z) - 2.7678047280E-11 - 4.7604545021E-12 - 2.8892893645E-11 - 2.5393269464E-11
fa(z) - 5.6092310138E-11 1.8660651569E-12 4.0505311148E-11 2.6580721802E-11
fa(z) 1.4367258554E-11 3.0039278904E-11 3.5190617200E-11 - 3.0043345588E-12
fs5(x) 8.4709844719E-12 2.1834044602E-11 - 1.1392318563E-11 1.6557120143E-11
fe(z) - 3.4477399301E-12 4.4934787964E-11 - 2.3406963800E-11 - 2.8432143924E-11
f7(z) - 1.7500064230E-11 - 4.1161624304E-11 - 4.5322799486E-12 - 9.2442190882E-12
fs(z) - 3.8015147210E-11 - 4.0044070424E-11 1.0271567782E-12 - 4.3230264589E-12
fo(z) 3.1455493138E-11 - 1.3747522017E-11 3.0610441206E-11 - 7.0974973960E-11

S1o0(z) 1.0965489675E-17  2.0599143169E-17 - 1.9304158566E-20 7.4580841134E-18
Table 11. Some solutions of SINQUAD function.

Solution 1 Solution 2 Solution 3 Solution 4

1 1.0000013135E+00 1.0000020233E+00 9.9999578687E-01 9.9999635081E-01
T2 - 1.0000013135E+00 2.3578778570E-01 - 9.9999578691E-01 - 9.9999635080E-01
T3 2.3578630346E-01 2.3578778573E-01 2.3577476333E-01 - 9.9999635077E-01
T4 2.3578630350E-01 2.3578778572E-01 - 9.9999578687E-01 - 9.9999635077E-01
Ts5 2.3578630340E-01 - 1.0000020233E+00 - 9.9999578688E-01 - 9.9999635083E-01
o - 1.0000013135E400 - 1.0000020234E+00 2.3577476328E-01 - 9.9999635075E-01
T7 2.3578630343E-01 2.3578778581E-01 - 9.9999578683E-01 - 9.9999635080E-01
Ts 2.3578630341E-01 2.3578778575E-01 2.3577476333E-01 - 9.9999635085E-01
Tg - 1.0000013135E+00 2.3578778572E-01 - 9.9999578684E-01 - 9.9999635081E-01
T10 - 1.0000013135E+00 - 1.0000020233E-+00 - 9.9999578686E-01 - 9.9999635083E-01
fi (x) 1.7252114825E-12 4.0939003788E-12 1.7750473715E-11 1.3316562876E-11
fa(z) 2.0599966177E-11 - 2.9519581224E-11 2.7519320156E-11 7.3162587100E-12
f3(x) 1.2524037363E-11 - 3.2059285782E-12 3.5025565781E-11 - 2.5635049639E-11
f4(x) 4.9083563602E-11 - 1.0487832824E-11 - 1.0218825786E-11 - 2.1720181209E-11
f5(x) - 2.9645889910E-11 - 1.5809797915E-11 - 4.2824632729E-12 3.1798563782E-11
fe(x) 5.6868731946E-11 - 7.3832051584E-12 - 1.0347889212E-11 - 4.7247761259E-11
fr(x) - 6.3057475908E-12 6.1809182772E-11 - 4.7515213986E-11 9.0893959026E-13
fs(x) - 2.4836653567E-11 1.0494015379E-11 3.5985284197E-11 5.4105275815E-11
fol(z - 1.9166890297E-12 - 1.3320324010E-11 - 4.3021475271E-11 1.6147416737E-11

1.9149126729E-12

- 5.2741366829E-11

- 2.2285395751E-11

3.4775182733E-11

131
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Table 12. Solutions of Neurophysiology application at VTR = 1072°, 1073 and 1040,

Solution at VTR = 10~ %°

Solution at VTR = 10~

Solution at VTR = 10~%

9.774926909651037E-01

9.774910633733470E-01

9.774910827638724E-01

T2 - 9.774927745309928E-01 - 9.774910647465765E-01 - 9.774910827654670E-01
T3 - 2.109692848010614E-01 - 2.109768258014221E-01 - 2.109767359618408E-01
T4 2.109688974538331E-01 2.109768194390176E-01 2.109767359544526E-01
Ts5 - 2.901252577197261E-05 - 9.810715906270790E-08 2.444699263961000E-10
T6 - 2.901244421520325E-05 - 9.810715863387080E-08 2.444699263882000E-10
fi(z) 1.967115359491345E-11 2.220446049250313E-16 0
fa(z) - 4.681566245778868E-11 - 2.220446049250313E-16 0
fa(x) 2.266330701846849E-12 8.737850539388192E-17 - 3.153751293361295E-22
fa(z) - 6.922328402630745E-11 - 1.434521764580082E-17 6.260981755202151E-21
fs(x) - 8.075296759227116E-12 - 2.701156197524962E-16 1.071345911685355E-21
fo(zx) 2.617793940060294E-11 6.272936219045604E-16 - 3.157529343873903E-21
Mean nf 40233.67 57500.57 77651.60
%SD 16.99 12.58 5.00

Table 13. Solutions of Combustion application at VIR = 1072%, 1073° and 10~4°.

Solution at VT'R = 102

Solution at VT'R = 1039

Solution at VTR = 10~

- 2.125669379957560E-07

1.371784251667994E-07

1.379796690717610E-07

T2 - 8.175759066442083E-06 - 9.619976447815970E-08 - 1.024640702937120E-07
T3 - 6.752716398985501E-04 1.565137776437351E-05 1.560729129475898E-05
Tq - 4.183307810306110E-06 7.224452410444500E-09 6.565809411140000E-11
Ts5 1.656701400100495E-04 3.763180720674607E-07 3.703652200388360E-07
T6 1.293417357824663E-03 1.844925109281104E-07 2.085321794461283E-07
T7 7.091661088782333E-06 4.996387774070343E-06 4.999967170952946E-06
T8 7.052716122205029E-04 1.434862223559040E-05 1.439270870524103E-05
T 5.358602974230222E-04 - 2.040883524405975E-07 - 2.282373401823797E-07
Z10 - 1.552259651139891E-03 4.965651547579558E-06 4.956818525791918E-06
fi(z) - 4.827387619045422E-11 9.657869664593532E-17 0
fa(x) - 2.767804727950166E-11 - 3.609037981661123E-17 0
fa(z) - 5.609231013833449E-11 - 5.014435047745458E-18 0
fa(z) 1.436725855439561E-11 5.511287633945886E-16 1.694065894508601E-21
f5(x) 8.470984471899497E-12 5.264730829992297E-16 1.728855061170187E-21
fe(z) - 3.447739930109454E-12 6.835193007961348E-17 1.049095379878782E-21
fr(x) - 1.750006423022506E-11 - 5.218880731519356E-17 - 4.028719824372849E-22
fs(x) - 3.801514721037196E-11 - 1.388394783354915E-16 2.272081369646687E-21
fo(z) 3.145549313765976E-11 5.544608392318181E-16 - 3.954927090396494E-22
fio(x) 1.096548967520139E-17 9.105212626901849E-21 8.907628343995374E-21
Mean nf 59380.20 93172.65 129106.13
%SD 4.13 4.11 4.23

of behaviors at all 3 different VT R values.

From these 3 tables, we can conclude that the pro-
posed method DE-R can give more accurate solu-
tions by setting higher precision values of VTR.
From VTR = 1072° to 1073% and from 1073Y to
107%%, DE-R requires greater numbers of function
evaluations. The increased percentages of Means
are 35.83% and 35.04% for Neurophysiology ap-
plication. For Combustion application, they are
59.91% and 60.51%. And for SINQUAD function,
they are 41.08% and 58.25%, respectively.

5.2. Performance comparison of DE-R
with PSO and PSO-NMM methods

The performance comparison of DE-R, PSO vari-
ants, and PSO-NMM variants on 4 nonlinear
benchmark problems are presented in Table 15
and Table 16. The DE-R is the same as DE59-
50-R in the first experiment except that it uses
the setting of maxnf as described in Section 4.2.

Both tables report Min, Mean and SD of fbest
based on the corresponding maxnf’s. From the
results, the first two problems are relatively easy
problems whereas the last two problems are more
difficult problems with the Chemical equilibrium
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Table 14. Solutions of SINQUAD function at VTR = 10~2°, 1073° and 104°.

Solution at VTR = 10~ %°

Solution at VTR = 10~

Solution at VTR = 10~%

T1

1.000001313473061E4-00

1.000000000741824E+00

9.999999999921714E-01

T2 - 1.000001313492704E4-00 - 1.000000000741824E+00 - 9.999999999921714E-01
x3 2.357863034574390E-01 2.357835623069449E-01 2.357835607415836E-01
T4 2.357863035031185E-01 2.357835623069448E-01 2.357835607415836E-01
Ts5 2.357863034047495E-01 2.357835623069443E-01 2.357835607415836E-01
T6 - 1.000001313528972E+00 - 1.000000000741824E+00 - 9.999999999921714E-01
x7 2.357863034339120E-01 2.357835623069443E-01 2.357835607415836E-01
T8 2.357863034107586E-01 2.357835623069438E-01 2.357835607415836E-01
T9 - 1.000001313470187E+00 - 1.000000000741824E+00 - 9.999999999921714E-01
10 - 1.000001313474019E+00 - 1.000000000741824E+00 - 9.999999999921714E-01
fi(x) 1.725211482508887E-12 5.503030808840126E-19 6.128739500341215E-23
fa(x) 2.059996617731485E-11 0 0
fa(x) 1.252403736273777E-11 4.232725281383409E-16 0
fa(x) 4.908356360244781E-11 3.677613769070831E-16 0
f5(x) - 2.964588990961303E-11 - 1.179611963664229E-16 0
fo(x) 5.686873194576947E-11 0 0
fr(x) - 6.305747590751309E-12 - 1.179611963664229E-16 0
fs(x) - 2.483665356711739E-11 - 4.371503159461554E-16 0
fo(x) - 1.916689029712870E-12 0 0
fio(z) 1.914912672873470E-12 0 0
Mean nf 81755.37 115341.27 182524.47
%SD 8.90 6.03 18.83

Table 15. Performance comparison of PSO, PSO-NMM and DE-R methods on Neurophysi-

ology and Economics modeling applications averaged over 100 independent runs.
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Problems maznf Methods Min Mean SD
Neurophysiology 50000 PSO-12 1.01E-29 1.41E-11 1.11E-10
application PSO-15 0 1.48E-11 1.39E-10
DE-R 3.75E-36 1.06E-13 1.03E-12
100000 PSO-16 0 2.37E-10  2.34E-09
DE-R 0 1.52E-37 1.49E-36
200000 PSO-NMM-12 0 6.14E-30 3.71E-29
PSO-NMM-15 0 3.09E-32 1.27E-31
PSO-NMM-16 0 2.36E-32 1.16E-31
DE-R 0 5.39E-96 5.39E-95
Economics modeling 50000 PSO-12 2.77E-30 2.52E-27 4.08E-27
application PSO-15 2.47E-33 1.03E-32 4.56E-33
DE-R 7.40E-33 1.36E-32 4.30E-33
100000 PSO-16 2.47E-33 9.69E-33 4.32E-33
DE-R 7.40E-33 1.35D-32 4.41E-33
200000 PSO-NMM-12 4.93E-33 4.91E-32 4.13E-32
PSO-NMM-15 247E-33 1.02E-32 4.46E-33
PSO-NMM-16 2.47E-33 9.60E-33 4.24E-33
DE-R 7.40E-33 1.37E-32 4.15E-33
application as the most difficult one. The DE- modeling application, all methods produce nearly

R gives the best Mean values for all cases of
Neurophysiology application, Chemical equilib-
rium application, and Combustion application.
It shows much better performances on Chemical
equilibrium application and Combustion applica-
tion, especially on Chemical equilibrium applica-
tion where it gives the Mean values in the order
of 10733 while the PSO and PSO-NMM give the

values in the order of 10~%. For the Economics

the same results with PSO-15, PSO-16 and PSO-
NMM-16 giving only slightly better results. Thus,
we can conclude that the DE-R outperforms all
the compared methods.

6. Conclusions

In this paper, we have proposed an efficient im-
provement of the differential evolution algorithm
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Table 16. Performance comparison of PSO, PSO-NMM and DE-R methods on Chemical
equilibrium and Combustion applications averaged over 100 independent runs.

Problems maxnf Methods Min Mean SD
Chemical equilibrium 50000 PSO-12 9.84E-06 5.79E-04 3.04E-03
application PSO-15 3.55E-06 1.61E-03 5.10E-03
DE-R 1.54E-34 1.05E-33 1.34E-33
100000 PSO-16 4.16E-07 5.73E-04  3.05E-03
DE-R 1.54E-34 1.08E-33 1.33E-33
250000 PSO-NMM-12 2.58E-34 5.33E-04  3.04E-03
PSO-NMM-15 1.22E-34 1.60E-03 5.11E-03
DE-R 1.54E-34 9.19E-34 1.26E-33
300000 PSO-NMM-16 5.93E-34 5.33E-04 3.04E-03
DE-R 1.54E-34 1.19E-33 1.60E-33
Combustion 50000 PSO-12 3.08E-11 2.76E-08 4.34E-08
application PSO-15 1.01E-11 4.88E-09 8.68E-09
DE-R 3.68E-21 3.56E-18 9.62E-18
100000 PSO-16 3.99E-12 2.22E-09 4.21E-09
DE-R 9.83E-37 4.41E-22 1.87E-21
250000 PSO-NMM-12 1.45E-33 4.69E-17 1.04E-16
PSO-NMM-15 1.28E-33 6.91E-17 2.37E-16
DE-R 1.29E-42 2.43E-23 1.17E-22
300000 PSO-NMM-16 4.69E-34 5.05E-17 1.09E-16
DE-R 2.49E-44 7.80E-24 3.34E-23

by using a mixing scheme of two mutation op-
erations and a restart technique for solving the
nonlinear systems. The designed algorithm has
the advantage of integrating both the global and
local search techniques to balance the exploration
and exploitation. It can successfully solve all ten
selected test problems with varying degrees of dif-
ficulty and outperforms the two basic differen-
tial evolution algorithms using the recommended
setting from the literature. It also outperforms
the compared methods recently developed in the
literature. This performance results from the
proper modification to the basic DE algorithms
and shows that the DE algorithm with the restart
technique is a promising tool for solving com-
plex systems of nonlinear equations. Future study
could investigate on designing and applying the
differential evolution algorithms to more compli-
cated nonlinear problems in high dimensions such
as those derived from difficult nonlinear ODEs
and PDEs, and those from learning models of ar-
tificial neural networks.
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Renewable energy has become a prominent subject for researchers since fossil fuel
reserves have been decreasing and are not promising to meet the energy demand
of the future. Wind takes an important place in renewable energy resources and
there is extensive research on wind speed modeling. Herein, one of the most
commonly used distributions for wind speed modeling is the Weibull distribution
with its simplicity and flexibility. Maximum likelihood (ML) method is the most
frequently used technique in Weibull parameter estimation. Iterative techniques
such as Newton-Raphson (NR) use random initial values to obtain the ML
estimators of the parameters of the Weibull distribution. Therefore, the success of
the iterative techniques highly depends on the initial value selection. In order to
deliver a solution to the initial value problem, genetic algorithm (GA) is
considered to obtain the estimators of the model parameters. The ML estimators
obtained using the GA and NR techniques are compared with the method of
moments (MoM) estimators via Monte Carlo simulation and wind speed
applications. The results show that the ML estimators obtained using GA present

superiority over MoM and the ML estimators obtained using NR.

(ec) T

1. Introduction

The increase in population and the inadequacy of
existing energy resources put the human being into the
search of alternative energy resources over the course
of human history. In the last decades, there is extensive
research on renewable energy due to the decrease in
fossil fuel reserves and the increase in environmental
awareness. As a clean and never-ending resource, the
wind has become an important energy resource and
distinguished among the other renewable energy forms
such as geothermal energy, hydro energy, solar energy,
and biomass energy.

Converting the Kinetic energy carried by wind to
electrical energy is a clean and economical way to
produce energy. Once the wind plant is set up, the
maintenance cost is relatively low compared to other
energy plants. However, the wind turbines and
installation costs are high, therefore the wind energy
potential of a region should be carefully estimated to
determine the proper turbine type. Wind speed is the
key factor in determining the wind energy potential of
a region [1-4]. Statistical distributions are used to
model wind speed and estimate energy potential. The

*Corresponding author
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Weibull distribution is one of the most commonly used
distributions in wind energy studies due to its simplicity
and flexibility [1, 2, 4-10].

There are various techniques used in Weibull parameter
estimation. Sohoni et al. [2] estimated the Weibull
parameters using the method of moments (MoM).
Seguro and Lambert [5] employed MoM, maximum
likelihood (ML) method and modified maximum
likelihood (MML) methods. They found that the ML
method is more appropriate for the data sets in time
series format. For the data sets in frequency distribution
format, they recommended using MML method. Akgiil
etal. [6] compared the least square method, ML method
and MML method. Although they found that ML is the
most efficient method in overall, they mentioned that
ML and MML has a similar efficiency for the large data
sets, however, MML has less computational
complexity. Arslan et al. [8] compared MoM, L-
Moments (L-Mom) method and ML method, and
showed that L-Mom method is more efficient for small
data sets where ML method is more efficient for larger
data sets. Kaplan [10] found that graphical method
provides more efficiency than MoM in Weibull
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parameter estimation. Kollu et al. [11], Akpmar and
Akpinar [12] used the ML method to estimate Weibull
parameters in their studies. Teimouri et al. [13]
compared their proposed L-moment estimator with
several methods including the ML method, method of
logarithmic moment, percentile method and MoM.
They found that their proposed method and the ML
method are the most efficient estimators. Akdag and
Dinler [14] proposed the power density method. They
found it superior to commonly used methods including
MoM and ML method. Saleh et al. [15] compared five
different methods and recommended the mean wind
speed method and the ML method for fitting Weibull
distribution. Azad et al. [16] found MoM and ML
method more efficient among several methods.
Recently, Usta et al. [17] proposed a new estimation
approach based on moments for estimating the Weibull
parameters.

It is seen from the previous studies that the ML method
is one of the most frequently used parameter estimation
methods for the Weibull distribution. Due to the
nonlinear nature of the log-likelihood function of the
Weibull distribution, numerical methods such as
Newton-Raphson (NR) should be employed. However,
when the iterative techniques are employed, the success
of the technique highly depends on the initial value
selection. This study departs from the literature by
delivering a solution to the initial value problem by
using genetic algorithms (GA), which is a heuristic
search algorithm and uses a set of solution (search
space) instead of single points, for ML estimation of the
Weibull parameters. GA is a useful approach in the
solution of optimization problems and applied in
various studies such as signal control optimization [18]
or optimization of mixture parameters of high-
performance concrete [19]. In parameter estimation,
GA was previously used for negative binomial gamma
mixture distribution [20], skew-normal distribution
[21] and nonlinear regression [22]. Parameter
estimation of Weibull distribution using GA was
introduced by Thomas et al. [23] for breakdown times
of insulating fluid dataset. GA presented a comparable
good performance based on the maximization of the
log-likelihood function. With this motivation, the
applicability of GA is used in wind speed data
modeling. To the best our knowledge, this is the first
time GA is used to estimate the parameters of Weibull
distribution in wind speed distribution modeling.
Observations were obtained from an existing wind farm
and different meteorological stations. The efficiency of
ML method estimation using GA was compared with
ML estimation using NR, and MoM. Mean absolute
error (MAE), bias and Kolmogorov-Smirnov (K-S) test
were used as decision criteria. The remainder of this
paper is structured as follows: Section 2 gives basic
information about the Weibull distribution, Section 3
gives detailed information about the parameter
estimation methods, Section 4 presents the simulation
experiments and wind speed data analysis. Section 5
includes the conclusion.
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2. Weibull distribution

The probability density function (pdf) and cumulative
distribution function (cdf) of Weibull distribution are
respectively given by:

fv;k,c) = g(z)k_l exp [— (g)k], v,k,c>0 (1)

C
and

F(v;k,c) =1—exp [— (;)k] v,k,c>0 2

where v is the wind speed, k and ¢ are the Weibull
shape and scale (dimensionless) parameters
respectively. Probability density plots for some
different parameter values are given in Figure 1.
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Figure 1. Probability density plots of the Weibull distribution
for different parameters.

3. Parameter estimation methods

3.1. Method of moments estimation

MoM is based on equating sample moments with
theoretical moments of respective distribution. To
estimate the parameters of the Weibull distribution,
coefficient of variation of the sample should be
calculated and set equal to the theoretical coefficient of

variation as follows [8]:
r (% +1)
CVyom = |o—- =|————-1[ @3
S [ e+ ¥
k
where n is the number of data points, ' is the gamma

function. When the shape parameter k is obtained from
the Equation (3), scale parameter ¢ can be calculated

by:

— iz vin _ 1]

1 n .
o= [nEE= ) (4)

G
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3.2. Maximum likelihood estimation

The ML method is based on the maximization of the
log-likelihood function of the underlying distribution.
The log-likelihood function of the Weibull distribution
is given as follows:

InL(v;k,c) =nlnk —nklnc
n
+ (k-1 Z Inv;
kD2

—ck Z vk,
i=1

By maximizing the log-likelihood function, taking
derivative respect to each of the parameters and
equating them to zero, the ML estimators of the shape
and the scale parameters will be obtained as follows:

N -1
n k n
iz Vi Iny; _ Yi=1In vil

- n k
[ i=1 Vi n

¢= [%Zv] . (7)

ML estimator of the shape parameter k includes
nonlinear function, therefore, it can be solved by
numerical techniques such as NR algorithm, Nelder-
Mead algorithm, simulated annealing algorithm or GA.
In this study, we used the NR algorithm and the GA in
the maximization of the log-likelihood function given
in Equation (5).

3.2.1. Newton-Raphson algorithm

The steps of the NR algorithm are summarized in [21]
as follows:

(6)

and

el

1. Determine the initial values k£ and ¢(© for k
and c.

2. Compute the vector U(k™,c™) and
V(k™,cM) form = 0,1, ... where U and V
are defined by:

dlnL OdlnL
U= (%55 %)
and

0%InL  d%InL
v=|oe akac

0%InL  #%InL|

‘okdc  dc2

3. Compute the values of k and ¢ at (m + 1)th
iteration by using the following equation:

k(m+1)
[C(m+1)]
[k _
= c(m>] — YLK, )y (), )
4. Repeat the iterations until the convergence
criterion is satisfied.

NR is a fast-converging powerful algorithm, however,
it is dependent on the initial guess. Therefore, we
considered the GA in the maximization of the log-
likelihood function of the Weibull distribution.

3.2.2. Genetic algorithm

GA is a heuristic search algorithm motivated by the
principles of biological evolution of species, to obtain
the estimators of the model parameters. Unlike the
conventional optimization techniques, GA uses a set of
initial solutions which are called as chromosome. A
flowchart of GA is presented in Figure 2. The steps of
the GA in this study are summarized as follows:

1. A range of possible solutions (search space)
was defined as arbitrarily for both shape and
scale parameters. A sensitivity analysis was
carried out to determine the initial population
size where it was taken 6, 10, 15, and 20
respectively. Most efficient outcomes were
obtained when the initial population size was
set to 6, therefore, initial population size was
set to 6.

2. Each set of possible solutions is evaluated
using the fitness function. The log-likelihood
function of the Weibull distribution is the
fitness function in this study.

3. The best solution in each iteration is kept as
parent chromosome.

4. New offsprings are reproduced by crossover
and mutation with the rate of 0.8 and 0.1
respectively. The size of the population
including original parents, crossover and
mutation offsprings is equal to the initial
population size in step 1.

5. New population is evaluated as in step 2. Steps
3-5 are repeated.
The algorithm stops if the decision criterion is satisfied
or the maximum number of iterations is achieved. A
flowchart of the study is given in Figure 2.

Defining search
8 Evaluation of

space and e Satisfy M Selection
. individuals individuals .
Start generation of —— X N stop X of Genetic
S using fitness N according to § X
initial random . . criterion? R Operator

population function fitness value 1
S Crossover
operator

Stop

Mutation
operator

I

Selection of

Figure 2. Flowchart of the GA used in this study.
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Table 1. Parameter estimations, MAE and bias values for different simulation scenarios.
k ¢
n k | Method Mean MAE Bias Mean MAE Bias
MoM 0.6510 0.1637 0.1510 1.3549 0.5207 0.3549
05| NR 0.5412 0.0840 0.0412 1.0823 0.3938 0.0823
GA 0.5399 0.0829 0.0399 1.0570 0.3685 0.0570
MoM 1.1172 0.1905 0.1172 1.0221 0.1912 0.0221
1 [NR 1.0823 0.1680 0.0823 1.0114 0.1915 0.0114
20 GA 1.0822 0.1679 0.0822 1.0114 0.1915 0.0114
MoM 3.2191 0.4729 0.2191 0.9975 0.0623 -0.0025
3 | NR 3.2470 0.5039 0.2470 0.9973 0.0640 -0.0027
GA 3.1153 0.3413 0.1153 0.9949 0.0622 -0.0051
MoM 6.4952 1.0341 0.4952 0.9977 0.0312 -0.0023
6 | NR 6.4939 1.0077 0.4939 0.9978 0.0321 -0.0022
GA 6.2305 0.6825 0.2305 0.9967 0.0312 -0.0033
MoM 0.5818 0.1019 0.0818 1.2071 0.3412 0.2071
0.5 | NR 0.5172 0.0485 0.0172 1.0449 0.2514 0.0449
GA 0.5171 0.0484 0.0171 1.0422 0.2486 0.0422
MoM 1.0532 0.1144 0.0532 1.0105 0.1221 0.0105
1 [NR 1.0345 0.0971 0.0345 1.0101 0.1235 0.0101
50 GA 1.0344 0.0970 0.0344 1.0097 0.1231 0.0097
MoM 3.0866 0.2665 0.0866 0.9993 0.0391 -0.0007
3 [ NR 3.1034 0.2912 0.1034 1.0007 0.0411 0.0007
GA 3.0763 0.2593 0.0763 1.0000 0.0405 0.0000
MoM 6.1854 0.5747 0.1854 0.9993 0.0196 -0.0007
6 | NR 6.2069 0.5824 0.2069 1.0000 0.0205 0.0000
GA 6.1526 0.5185 0.1526 0.9997 0.0203 -0.0003
MoM 0.5495 0.0748 0.0495 1.1224 0.2469 0.1224
05| NR 0.5086 0.0331 0.0086 1.0182 0.1675 0.0182
GA 0.5085 0.0330 0.0085 1.0155 0.1645 0.0155
MoM 1.0282 0.0839 0.0282 1.0034 0.0870 0.0034
1 [NR 1.0172 0.0662 0.0172 1.0034 0.0832 0.0034
100 GA 1.0172 0.0662 0.0172 1.0034 0.0832 0.0034
MoM 3.0470 0.1915 0.0470 0.9992 0.0280 -0.0008
3 |NR 3.0516 0.1985 0.0516 0.9999 0.0277 -0.0001
GA 3.0112 0.1808 0.0112 0.9860 0.0140 -0.0140
MoM 6.0963 0.4120 0.0963 0.9994 0.0140 -0.0006
6 | NR 6.1032 0.3971 0.1032 0.9998 0.0139 -0.0002
GA 6.0939 0.3868 0.0939 0.9997 0.0138 -0.0003
MoM 0.5151 0.0369 0.0151 1.0339 0.1245 0.0339
05 | NR 0.5015 0.0140 0.0015 1.0029 0.0752 0.0029
GA 0.5015 0.0140 0.0015 1.0029 0.0752 0.0029
MoM 1.0063 0.0366 0.0063 0.9974 0.0387 -0.0026
1 [NR 1.0031 0.0280 0.0031 1.0003 0.0376 0.0003
500 GA 1.0031 0.0280 0.0031 1.0003 0.0376 0.0003
MoM 3.0090 0.0877 0.0090 0.9986 0.0126 -0.0014
3 | NR 3.0092 0.0840 0.0092 0.9999 0.0125 -0.0001
GA 3.0092 0.0840 0.0092 0.9999 0.0125 -0.0001
MoM 6.0193 0.1887 0.0193 0.9993 0.0063 -0.0007
6 | NR 6.0184 0.1680 0.0184 0.9999 0.0063 -0.0001
GA 6.0176 0.1666 0.0176 0.9999 0.0062 -0.0001
4. Application parameter sets used in the simulation can also be seen

4.1. Monte Carlo simulations

In order to compare the parameter estimation methods
for the Weibull distribution, a Monte Carlo simulation
was conducted where the shape parameter is taken 0.5,
1, 3 and 6 and the scale parameter was fixed to 1. The

in Figure 1. The simulation was repeated 1000 times for
each of the sample sizes of 20, 50, 100 and 500. MoM
estimations were considered as the initial values for the
NR. For the GA, the population size was chosen 6,
mutation rate and crossover rate were fixed to 0.8 and
0.1 respectively. ML estimations using NR and GA
were obtained via “maxLik” [24] and “GA” [25]
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packages of R software. Mean absolute error (MAE)
and bias are chosen as goodness-of-fit criteria for
comparing the efficiencies of the parameter estimation
methods. MAE and bias for the parameters k and c are
given by:

~ I LN
MAE(R) = EZJ“ — k|
®)
bias(B) =y (K~ k)
i=1

and

|&; —cl

1 n
MAE@) =)
i=

1 n
bias(é) = EZ & — o).
i=1

Smaller values the absolute value of the bias and MAE
indicate higher efficiency. Parameter estimations,
absolute value of the bias and MAE for each parameter
estimation method can be seen in Table 1. Accordinly,

©)
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best results are highlighted in bold.

It is seen from the simulation results that the GA
approach was more efficient than NR and MoM in the
estimation of the shape and scale parameters according
to MAE and bias criteria. For the sample size of 20, 50
and 100, the GA approach provided the best efficiency
for the shape parameter in each simulation scenario in
terms of MAE and bias. For the sample size of 500, GA
also provided the best efficiency for the shape
parameter in each simulation scenario according to
MAE.

In the estimation of scale parameter for the sample sizes
of 20,50 and 100, GA provided the highest efficiency
according to at least one of the decision criteria in
almost each simulation scenario. For the sample size of
100, GA was the most efficient method in each
simulation scenario according to MAE and bias. In
overall, it can be said that GA is a very efficient method
for small, moderate and large sample sizes. MAE and
absolute values of the biases are also presented in
Figures 3-6.
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Figure 3. Comparison of the parameter estimation methods for k according to MAE criterion.
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Figure 4. Comparison of the parameter estimation methods for ¢ according to MAE criterion.
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Figure 5. Comparison of the parameter estimation methods for k according to bias criterion
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Figure 6. Comparison of the parameter estimation methods for ¢ according to bias criterion.

Figure 3 presents the MAE values for the shape
parameter k. GA presented more efficiency than NR
and MoM in all simulation scenarios. NR was the
second-best method. MAE values were decreased when
the sample size was increased. However, when the
value of the shape parameter was increased, MAE
values were also increased.

Figure 4 shows the MAE values for the scale parameter
c. GA was the most efficient method for the sample
sizes of 20, 100 and 500. MoM was the most efficient
for the sample size of 50. MAE values were decreased
when the value of the shape parameter was increased.
Similarly, MAE values were also decreased when the
sample size was increased.

Figure 5 presents the absolute value of bias for the
shape parameter k. GA presented the most efficient
results. MoM presented better results than NR on some
occasions. Similar to the MAE values, absolute values
of the bias were decreased when the sample size was
increased. However, when the value of the shape

parameter was increased, the absolute values of the bias
were also increased

Figure 6 shows the absolute values of bias for the scale
parameter c. GA was more efficient than other methods
for most of the time. NR was the second-best method.
With the increase in the value of shape parameter and
sample size, absolute values of bias were decreased.

4.2. Wind speed analysis

Wind speed observations obtained from three different
locations, namely Belen Wind Farm (Belen), Gokceada
Meteorological Station (Gokgeada) and
Datca/Deveboynu  Feneri  Meteorological ~ Station
(Datca) were used for the comparison of the parameter
estimation methods. Belen data set was provided by
Belen Electric Generation Co. Inc. Gokceada and Datca
data sets were provided by the Turkish State
Meteorological Service. Information about the
geographical coordinates of the stations, elevation,
selected period of observations and collection process
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are presented in Table 2. Accordingly, the wind speed
data for the Belen Station were observed in 10-min
basis. The wind speed data observed at other stations
were collected on hourly basis. The descriptive
statistics including mean, standard deviation, minimum

and maximum for the data sets used in this study are
presented in Table 3. It can be seen from Table 3 that
the average and the maximum wind speed were
observed at Datca station.

Table 2. Geographical coordinates of the stations, selected period of observations and data collection process.

Station | Period of Observations | Collection Basis |Height| Latitude Longitude |Elevation
Belen 01 Jan 2013 — 31 Dec 2014 10-min 80 m |36°28'42.2"N | 36°12'45.0"E| 744
Gokceada| 01 Jan 2010 — 31 Dec 2017 Hourly 10 m | 40°11'27.6"N | 25°54'27.0"E 79
Datca 01 Jan 2014 — 30 Apr 2017 Hourly 10m | 36°41'12.1"N | 27°21'47.9"E 28

Table 3. Descriptive statistics for the data sets. Table 5. Parameter estimations and K-S goodness-of-fit test

Station | Year | Mean | Std. Dev. | Min. | Max. |  "esults for Gokgeada data set.
Belen 2013 |7.2949| 3.3345 | 04 | 249 Date |Method| k& ¢ K-S |p-value
2014 |7.3790| 3.2631 | 04 | 249 2010 - MoM  |1.5527|4.8650|0.0443(0.1074
2010 | 4.3956| 3.0779 | 0.1 | 169 Oct NR 1.5571]4.8752|0.0453|0.0947
2011 | 45014 | 2.7362 | 0.1 | 16.6 GA 1.4954|4.8088|0.0394|0.1990
2012 | 4.1776| 2.6393 | 0.2 | 149 2011 - MoM  |1.93375.7312|0.0517 |0.0423
Gokgeada 2013 /13.6880| 24716 | 0.1 | 169 Apr NR 1.9002|5.7122]0.0501]0.0537
2014 | 3.7678| 25150 | 0.1 | 149 GA 1.9023|5.7247]0.0485|0.0673
2015 |4.3323| 2.6961 | 0.1 | 18.0 2011 - MoM  |1.7368|5.6574|0.0363 |0.2998
2016 | 4.2892| 2.8234 | 0.1 | 16.7 Nov NR 1.7307|5.6551|0.0363|0.3004
2017 | 3.8563| 2.6384 | 0.1 | 154 GA 1.7299|5.6507|0.0359|0.3144
2014 1 6.9937| 4.5638 | 0.3 | 289 2012 - MoM  |1.8973|5.4681|0.0440(0.1123
Datca 2015 |7.6496| 4.9330 | 04 | 289 Dec NR 1.8750(5.457410.0414]0.1562
2016 | 7.8554 | 5.1781 | 0.2 | 33.7 GA 1.8737|5.4526|0.0411]0.1615
2017 | 7.3715| 4.8864 | 0.2 | 24.2 2013 - MoM  |1.61494.4635|0.0463|0.0829
May NR 1.6212|4.4682|0.0472|0.0724
Weibull distribution is fitted at the monthly base for the GA 1.6148]4.4237|0.04490.1001
Belen, Gokceada and Datca data sets. To statistically 2015 - [MoM__|1.5037}5.670010.06110.0401
test that monthly data sets come from Weibull jan  INR 1.5681|5.7215]0.0591|0.0518
distribution, the K-S test is separately applied to each GA 1.5673|5.7129|0.0584|0.0562
data set. 2015 - MoM  |1.79196.6341|0.0480|0.0982
K-S test is used for testing if a sample distribution Feb [NR 1.750216.60190.04840.0937
belongs to a population with a specific distribution. K- GA 1.7509]6.6086|0.04780.1016
S test statistic is the maximum difference between the 2015 - [MoM__1.49225.024210.03700.3096
empirical distribution F, (x) and theoretical distribution Apr NR 1.4876|5.0285 | 0.0365 | 0.3268
Sy (x) [26]. GA 1.4863|5.0104|0.0358|0.3493
2015 - MoM  |1.61514.0105|0.0524|0.0919
d = max |Fy(x) — Sy (x)| (10) May NR 1.5916|4.0010{0.0488|0.1374
s GA 1.5905[3.9947|0.0484]0.1435
After the K-S _test process, monthly distributions that MoM  11.972714.965910.0514 |0.0485
come from Weibull distribution are selected for further 2015 - NR 19312 12.94550.048710.0711
analysis (p-value>0.05). The parameter estimates and Oct - - - -

K-S test results for Belen, Gokceada and Datca data GA 1.9301]4.94350.0486 0.0721
sets are presented in Tables 4-6 respectively. 2015 - MoM__11.501015.299110.03290.6387
Nov NR 1.5066 |5.3106 |0.0343]0.5861
o ) GA 1.5034|5.3074|0.0338|0.6027
Table 4. Parameter estimations and K-S goodness-of-fit test MoM 1.3632(5.14590.04320.1321
results for Belen data set. 2016 - NR 1371015.163810.0453 0 1004
Date | Method | & ¢ [ K-S [pvalue] 7" |GA [1.3683(5.1604]0.0447|0.1089
2014 - MoM 2.1104 | 6.7724 1 0.0182 | 0.1381 2016 MoM 1.573115.432810.0466 | 0.1599
Feb NR 2.1191 | 6.7779 | 0.0197 | 0.0875 Mar " INR 1.560815.4299|0.0448 |0.1946
GA 2.0984 | 6.7646 | 0.0161 | 0.2438 GA 1.558215.421310.044110.2078
2016 - MoM  |1.6266|4.0770|0.0457 |0.3642
Table 4 shows that GA provides the best fit in terms of May NR 1.61114.0731|0.0430|0.4399
the K-S test for Belen data set. GA 1.61094.0723|0.0430(0.4422
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Table 5. (continued)

MoM [1.8951| 3.0578| 0.0877| 0.1657
NR 1.8507] 3.0452| 0.0947| 0.1096
GA 1.8535| 3.0461| 0.0942] 0.1128
MoM | 1.5976| 5.3758| 0.0532| 0.0355
NR 1.5571] 5.3534| 0.0474| 0.0810
GA 1.5569] 5.3533| 0.0474| 0.0814
MoM | 1.9966| 6.8246| 0.0516| 0.1153
NR 1.9906| 6.8205| 0.0513] 0.1186
GA 1.9909] 6.8219| 0.0513| 0.1197

2016 -
Jun

2016 -
Nov

2017 -
Dec

Table 6. Parameter estimations and K-S goodness-of-fit test
results for Dat¢a data set.

Date | Method k ¢ K-S |p-value
2014 - MoM 1.7162 | 6.0504 | 0.0570 | 0.0756
Jan NR 1.7787 | 6.0924 | 0.0566 | 0.0790
GA 1.7672 | 5.9995 |0.0490 |0.1783
2014 - MoM 1.8009 | 8.4971 | 0.0446 | 0.1031
Aug NR 1.8379 | 8.5336 |0.0461 | 0.0842
GA 1.8373 | 8.5273 | 0.0457 | 0.0898
2015 - MoM 1.7307 | 10.8387 | 0.0431 | 0.1255
Jan NR 1.7483 | 10.8725 | 0.0437 [ 0.1172
GA 1.7501 | 10.9125 | 0.0422 | 0.1408
2015 - MoM 1.8631 | 9.6927 | 0.0409 | 0.1662
Mar NR 1.8842 | 9.7204 | 0.0418 | 0.1491
GA 1.8683 | 9.7017 | 0.0409 | 0.1660
2015 - MoM 1.8422 | 7.4869 |0.0348 | 0.3482
Jun NR 1.8781 | 7.5196 |0.0418 [ 0.1619
GA 1.8051 | 7.5222 | 0.0363 | 0.2982
2015 - MoM 2.0635 | 8.5650 | 0.0463 |0.0828
Oct NR 2.0843 | 8.5813 | 0.0493 | 0.0539
GA 2.0452 | 8.5486 | 0.0435|0.1198
2015 - MoM 1.8870 | 9.2486 | 0.0440 |0.1237
Nov NR 1.9013 | 9.2654 | 0.0467 | 0.0863
GA 1.8814 | 9.2433 | 0.0430 | 0.1398
2015 - MoM 2.1032 | 10.2284 | 0.0383 | 0.2301
Dec NR 2.1241 | 10.2526 | 0.0407 | 0.1748
GA 2.1181 | 10.2101 | 0.0372 | 0.2585
2016 - MoM 1.8773 | 10.8451 | 0.0279 | 0.6078
Jan NR 1.8728 | 10.8427 | 0.0278 | 0.6138
GA 1.8451 | 10.8504 | 0.0257 [ 0.7112
2016 - MoM 1.2831 | 9.1734 | 0.0370 | 0.3162
Feb NR 1.3318 | 9.2773 | 0.0442 | 0.1439
GA 1.2793 | 9.1544 | 0.0359 | 0.3519
2016 - MoM 1.6948 | 8.4204 | 0.0314 {0.4729
May NR 1.7220 | 8.4530 | 0.0365 | 0.2905
GA 1.7033 | 8.3964 | 0.0308 | 0.4997
2016 - MoM 1.6449 | 8.8944 | 0.0478 | 0.0829
Sep NR 1.6563 | 8.9189 | 0.0505 | 0.0576
GA 1.6342 | 8.7143 | 0.0433 | 0.1469
2016 - MoM 1.7423 | 9.4553 | 0.0403 | 0.1784
Oct NR 1.7605 | 9.4816 | 0.0442 | 0.1096
GA 1.7254 | 9.4345 | 0.0368 | 0.2652
2017 - MoM 1.6872| 7.9891| 0.0400| 0.1956
Mar NR 1.7152| 8.0254| 0.0425| 0.1457
GA 1.6913| 8.0015| 0.0399| 0.1990
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It can be seen from Table 5 that GA provides the
highest efficiency in 14 of 17 months in terms of the K-
S test results in Gokceada data set. MoM provides the
best fit in 3 months.

Table 6 shows that GA provides the best fit in 12 of 14
months. MoM is the second-best estimator and has the
highest efficiency in 2 months for Datca dataset.

5. Conclusion

In this paper, we have obtained the ML estimators of
the parameters of Weibull distribution using GA and
NR techniques, and compared them with MoM. The
efficiencies of the parameter estimation methods are
evaluated based on MAE, bias and K-S test criteria.
Results of the Monte Carlo simulation and real wind
speed data analysis show that ML estimator using GA
is more efficient than ML estimator using NR and MoM
estimator in  Weibull  parameter  estimation.
Furthermore, it can be said that all data sets were
observed in different geographical regions with
different weather characteristics. GA  showed
superiority on these data sets including different types
of weather conditions. Finally, arbitrary search spaces
were used in this study which can be seen as a
limitation. In the future works, we will focus on
developing a data-based search space in GA for
Weibull parameter estimation.
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