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1. Introduction Tu+ [A%u=0,t € (a,b) (1)
(e (e (63
Fuzzy logic is studied in many areas [I,2]. To solve [A]" u(a) + A" [B]" u
many problems, Sturm-Liouville Theory is used [C
in mathematical physics [3,[4]. Sturm-Liouville
fuzzy problem was defined by Giiltekin Citil and  where [A4]* = [ Awﬁa] ,[C)1Y = [Qw@ a] are neg-
Altmgik [B]. They studied Sturm-Liouville fuzzy  ative triangular fuzzy numbers, [B]* = (B, Ba) ,
problems with reel and fuzzy coefficients in the
boundary conditions under the Hukuhara differ-
entiability [6,[7]. Also, fuzzy eigenvalue problems
were investigated under the approach of gener-
alized differentiability in many papers [8,9]. In
the other hand, the fuzzy problem with eigen- Definition 1. [L3] A fuzzy number is a mapping
value parameter in the boundary condition was u:R — [0,1] satisfying the following properties:
studied [10,[11]. But, eigenvalue parameter was u is normal,
not fuzzy in these papers. The problem with wu is convex fuzzy set,
fuzzy eigenvalue parameter was defined and in- s upper semi-continuous on R,

vestigated by Giiltekin Citil [12]. cl{zeR | u(x) > 0} is compact, where cl denotes
This paper is on the problem with fuzzy eigen- the closure of a subset.
value parameter in one of the boundary condi-

tions. That is, we concern the fuzzy eigenvalue )
problem Definition 2. [T} Let u € Rp. The a-level set

of u is defined as

/

[* u(b) + [D]"w (b) =0, 3)

[D]* = [D,,Da| are positive triangular fuzzy
numbers, [A]* = [A,, Aq] is positive fuzzy eigen-
value parameter and u(t, A) is positive fuzzy func-
tion.

We show the space of fuzzy sets with Rp .

d2

T a W*={zeR|u()>a},0<a<l
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The a-level set of u is denoted as

[W]* = [ta, Wa] -

Definition 3. [1H/A fuzzy number u is called
positive (negative), denoted by u > 0 (u < 0), if
its membership function u(x) satisfies u(z) = 0,

Ve <0 (z > 0).

Remark 1. [7]] The sufficient and necessary
conditions for |u,,Us] to define the parametric
form of a fuzzy number as follows:

u,, is bounded monotonic increasing (nondecreas-
ing) left-continuous function on (0, 1] and right-
continuous for o = 0,

U is bounded monotonic decreasing (nonincreas-
ing) left-continuous function on (0, 1] and right-
continuous for oo = 0,

Uy S Uq, 0 < < 1.

Definition 4. [7j)] For u,v € Rr and A € R,
the sum u + v and the product Au are defined by
(w4 v]* = [u]”+[v]?, [Au]® = X [u]® where means
the usual addition of two intervals (subsets) of
R and X [u]* means the usual product between a
scalar and a subset of R.

Definition 5. [I16] Let u,v € Rp, [u]* =

(U Tal, [V]Y = [U4,Ta]. The product uv is de-
fined by
[wv]® = [u]” [v]", Vo €[0,1],
where
[u]a [U]a = [Qowﬂa] [yomﬁa] = [wavwa] ’
W, = = min {u Ua,yoﬁa,ﬂo&aaﬂa@a} )
We = max {U, Vs Uy U, UaUps UaUa } -

Definition 6. [I7/ Let u,v € Rp. If there exists
w € Rp such that v = v + w, then w is called
the Hukuhara difference of fuzzy numbers u and
v,and it is denoted by w = u S v.

Definition 7. [1],[18] Let f : [a,b] — Rp and
to € [a,b].We say that f is Hukuhara differen-
tiable at to, if there exists an element f (to) €
Rr such that for all h > 0 sufficiently small,
3f (to+h)ef (to). f(to)of (to — h) and the lim-
its hold

limf (to+h) e ft) _ lim
h—0 h h—0

’

= f (to)-

f(to) © f (to — h)
h

2. The fuzzy eigenvalues and fuzzy
eigenfunctions of the problem

In this section, we investigate the fuzzy eigenval-
ues and the fuzzy eigenfunctions of the problem

@- @)
Let be [A* = [An,ha] = [ki,%a], k, > 0,
ko > 0. Then, using the Hukuhara differentia-

bility and fuzzy arithmetic, the general solution
of the fuzzy differential equation (1) is

U, (6, A) = c1 (a, X) cos (ko t) + c2 (o, A) sin (ko t)
(4)
Uq (t,N) = c3 (o, A) cos (kat) + ¢4 (o, A) sin (kat)

(5)

[u(t, )] = [ug (£, A) T (£, A)]. (6)

Let

[QO(t, A)]a = [fa (ta >‘) 7¢o¢ (t7 )‘)]
be the solution of the equation (I satisfying the
conditions

and

[X(t7 )\)]a = [Xa (t7 )‘) » Xa (t7 )‘)]

be the solution of the equation (I satisfying the
conditions

Then, ¢_(t,A),
be shown as

Pa (tv >‘) ' X (t7 >‘) s Xa (t7 >‘) can

@, (t,\) = c11 (a, A) cos (kt)+co1 (o, N) sin (kyt) ,
Po (8, ) = c31 (o, A) cos (kat)+car (a, A) sin (kat) ,
X (t,A) = c12 (e, A) cos (ko t)+coo (o, A) sin (k,t) ,

Xao (t,A) = c32 (a0, A) cos (kat)+caz (a, A) sin (kat) .

For[ (t )], from the first condition in (7)), since
(B, Ba] is positive fuzzy number, we

have

N [BI* = (k2,82 [Bos Ba] = [k2Ba,FaBal .
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Then, using the conditions ([7), it is obtained

c11 (o, A) cos (kya) + cap (o, ) sin (ka) = k2B,
9)

c11 (a, \) k,, sin (k,a)—co1 (o, \) k,, cos (kya) = Ag,
(10)

cs1 (o, A) cos (kqa) + ca1 (o, A) sin (kqa) = Eiﬁm
(11)

c31 (o, \) ko sin (Eaa) —cyq1 (o, \) kg cos (Eaa) =A,.

(12)
From (@)-(10),

k3B, cos (k,a) + Ay sin (k,a)

167

C11 (Oé, /\) =

J

|7~

k3B, sin (k,a) — Ag cos (k,a)
kq
are obtained. From (II))-(I2), we have

C21 (aa A) -

Ei?a cos (Eaa) + A, sin (Eaa)

C31 (O[, )‘) = E ’
en (@) = Eiﬁa sin (14,‘&(1])~C — A, sin (Eaa) '

Then, the solution of the equation () satisfying
the conditions () is

9, (tA) = (k2B cos (kqa)

Aq
+k—sm (k a>cos (k,t)
—i—(kz2B sin (k

A,
—k—cos (k a)sm (k,t)

%2 Ba cos (kqa)

© gin (k:aa)> cos (Fat)

n (Ei?a sin (Faa)
Aoy (kaa)> sin (Fat)

[(p(t, )\)]a = [fa (tv )‘) » Poy (t7 )‘)]

6l
Q
=
=
I
=l o

For [x(t,A)], using the conditions (&), we have
the equations

161

c12 (o, ) cos (kyb) + c22 (a, A) sin (k,0) = D,

(13)
c12 (o, \) k,, sin (k,b)—cao (o, \) k,, cos (kb)) = Cla,
(14)
cs2 (o, A) cos (kab) + ca2 (o, A) sin (kab) = Do,
(15)

c32 (@, ) ko sin (Eab) —caz (@, A) kq cos (Eab) =Ca.

(16)
From (I3)-(d),
D, cos (k,b) + Cy sin (kb
e 0, = Lo08 ) + Cusin (i)
D, sin (k,b) — Cy cos (kb

—Q

are obtained. From ([I&)-(I6l), we have

D, cos (Eab) + C,, sin (Eab)

C39 (a, )\) = E

)

Do sin (Fab) — C, sin (Fab)

ka

Cyq2 (a, /\) =

Then, solution of the equation (1) satisfying the
conditions (§) is

X, (tA) = <II:°‘ cos (k,b)

—Q

+% sin (kab)> cos (k, 1)

—Q

D,
* (k

—% cos (kzab)> sin (kyt),

7Y

sin (k,b)

YL (A = <Da cos (Fub)

_ia cos (kab)) sin (Fat)

(@ M) = Ix, (6,2) Xa (£, A)]-
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Since the eigenvalues of the fuzzy boundary
value problem (I)- (@3] if and only if are consist

of the zeros of functions W <£a,xa) (t,\) and
W (@as Xo) (t, ) [B], we find Wronskian functions

W (20x,) ) = ¢, (LN, A (17)
—x, EN @ (tN),

W (@0 Xa) () = B (tN)TXa(BN) (18)
Xa (6N Py (8 2).

Computing the values (I7) and (I8)) and making
the necessary operations, we obtain

w (favxa) N = (AZD“

7E?x§a€&) cos (Ea (CL - b))
— (2B,D,
Zaia
o Y sk (a - ).

—Q

_.I_

W(@a??«l) ()‘) = <Azl)a

—EZPQQQ) cos (F (a — b))
- (EZ BoDa

aCa) sin (k,, (@ — b))

o

Example 1. Consider the fuzzy eigenvalues and
fuzzy eigenfunctions of the problem

u +[N*u=0,te(0,1) (19)

—u(0) + N 2% (0)=0,  (20)

[—1]% (1) +u' (1) =0, (21)

where [A]* = —1, [B]* = 2] = [1+ «,3 —q],

[C1* = [-1]* = [-2+a,—q], [D]* = 1 and
N = A,

Ao positive fuzzy eigenvalue parame-
ter and u(t, \) is positive fuzzy function.

Let be [)\]oz = [Aa;xa} = [Ei,%a], Ea > 07

ko > 0. Solution of the equation (I9) satisfying
the conditions (20) is

1
(A= k2 (14 «) cos (k,t) + 0 sin (k,t) ,

— EZ (3 — ) cos (Eat)
lp(t, A)]*

Pa (£.3) —sin (Fat).

«

= [fa (t7 )‘) » Poy (tv /\)]

and solution of the equation (I9) satisfying the
conditions (21)) is

X, (tA) = (;cos(ka)

—Q

_kﬁ sin (ka)> cos (k,t)

—Q

+ (ljsm( 2)

—Q

IS >smkt

[x(t,A)]* =
Then, it is obtained
w (gavxa) (A = (Ka(+a)

W (@aXa) V) = (Fa(2=0)3-a)

Since the eigenvalues of the fuzzy boundary value

problem (19)- (21) if and only if are consist of
the zeros of functions W, (\) = W (ga,xa) (\)
and Wao (N) = W (@,,Xa) (A), computing the val-
ues kg satisfying the equation W, (X) = 0 and
ko satisfying the equation W, (A) = 0 for each
a € [0,1], we get infinitely many values as

ky = 0.915811, k1 = 0.343085,

ko, = 3.17289 ko = 2.0719

=0 = A% ’ A 2 3
@ ks = 5.17844,

ky = 6.28721,
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ky = 0.808395, ki = 0.368214,
B ko = 2.97581, ko = 2.11559,
@=02= 608948,  Fs — 5.922.
ky =0.674971, k1 = 0.413302,
005 lp=2T1138, ky=219653,
e ks = 5.82291, k3 = 5.30307,
ky = 0.571662, ki = 0.470075,
ky = 2.50229, ko = 2.30274
=08= 2 T ’
“ ks = 5.41,

ks = 5.61159,

k) =0.516499, ki = 0.516499,
ky =2.39268,  ky = 2.39268,

1= =
@ ks = 5.50079, %y = 5.50079,

We show that this values are k,, and ky,, k=1,2,. ..
for each o € [0,1]. Then, the eigenvalues are

Ml = Do dan] = [E2 s B
solutions

[enlt. V)Y = lg, ,

amn with associated
9

(&, A) s Pan (A,

ContA) = KL, (14 a)cos (ko nt)

a,n

I
—i—k— sin (Ea,nt) ,

Dan

2

Fon (83— a)cos (kant)

sin (Ea,nt)

@a,n (tv )‘) =

1
k

Lan

and

Den (1% =[x, ,, (8 A) s Xan (8 )],

1
Xa,n (t’ )\) = (k

Lamn

a,n

cos (Ean)
sin (kavn)> cos (ki nt)
1 .
* (ka,n o (Ea,n)

coS (k‘an)> sin (Eomt) )

T «
Ea,n

163

Yoz,n (t7 )\) = <1 cos (Ea,n)

a,n

(2 —a) sin (k: )> cos (ka nt)

< 1
+ | = sm
k 7
( cos ( )) sin (ka nt) .
When
e . (t,A) OBy (t,N)
Za,n > a,n \" < 929
Oov - 7 oo <0, (22)
fa,n (ta )\) < @a,n (t> )‘) )
Ix,, ., (t,A) ) £\
—Nn,x 2 ’ Xn,a( ) < 07 (23)
Oa oo
Yoo () € Tna (1)
for all n = 1,2,...,[@en(t, N)]* and [xn(t,\)]*

are valid a—level sets. That is, [¢,(t, A)]* and
[Xn(t, A)]* are eigenfunctions when (22]) and (23])
are satisfied.

Now, we draw the graphics of [p,(t, A\)]* and
[Xn(t,\)]* for « = 0.2 and n = 2.

Figure 1. Graphic of [p,(t, )]

Red — Pom (t, N\, Blue
= Pam (,A), Green — @1 (t,\) =
@1,71 (t7 )‘)
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Figure 2. Graphic of [x,(¢, )]

Red = X, (A),  Blue
= Xan (6A), Green — x, (£, ) =
YLn (ta )‘)

In Figure 1, [pn(t, A)]* is a valid a—level set for
t € [0,0.538478] and in Figure 2, is a valid
a—level set for ¢ € [0.912106,1], since the in-
equalities (23]) and the solution is positive fuzzy
function.

Then, the eigenfunctions are [p,(t,\)]* on
[0,0.538478] and [xy(t, A\)]* on [0.912106,1] as-
sociated with eigenvalues [\,]¢ = [Aa,n’)‘a,n] =

k2 E2 }forazO.Qandn:Z

[fa,nv an

3. Conclusion

In this work, we study the problem with fuzzy
eigenvalue parameter in one of the boundary con-
ditions. We find infinitely many eigenvalues for
each a € [0, 1]. Also, we find solutions associated
with eigenvalues. We draw graphics of solutions.
But solutions are not valid a—level sets every
time. That is, solutions are valid fuzzy functions
different interval for each a € [0,1]. Thus, found
solutions are solutions only in interval which they
are valid fuzzy function. That is, found solutions
are eigenfunctions only in interval which they are
valid fuzzy function.
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