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1. Introduction

2 P
Nonlinear differential equations and the related Z Py(z)y™ (2) + Z Z qu(x)y(p)(:v)y(q) (x)
initial and boundary value problems play an im- k=0 p=0 q=0

portant role in astrophysics, physics and engineer-

ing. In recent years, to solve these problems both Z Z Qpqr (T ®) (2)y D (2)y") ()
analytically and numerically which have applica- =0 g=0 =0

tions in various bran§hes of pure anc.l applied sci-  _ g(z), 0<az<b< oo,

ences, several numerical and analytical methods (1)

have been given. But it may not be possible to
find the analytical solutions of such problems for
all coefficient functions. with the mixed conditions

These type of mathematical models can be de-

scribed by particular names such as Riccati equa- 1

tion, nonlinear equations of motion, Duffing’s Z ak]y +bk3y( )(b)) =, j=0,1, (2)
equation, Van Der Pol’s equation, the equation of _
motion with quadratic damping, Emden’s equa-

tion, Liouville’s equation [IH5]. where Py(z), Qpq(z), Qper () and g(x) are func-
In this study, we consider the second-order nonlin-  tions defined on the interval 0 < z < b < oc;
ear ordinary differential equations with quadratic  ay;, by; and \; are appropriate and real constants;
and cubic terms: y(x) is an unknown function to be determined [6].
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In this study, we develop a new numerical meth-
ods to find the approximate solutions of Eq. (1)
in the truncated Laguerre series form

N
y(x) = yn(z) = ZanLn(w), 0<z<b< oo,
n=0

(3)

where a,,n =0,1,..., N, N > 2 are the unknown
Laguerre coefficients and L, (x),n = 0,1,..., N are
the Laguerre functions of first kind defined by

no ok n
L) =3 kl!) <k>xk 0<a<b<oo (4)

k=0

2. Operational matrix relations

Firstly, let us write Eq. (1) in the form

Lly(z)] + Na[y(2)] + N3[y(z)] = g(z),  (5)

where the linear ordinary differential part

2
Lly(@)] = > Pru(x)y™ (@), (6)
k=0
the nonlinear quadratic part
2 p

Noly(@)] =D > Qpe(a)y® (2)y'V(2),  (7)

2.1. Matrix representation of linear
ordinary differential part

Now, we consider Eq.(1) and find the matrix
forms of each term in the equation. So, we con-
vert Laguerre polynomial solution (3) to the ma-
trix form as

where

219

L(z) = [ Lo(z) Li(x) Ln(z) |,
[0 -1 -1 —1]
o 0 -1 —1
C=|: : : ;
0 0 0 -1
(0 0 0 0
A= [ apg aq an }T.

2.2. Matrix representation of nonlinear
quadratic part

Now, we consider matrix representation of non-
linear quadratic part. So, we define the matrices
with related to (7) and (9)

(v (2))? = L(z)L(2)A,
y D (2)y"” (x) = L(z)CL(x)A,
(y"(2))* = L(z)CL(2)CA, (10)
y® (2)y"V (z) = L(2)CL(x)CA,
y® (2)y"” (x) = L(z)C’L(2)A,
(4 (2))? = L(z)C*L(x)C?A,
where
L(z) = diag [ L(z) L(z) L(z) |,
C = diag [ C C C ] ,
A= [ apgA a1A anA ]T.

2.3. Matrix representation of nonlinear
cubic part

Let us consider (8) as
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So, we define the matrices as 22: P.Y® 4 22: Zp: quY(p,q)
p=0 q=0
(¥ (2))* = L(2)L(x)L(x)A, 2 » 4 (13)
S Y @ar)

y(2)(yO(2))? = L(z) CL(z)L(2)A, = Zo Zo e

(" (2))*y”)(x) = L(2)CL(x)CL(x)A, =G, 0szzb<oo,
(yV(2))* = L(z)CL(z)CL(x)CA, .

y@(2)(y""(2))? = L(2)C*L(x)L(z)A,

¥ (2)yM(2)y ) (z) = L(2)C*L(x)CL(z)A, Py = diag [ Pi(xo) Pi(x1) - Pilen) |,

(11)  Qpg = diag [ Qpg(x0) Qpgla1) -+ Qpelzn) ],
Qpgr = diag [ Qpgr(z0) Qpgr(z1) -+ Qpgr(zN) ] )

¥ (@)(y M (2))? = L(z)C*L(z)CL(z) CA, and
(@ (2))2O () = L(x)c2f(x)§?(x)i, Ty ®) (20) o)
(y@ ()29 (z) = L(2)C*L(x)C2L(x)CA, ) _ y®) (1) o g(z1) |
@) (2))3 = L(z)C?L(2)C2L(z) C?A
Yz T T T ,
(y'¥(z)) (z)C°L(z)C?L(z) 0 () o(ox)
where [y @ (20)y'D (20)y ™) (z0)
ypar) _ y(p)(xl)y(Q)Fxl)y(T)(xl) |
L(z) = diag | L(z) L(z) --- L(z) |, :
C=di {C C C | | Ly P (@n)y' D (zn)y " (zy)
= dia , -
- L= " S y®) (20)y @ ()
A=[aA oA anA | . i) _ y(p)(ml).y(q)(:zrl)
|y (@n)y D (zy)
3. Method of solution By the other hand, we can write following matrix

forms of the nonlinear quadratic and nonlinear

Now, we define the collocation points as cubic parts from (8) and (9) for p, g, r = 0, 1,2

b _ o
T, = NZ’ 1=0,I,N; 0<zy<z <..<xny=h Y ©0) — (0 O)A Y10 = L(1,0)A?
(12) YU =Ly A, YOO =17, A

Y@ = 0, 1)X Y®2) — L, z)X,
We substitute the collocation points (12) into Eq. ’
(1), we have the system of matrix equations for and

i=0,1,..,N,

2 2 p YOO — 17 A, YOO =17, A,
Z Pe(zi)y™ (a;) + Z Z Qpa )y (z:)y'D () YL —pr Ayl —pF A
k=0 p=0 ¢=0 (1,1, 0)7 (1,1, 1)7
22: Zp: Eq: Qpar () y P (2:)y'? (2:)y ) (2:) - rom® - Kasnk

+ par (X)) Yy () y' P (2:)y" (2 QLD 1+ & v(220) _1x X
=0 4=0 1=0 Yo =L A YT =L 04,
=g(z;), 0<z<b< oo, YR =Ly, A, YO =17, A,

or briefly, where
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i(m)%m) L (x0) C*L (o)L (o)
Ly = (xl)‘ (@) : . L(z1)C?L(z1)L(z1)
' : (2,0,0) = : )
| L(zn)L(zy) g
Ll CL(o) | L(zn)C?L(zy)L(2y)
L _ | L@)CL() [ L(x0)C?L(2)CL(x0)
0 : ’ . L(21)C?L(21)CL(z1)
| L(zn)CL(zN) (2,1,0) — : )
" L(2)CTL(20)C o e
ng?;CLg?gc L(zn)C?’L(zn)CL(zy)
Lay = : ’
| L(2y)CL(2n)C [ L(20)C?L(20)CL(0)C
[ L(z0)CL(z0) 1+ _ | L(@)CL(z1)CL(21)C
Lt — L(z1)C?L(z1) @10 : ’
(2,0) — B ’ i L(xN)CQE(xN)if(xN)E
I L(wN)CQL(xNL [ L(20)C?L(0)C?L(x0)
[ L(20)C*L(x0)C L(z1)C?L(21)C2L(x1)
# L(z1)C°L(z1)C L?2,2,0) = ' ) ' ! )
Loy = : : S
L(SL‘N)Céf(:L‘N)é i L(zn)C?L(zn)C2L(zy)
- L(:CO)CQE(:UO)T L(xo)czf($o @E $0)§
- 27 T ral
_ L(z1)C?L(z;)C? , Lf272,1) = HEne L(:E.l CL{=)C )
(2,2) : ’ 5 _ _
L(zy)C?L(zy)C2 | L(zn)C?L(zn)C?L(zn)C
[ L(20)C2L(x0)C?L () C?
Lo _ | L@)CL(z C?L(z,)C?
_ _ — (2,2,2) —
L(zo)L(zo)L(zo) I
. L(z1)L(z1)L(z1) L(zn)C?L(ay)C?L(zy)C?
(0,0,0) = : )
L (:cN)E (LL’N>f (xn) Eilre;l (%I;(f(ilér)ldamental matrix equation is gained
[ L(x0)CL(wo)L(z0)
. L(x1)CL(21)L(x1) 2 2 p B
(1,0,0) : ) D> PLA+Y Y Quli, A
_ = k=0 p=0 g=0
! L(xN)CL(xN)L(_xN) 2 p g _ (19)
L(20) CT(20)CL(0) + Z;) Z; ZO QuarLiy 4. A
— —— p=0 q=0 r=
. _ L(z1)CL(21)CL(21) G 0<z<b<oo
(1,1,0) . )
L<5UN)CE($N)C_E($N) Briefly, we can write Eq.(14) as
[ L(20)CL(w)CL(2)C B
" L(xl)Cf(ml)ﬁ(xl)E WA + VA +ZA =G, (15)
(]‘71’1) = : )
i L(a:N)Cf(mN)C_E(a:N)E where
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2
W =>"PL = [wil; i,j=0,1,..., N,
k=0
V= Z Z QP‘I Wil (V1)< (V4125
p=0 ¢=0
2 p q
Z= 3 QL. = Filvenxvas
p=0 q=0 r=0

Moreover, fundamental matrix equation (15) can
be written in the augmented matrix form

W;V;Z: G (16)

3.1. Matrix representation of the
conditions

Let us define the matrix form of the conditions
given by (2) can be written as

for jZl, U1:

Then, we have

U ]
U= ,
Y 2 (N+1)
[0 0 0
©2=19 o 0 ] (N41)?
L +1)
[0 0 0
95=10 o 0 ] (N1
L +1)
or briefly,
[U;092; 03 : \j]. (17)

Consequently, in order to find the Laguerre coef-
ficients a,, (n = 0,1,..., N) related with the ap-
proximate solution (3) of the problem (1)-(2), by
replacing the 2 row matrices (17) by the last 2
rows (or any 2 rows) of the augmented matrix
(16), we obtain new augmented matrix

(18)

Thence the unknown Laguerre coefficients are cal-
culated by solving (18) [7]- [8]. Therefore, the
Laguerre polynomial solution can be acquired as

N
= Z anLn ()
n=0

4. Error analysis

Definition 1 (Residual function).
residual function Ry(zq) for x = x4 €

We define the
[0, 6]

xa) Z-Pk xoz a
JFZZqu(Ll oc)

quO

Z Zi Qpgr(a)y

p=0 ¢=0 r=0
—g(7a) =0

(xa)

2a)y'? (a)y"" (wa)

or

Ry (o) <107 for k, € Z7F.

Then |Rn(xq)| is called as the residual function
on the interval [0, b)].

Theorem 1. |Ry(x4)| is the residual function on
the interval [0,b]. Then

/ObRN(x)dx < /0b|RN(x)|dx

So, that the upper bound of the mean error R, is

b
Ry(o) < LB _ 7

Proof. In order to see the proof briefly, we con-
sider the Mean Value Theorem and the definition

below. Then
b b
/RN(x)dx §/ |Ry(x)| dx
0 0
<b|Rn(c)l,

/Ob Ry(z)dx
/Ob Ry (z)dx

[By(z)| <

0<ec<b

b
< b|Rn(e)| < / Ry (2)] da

Jy |Rx| (z)dzx

=R,
b
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4.1. Algorithm
e Step 0. Input initial data:
Py(z), Qpg(2), Qpgr(z) and g(x). Deter-

mine the mixed conditions.
e Step 1. Set NV where N € N.

e Step 2. Construct the matrices
L(z),C,L(z),C,L(z),C and G then
W,V.Z.

e Step 3. Define the collocation points
zi =24, i=0,1,...,N.

e Step 4. Compute [W;V;Z: GJ.
e Step 5. Compute [U; O2; O3 : Aj].

e Step 6. Construct the augmented matrix
W;V,Z:G]

e Step 7. Input: the augmented matrix ar-
guments, forward elimination, back sub-
stitution. Output: A (Solve the system
by Gaussian elimination method).

e Step 8. Put arguments a, in the trun-
cated Laguerre series form.

e Step 9. Output data: the approximate
solution yy(z).

e Step 10. Construct y(x) is the exact so-
lution of (1).

e Step 11. Stop when Ry(z) < 107%
where k € Z*. Otherwise, increase N and
return to Step 1.

5. Illustrative examples

In this section, some examples will be given to
show applicability of our method. All the prob-
lems have been calculated and plotted by using
Maplel8 and MatlabR2014b.

Example 1. First, we consider the second-order
nonlinear ordinary differential equation with qua-
dratic terms

y'(@) + 2y (2) +y(2) + 2 (2) — ' (2)y' () = 12exp(z) +2
(19)

with the initial conditions

(20)

The exact solution of (19)-(20) is y(x) =
2 exp(x).

Table 1. |Ry| comparison of Exam-
ple 1. for different N values.

| Ra| | Ry | R

0.000000
0.3/1836E-4
0.280551E-3
0.971761E-3
0.236493E-3
0.474425E-2
0.842376E-2
0.137505E-2
0.211081E-1
0.309206E-1
0.436563E-1

0.000000
0.530766E-5
0.281048E-4
0.563571E-4
0.671672E-4
0.525094E-4
0.476701E-4
0.162679E-3
0.617047E-3
0.177815E-2
0.420369E-2

0.000000
0.450128E-6
0.19/988E-5
0.318105E-5
0.339969E-5
0.365512E-5
0.530256E-5
0.552450B-5
0.10453/E-}
0.808003E-4
0.28255/E-3

(0.0)
(0.1)
(0.2)
(0.3)
(0.4)
(0.5)
(0.6)
(0.7)
(0.8)
(0.9)
(1.0)

Example 2. Now, we consider the second-order
nonlinear ordinary differential equation with cu-
bic terms,

' (x) =/ (2)(1 — y*(2)) + y(x) = (2 + sin(x)) cos(x) sin(z) + 1
with the initial conditions

y(0) =y'(0) = 1.
The exact solution of (21)-(22) is y(x) =
sin(z).

Table 2. |Ry| comparison of Exam-
ple 2. for different N values.

| Ro| | R4 | Rs|

x
(0.0) 0.000000 0.000000 0.000000

(0.1)
(0.2)
(0.3)
(0.4)
(0.5)
(0.6)
(0.7)
(0.8)
(0.9)
(1.0)

0.516658E-7
0.213306E-8
0.494797E-8
0.905816E-8
0.1/557)E-8
0.215357E-8
0.300782E-7
0.40263E-7
0.521673E-7
0.658529E-7

0.554530E-9
0.243668E-10
0.597486E-10
0.114974E-10
0.193316E-10
0.298030E-9
0.432339E-9
0.599433E-9
0.802455E-9
0.444952E-8

0.551083E-12
0.2/1721E-11
0.5931/3E-11
0.1143/4E-11
0.192602E-11
0.297203E-11
0.430863E-10
0.595716E-10
0.793115E-10
0.234134E-9

6. Conclusion

In this study, we introduce a matrix method de-
pending on Laguerre polynomials in order to solve
a class of second-order nonlinear ordinary differ-
ential equations having quadratic and cubic terms
numerically. Furthermore, the error analysis is
given to show the accuracy of the method. The
present method and its error analysis are applied
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on some illustrative examples which have been
shown by the tables.

The method has some significant advantages such
as;

e The present method has short and con-
cise computing procedure by writing the
algorithm in Maplel8.

e The technique gives an alternative way of
solution to the second-order nonlinear or-
dinary differential equations which varies
the other methods in literature.

e The present method has sufficient results
when N is chosen large enough.

The method also can be developed and applied to
differential functional integral equations, nonlin-
ear functional integral equations and functional
systems but some modifications are required [9]-
[10].
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