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Trapezoidal inequalities for functions of divers natures are useful in numerical
computations. The authors have proved an identity for a generalized integral
operator via twice differentiable preinvex function.
lished identity, the generalized trapezoidal type integral inequalities have been
discovered. It is pointed out that the results of this research provide integral
inequalities for almost all fractional integrals discovered in recent past decades.
Various special cases have been identified. Some applications of presented re-
sults to special means have been analyzed. The ideas and techniques of this
paper may stimulate further research.

By applying the estab-

(co)

1. Introduction

The following inequality, named Hermite—
Hadamard inequality, is one of the most famous
inequalities in the literature for convex functions.

Theorem 1. Let f : I C R — R be a convex
function and a1,as € I with ay < ag. Then the
following inequality holds:

() = [ e

< fla) + fla2)
2

This inequality (1) is also known as trapezium in-

equality.

a1 + ag
2

(1)

The trapezium inequality has remained an area of
great interest due to its wide applications in the
field of mathematical analysis. Authors of recent
decades have studied ([J) in the premises of newly
invented definitions due to motivation of convex
function. Interested readers see the references [1]—-
[16], [19,20,22,23).

The aim of this paper is to establish trapezoidal
type generalized integral inequalities for preinvex
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functions. Interestingly, the special cases of pre-
sented results, are fractional integral inequalities.
Therefore, it is important to summarize the study
of fractional integrals. Let us recall some special
functions and evoke some basic definitions as fol-
lows:

Definition 1. [13] Let f € Llai,az2]. Then k-
fractional integrals of order a, k > 0 with a; > 0
are defined by

a,k o 1 /x a_q

of (z) = W) . (x =)k f(t)dt, =>a
and

a,k 1

() =

Qg

az
—_ t—x %*1f t)ydt, a9 > x.
T
For k = 1, k—fractional integrals give Riemann—
Liouville integrals. For @ = k = 1, k—fractional
integrals give classical integrals.

Definition 2. [21] A set S C R" is said to be
invex set with respect to the mappingn : SxS —
R™ if x + tn(y,x) € S for every x,y € S and
t €[0,1].

The invex set also termed as, an n—connected set.


http://creativecommons.org/licenses/by/4.0/

Fractional trapezium type inequalities for twice differentiable preinvex functions and their applications 227

Definition 3. Let S C R"™ be an invexr set
with respect ton : S xS — R™. A function
f:S — [0,+00) is said to be preinver with re-
spect to n, if for every x,y € S and t € [0,1],

flx+tn(y,z) <A —=t)f(@)+tf(y).  (2)

Also, let define a function ¢ : [0,400) —>
[0, +00) satisfying the following conditions:

/1 gO?)dt<+oo, (3)
0
igwgiigAfor;SiSQ (4)
A0 < 5 for s < (5)
r r 1 s
90752) 305(2) < COlr— |S07E2)f0r2§7ﬂ§27 (6)

where A, B,C > 0 are independent of r, s > 0. If
p(r)r® is increasing for some e > 0 and ‘p( ) is de-
creasing for some 3 > 0, then ¢ satisfies (IHI) @@,
see [1§]. Therefore, the left sided and right-sided
generalized integral operators are defined as fol-
lows:

et @ = [P i, > a,

x—1

S0 = [T

The most important feature of generalized in-
tegrals is that; they produce Riemann-Liouville
fractional integrals, k—Riemann-Liouville frac-
tional integrals, Katugampola fractional integrals,
conformable fractional integrals, Hadamard frac-
tional integrals, etc.

r < as.

Motivated by the above literatures, the main ob-
jective of this paper is to discover in section 2] an
interesting identity in order to study some new
bounds regarding general trapezoidal type inte-
gral inequalities. By using the established iden-
tity as an auxiliary result, some new estimates
for trapezoidal type integral inequalities via gen-
eralized integrals are obtained. It is pointed out
that some new fractional integral inequalities have
been deduced from main results. In section [l
some applications to special means are given. In
section [ a briefly conclusion is provided as well.
The ideas and techniques of this paper may stim-
ulate further research in the field of integral in-
equalities.

2. Main results

Throughout this study, let P = [ma,as] with
a; < az, m € (0,1] be an invex subset with re-
spect to n : P x P — R. Also, for brevity, we

define
A, (¢ / AW (s) (7)
S

d 8
" u<+oo, (8)

oo,
0

where 7(z, ma;) > 0 and

AR (1) = [ AR (s)ds, 9)
0
n(ag.ma)
s @ oy u
Ag}n(s)—/ < : )du<~l—oo, (10)
0

where n(az, mz) > 0.

For establishing some new results regarding gen-
eral fractional integrals we need to prove the fol-
lowing lemma.

Lemma 1. Let f : P — R be a twice differen-
tiable mapping on (may,ag2). If f" € L(P), then
the following identity for generalized fractional in-
tegrals hold:

0z, may) Al (1)
(n+1)Al(1)

 J'(mar) + f'(may + n(z, mai))
2
_f(may) + f(ma1 +n(z,mar)) 1

2 2050 (1)
y [<ma1)+ 1ot (may + M2

n+1

n
+ (ma1+77(z,ma1))—l<,0f <ma1 + mﬁ(ﬂf, mal)) ]

n(az, ma)AG (1)
(n+1)AR(1)
" f'(mx) + f'(mx + n(ag, mz))
2
f(mz) + f(mz 4+ n(az, mz)) 1
2 2A2) (1)

n(az, mx)
X [(mx)JrLPf (mw + 7’1-}-1)

n
+ (matn(azma) Lo f <m37 + n_i_177(a2,mx)> ]

_ n%(z, may) (11)

2(n + 1)2A% (1)

1
0,0 | (mar + LD ma
</ Awi,n@)[f (1mar + 2 Dt man)

~f <ma1 + (Tll J_r ?n(q:, mal)) ] dt
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n?(az, mx)
2(n + 1)2A5 (1)

1
< [ 4.0 77 (e + U ma)
0 n

+1
—f (m:c + (Tll — t)n(ag, m:r)) ] dt.

+1
We denote
1 T,a1,q
FAD, A AW A@) (2,01, 02)

772 ($7 mal)

2(n + 124, (1)
1
x /(; Agrll?n@) [f” (mal + (21_?77(.%', ma1)>

—f <ma1 + (:L_t)n(x,mal)> ] dt

+1
n*(ag, mx)
2(n + 1)2A% (1)

x /0 A0 (mx A t)ﬁ(az,mfﬂ))

n+1
—f" (mx + (- t)n(ag m:r)) ]dt.
n+1 ’

Proof. Integrating by parts twice ([I2) and

changing the variables of integration, we have

I

xr,al,a
FADL AR, AW, A (3,01, 02)

_ 772(1'7m611)
2(n +1)2A5(1)
{<n+ DA (0)f (ma + P (e, man) )
X

n(z, may)

1

(
(n+1)
n(x may )

/ A(I) t)f < mi?n(:ﬁ,mm)) dt
(n+ l)A( ) n(t)f (ma + (n+1)77(11 mal)) 1

+ n(xz, may) .
B (n+1)
n(z, may)
1 —
X /0 A%?n(t)f’ (ma1 + (i " 7i)n(a:,mal)> dt}
n%(ag, mx)

2(n +1)2A9,(1)
) { (n+ DAL S (ma + EDn(az, ma))

n(az, mx)

1

(12)

(n+1)
n(az, mx)

<[ Aﬁ,%?n(wf/ (e 2 ) )

(n+ )AL ) f (mx+( ) (ag,mx))
n(ag, mx)
(41
n(az, mx)

1 J—
< [ aghs (et & Dntarmo) dt}
n*(z, may)

2+ 1)2A0,(1)
" { (n+ 1)A$,2n(1)f’ (may + n(z, may))
n(z, may)
(n+1)
n(z, ma)
[+ DARL D) f (mar + n(z, may))
n(z, may)
(n+1)

77(% ’I’)’lal)

1

_|_

n
X (may-+n(zmar))~ Lo | mar + m”(x’ma1)> ]

L+ DA (1) (may)
n(z, mal)

(n+ DARL(Df (mar)
)

(x may

B (n+1)
n(z, may)

_7(714—1) X )+Igof (m(u + 0, ma1)> }

n(x, may) n+1
n%(az, mx)
2(n + 1)2A2, (1)
{ (n+ DA (1) (mix + n(az, ma))

n(az, mx)
(n+1)
n(az, mx)
(n+ DAL f (ma +n(az, ma))
n(ag, mx)
(1)
n(ag, mx)

n
X (m:c—kn(ag,mx))*lcpf (mx + mn(ag,m:z)) ]

L DA (D) (ma)  (n+ 1)
n(az, ma) n(az, mz)



Fractional trapezium type inequalities for twice differentiable preinvex functions and their applications 229

(n+1)A( mn(1)f (mx)

)

77(@27m )

(n+1) n(ag, mx)
7n(a2,mx) X (m)d@f <m:v+ Tl > }

n(z, may) Al (1)
(n + 1)A£}L?n(1
S man) + f'(may + (2, may))

2
_f(mal) + f(may + n(x,may)) 1

2 2A, (1)

n(mamal)
X [(ma1)+l¢f <ma1 + "+ 1 )

n+1

n(az, mz) A (1)
(n+1)AR(1)
J'(ma) + f'(ma + p(ag, ma))
2
f(mz) + f(mx + n(az, mz)) 1

2 2A%) (1)

n(agz, mx)
X [(m$)+1¢f <mx + TL—i—l)

n
+ (ma1+n(w,ma1))*1¢f (mal + 777(*% mal)) ]

n
F (ma+n(az,ma)) - Lo f <mfv + ez, mx)) ] :
The proof of Lemma [I] is completed. O

Remark 1. Taking m =

I,n = 0,z =
a1+a2

, n(x,may) = x—may, n(az, mz) = ag —mzx
and o(t) =t in Lemmall, we get

I a1 + as a
1 2 1 2 ai, a2
FALLAR A ) a

(5
=

[t

(13)

2

G f, 0

Theorem 2. Let f: P — R be a twice differen-
tiable mapping on (may,az). If |f"|9 is preinvex
on P forq>1andp~t+q! = 1, then the follow-
ing inequality for generalized fractional integrals
hold:

B [f(al) +2f (%) + f(%)]

|If,A5i?n7A£3?n,A$3n,Ag}n (z,a1,az)]

n%(z, may) (14)
2(n + 1)2/2(n + )AL (1)
x¢/Byo (p)
{17 (man)o + @n+ 1)1 (@)
+ /@ DI (man)e + If”(x)\q}
(0 ) A ()
2(n+1 2€/WA$3” Arin
LY/ (ma)|s+ @n+ DI (az)7
+4/@n+ DI ma)e + [ (@)l |,
where
BAg)’n(p):/Ol [Ag{n(t)rdt, Vi=1,2. (15)

Proof. From Lemma [ preinvexity of |f”|?,

Hoélder’s inequality and properties of the modu-
lus, we have

T A0, A2, a0, a0, (2 01,2)

772(.’13, ma’l)
T2t +1)2A%, (1)

(o )|
PTERE
7 (az, mx)

n+1
2(n + 1242, (1)

g (e + 5 )
B
< ot ([ ola)
L[] (s &) )
([ (s O ) ) )
s () o)

([l o)

1
{ JRGRD
0

il (mx + (Z j_— ?7]((12, mx))

_l’_

Q=
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1
L T\ x VI (man) 2 + (2n + 1)] 7 () ?
+ (/ f (mm + (n +i)n(a2,mm)> dt) } {
0 nt +v/@r+ D[ man) P+ 77 ()P |
2
n*(z, may) 2
< B, (p) - (az, mz)
2 (1) Am,n + B (2) (2)
2(n+ 1)*Amn(l) 2+ 1)2/2(n + DAD, (1) V7 A
1
{ [ L (=20 1 manye (VI + ert DI @
0
_ : +V/@n 1) ma)P + 177 (@) P
+ n ‘f”(a:)‘q dt
n+1 Corollary 2. Taking ¢(t) =t in Theorem [2, we
1 1—+¢ get
+ /0 [(1—n+1> | " (may)|? \I AR AW A@) (z,a1,az)|
1 < 772(1%7”@1) (17)
q =
(:H_l 17( )|q]dt } A4n+1)2¢2(n+1)¢2p+ 1
) <{ Y177 man)s + @+ DIF (@)
) /By, ) /@0 T DI man) T+ @)
2(n+1)2A57(1) o
! 1 // + U (a2,mx)
X /0 <1 n+1>‘f z)[* 4n+1)2¢2(n+1)¥2p+ 1
) (YT ma)le+ @n+ DI (a2
_|_(1 _t)‘f”(a )’q dt !
ne1 e +4/@n + DI (ma)7 + [ (@)l |
1
+ / (1_ n+t> ’f”(mxﬂq Corollary 3. Taking x = WT‘”, m = 1,n =
0 n+1 0, n(z,ma1) = x —may and n(az, mz) = az —mz
1 in Corollary[3, we obtain
n+t ‘f// ‘q dt !
S Iy am s (B2 a0,
2( ) f’Al O’Al O’Al 07A 2 ’ ’
n-{x,mai
= {/ B, () 2
2+ 1)2/2(n + DAY, 1) V7 A <i?‘*“) (18)
T 8V2¥2p+1
{1 man)]t + @n+ 1)) f :
a1 +a
+4/@n+ DI (man]e + /()] | x N (@)l + |1 <2> ‘
2
n*(az, mx
9 ( : ) (2) BAg)n(p) a1 +a q
2n 172420+ DAmn () VT ()| + If”(az)lq}'
L Y1)+ @n+ [ (a@)]
+3/(2n + 1)|f"(ma)]e + ]f”(ag)]q}. Corollary 4. Taking o(t) = %;) in Theorem [2,
The proof of Theorem Pl is completed. O we have
11,00 @ A A (2,a01,02)]
We point out some special cases of Theorem [21 n*(z, may)

4(n+1)2¢2(n+1)¥2pa + 1 (19)

Corollary 1. Taking p = q = 2 in Theorem [3,

we have { YT manlt + @+ DI (@)
a0, a2 a0, a0, (7 01,02) +{/@n DI man) + 1 @)
- n?(x, may) (16) N n?(az, mx)
T 2(n+ 1220 1 DAY, (1) An+ 1242+ )¢2pa T 1

\/Baw, (2) {17 ma)le + 2+ D] (a7
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/@ T DI+ [Pl

Corollary 5. Taking p(t) = Fﬂ( y in Theorem
2, we get
L A0 A2 A A, (@ a1:a2)
< 772($,ma1>

(20)

A0+ 12200+ 1) /%2 + 1
< Y[ manfe + @n + DIF @
/@ D man ) @)

n”(az, m)

A+ 122+ D /5 11
YTl + @n + D[P (a)
+¢/Cn DI )|t + [ (ag)[7}.

+

Corollary 6. Taking ¢(t) = t(az—t)*"1 and f(x)

is symmetric to v = malT‘m, in Theorem [3, we
obtain
I

FADL AR AG) AR,

<ma1+a2 ) ‘
01,02

2 ma]‘ +a2 smajy

2(n+1)2 %/2(n+1 A(l) ®)

maj+ag a+l
ug (n+1) R ”(72 ”"“1)
o y fap-TZ )
2 (a+1>,,(m++az,,,L(J,l) 2 nt

(21)

q
1z may + as
2
q
% mai + a2
2
047]2 (az,m
2(n+1)2 Y2(n+1)
(n+1)

B* (p)
A2,
a+1
o n(aww)
ag — af T - ag- —~—p—%
2 (or#l)n(az.mM) 2 L

x{ o | <m(ma12—|— a2)> q+

IN

{ o man) o + (204 1)

+4 (2n + 1)|f"(may)|? +

(maj+ag)
el ren)

(2n +1)[f"(az)|?

q
9 (2n 4 1)|f" (mma’l;_a’Q)) + |f//(a2)|Q}7
where )
/*\57113” (p) = o (22)

. (n+1)

1
X ast —
/0 [ ? (o + 1)n (2992 )

+1
o+l _n (ma12+a2 ) mal) )" '
a9 dt
n—+1

1

Zg)n (p) = a (23)

2

] (cm7 mi(mal;ra?)) t N 1
dt
n+1

e (n+1)
X/O !CLQt - (a + 1) ( (ma1+a2)>
ni\az,m

a+1
X | Gq — | a2 —

Corollary 7. Taking ¢(t) = Lexp [(—1?70‘) t}
for a € (0,1), in Theorem[d, we have
A A2, 80, 28, (7 01,0)

(a — 1)n%(z,may)

= 2(n+1)2¢/2(n+1)

1
flom (- 150z o
BZ,@” (p)

«{ YT Gman)le + @n + D@
/@0 D[P ma )+ P

(24)

X

n (a — 1)n?(ag, mz)

2(n+1)23/m{ exp [(_1%) ’7(‘137@} 3 1}

P, @)

/T ma) [t & @0t D @)l
+3/@n+ I ma)l7 + ()]},

where
Bl (p) =

mn

(a— 1) (25)

(n+ 1)«

1
/0 [(a—nn(x,mal)

1—a)\ n(z,may)
X{exp[(— - ) (n—l—l)l t —(t—l—l)}
(n+ 1)«

and
1
/0 [(a—nn(az,m)
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1 —a n(az, mz) g
- 2
X — t| —(t+1 dt.
{exp[( a ) (n+1) (t+ )}

Theorem 3. Let f: P — R be a twice differen-
tiable mapping on (may,as). If |f"|9 is preinvex
on P for q > 1, then the following inequality for
generalized fractional integrals hold:

|If,A5i?n,A£§?n,A$3n,Ag}n (x,a1,a9)|
2q+1
1 q
<
B <n + 1)
X <BA7(%,)n(1)) a4
X { {/CAgrll)Jf//(mal”q + DA%)n (n)|f”(gj)‘q

772 (l‘, mal)
2A%, (1)

(27)

+\/DA<1> n)|f"(ma)|? +Cyo [f"(2)]? }
2g+1
o 1P(az, ma)

1 a 1-4
+ <n + 1) QAg)nG) (BAﬁi)n(1)>

. { /Cr 17 ma)lt + Dy (I (@)l

4Dy W (ma)fr+ C <z>n\f”(a2)!q},
where

Cr,

1
:/ (1-t)Al (hdt, Vi=1,2 (28)

0

1
D, (n) —/0 (n+t)AY) (t)dt, Vi=1,2 (29)
and B, (i (1), Vi = 1,2, are defined as in Theo-

rem 2, where p = 1.

Proof. From Lemma [ preinvexity of |f”|4,
power mean inequality and properties of the mod-
ulus, we have

T A A2 080,02, (5201, 2)

< 772('7"7ma1)
T 2(n+ 12AGN(D)

1
X{/o A%)n(t) [ Vi (mm + (Z_—:__ ?
1 (mal + (711 ; tl)n(x,mal)>
n*(az, mzx)
2(n +1)2A2,(1)

o e 02

n(z, ma1)> ‘
)

oz, o)) |

_l’_

1
(1)
+ ( /0 AD, ()

1
PRI
0
2

Vol. 10, No.2, pp.226-236 (2020)

* +1

1" (mx + (Z i t)n(a2, mx))

9

772(93 may)

1 -2
< ([, o)
o(n+1)2A0, (1) \Jo ™

+1

il (m(u + (Z +4)

" (1_t)
f <ma1+ 1
77 a27m1“

1-1

([ 00)

(2) " (1_t)
{(/0 AR, (0|7 ( +8=t
f// <mx—|—

(n+1)
n+1

77(@2,7”95))

ofe.man))

e man) )

ooz, )

N\
dt>
0\
dt> }

"\
dt>
0\
dt> }

=

| (=) irera
o [ a0
0
1 // q 1 - " q %
(- i Cera
1Pz, ma)

2(n+1)2A%, (1) (BAiﬁ?n(l)) q

e
B 1\ n*(z, may) 1-
N <n + 1> QA%)n(l) <BA5711)n(1)>

//(G’Z)’q] dt]

et

, { /Cr, Pmant + Dy I

Q=

I—I
Q=
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+\/DA<1> n)f"(man)|e+Cyo) |f" (@) }

q
+3| 317 (ar)|a + | £ (M;@) '
2g+1
1 > © n?(az, mz) -3

+ ———~(B,» (1) !
<n—|—1 2A2), (1) ( Amn ) +3 [ (al_gaz> + 3[f"(az)|e

X{(I/CAg>n|f"(m9€)\q+DAgg>n(n)\f”(a2)\q N q
+ 31 3| f" <a1 5 a2> + |f"(a2)|q}‘

+\/D @ ()] f"(ma)|7 + Cy ) | (az)| }

The proof of Theorem [ is completed.

Corollary 11. Taking o(t) = % in Theorem

[3, we have

We point out some special cases of Theorem [3l ‘I B @ ) Ao (z,a a2)‘
vam,n»Am,nyAm,n:Am,n ’ ’
Corollary 8. Taking ¢ = 1 in Theorem [3, we . 241
have < < n 1) ' (33)
n
A, A2, a0, a2, (@ a1, a2)]
’ ’ I 1 r
1 2(36 may ) X at1) ( (a+3)772($ama1)
T+ 24l (1)
X q " q + + 3 + + 2 I q
(Cx, + Dy ) [P ] Y e 2
2
n°(az, mz)
2A£,21,)n(1) —I-'\J/[n(a +3)+ (a+ 2)] |f"(maq)|? + \f”(w)]q}
( )| ] 1 \% Tla+1)  [T(a+3)
x (C (2) +D (2) (n) ]f”(m:):)] + |f"(a2)\ } a a+ q a+ 2
Amn = A TS (a1 3) || T(a+a) @me)
Corollary 9. Taking o(t) =t in Theorem[3, we
oot %3 {1 (ma))a + (e +3) + (@ +2)] | (az) o
A, A2, A, a2, (@ a1, a2)]
(. ) Pama) g+ 2]l )l + If”(az)\q}-
“\n+1 124
x{{/\f”(mal)\q + (4n + 3)|f"(z)|2 Corollary 12. Taking o(t) = #?(a) in Theorem
[3, we get
+4/n + 3 (man)]e + /7 (2)]7 | I (o, 00)
1) (2) (1) (2) s W1, U2
772(a2am55) Ao s A A -
124 < < 1 )q (34)
X{{’/|f”(ml‘)\q+(4n+3)|f”(02)|‘1 SAntl
Ii(a+k) Ip(a+k+2) ,
+ q 4 _|_ 3 " q + " q q
/(£ 3)[ 7 (ma)[7 + [ (a2)] } D e Sk (ko pa e UL

a1 +a2 1 _

Corollary 10. Tuking x =

0, n(x,ma;) = x —may and n(ag,maz as — % ol | £ (mai)|e +
in Corollary[d, we obtain

| f" ()]

(e (Ee

I 2 2 T a ag

1,0

2¢+1

1 i (ag —ar)? 241
< 32 1 q
_<n+1> 48/4 (32) +<n+1)

p (01t a2
(")

Tp(a+k) T

Apla+k+2)\| T v (az,ma)

><{ (" (a1)]7 +3
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n(s+3)+(7+2)

{ 7 (ma)le +

|f"(az)|?

a a 3) (9 2)
+| | ( Cr3) (g

Remark 2. Applying our Theorems[d and[3, for
n € N* and appmpriate choices of function o(t) =

b p(t) = s mrbess o(t) = tag — 1)
f(x) is symmetric to x = ™4E2 qnd m € (0, 1]

1?70‘) t], for
a € (0,1); such that n(x,ma1) = x — ma; and
n(az,mx) = az — mx, Ve € P, we can deduce
some new general fractional integral inequalities.
We omit their proofs and the details are left to the
interested readers.

, where

is a fized number; o(t) = éexp [ (—

3. Applications to special means

Consider the following special means for different
real numbers «, 8 and af # 0, as follows:

(1) The arithmetic mean:

A= Ado,8) =210
(2) The harmonic mean:
2
H::H(a’ﬁ): 1 1>
a3

(3) The logarithmic mean:
B -«
L:=L(a,g) = 20—
@0 = -
(4) The generalized log—mean:

In|a|
Br—i—l o ar—l—l
)

3=

L, =L (a,8) =

i

(r+1)(8 -
where r € Z\ {—1,0}.

It is well known that L, is monotonic nondecreas-
ing over r € 7Z with L_; := L. In particular,
we have the following inequality H < L < A.
Now, using the theory results in section Pl we give
some applications to special means for different
real numbers.

Proposition 1. Let aj,as € R\ {0}, where
a1 < az and x € [a1,az]. Then forr € {2,3, e },
where ¢ > 1 and p~' 4+ ¢~ = 1, the following
inequality hold:

r (“2 3 “1> [A (al

~[A (e, ap) + A7 (a1, 2)] - 2L (@1, 02)

1,a§‘1) +Ar71(a1,a2)}

£ (ma)|7 + If”(az)\q}-

r(r—1)(az — a1)2

< 35
- 8¢2p+1 (35)
r—2
x{\q/A <|aqu<r—2>, ot e )>
2
r—2

+\q/A <‘ - ;QQ " Iazlq(r_2)> }

Proof. Applying Theorem 2 for z = 21792 m =

I,n = 0,n(z,ma1) = x — may, n(az,mz) =
ag — mz, f(xr) = 2" and ¢(t) = t, one can ob-
tain the result immediately. ]

Proposition 2. Let aj,az € R\ {0}, where
a1 < ay and x € [ay,as]. Then, for ¢ > 1 and
p~ L+ ¢ ' =1, the following inequality hold:

(al ;@) [H (all,az) T (all,aQ)]

B Lo, 1 2
H(al,ag) A(al,ag) L(al,ag)
2

(ag —ay)
T 4Y2p+1
1

Premy
Ffon)

Proof. Applying Theorem [l for x = ‘““LT‘”, m =
I,n = 0,n(x,ma;) = x — may, n(az,mx) =

(36)

ai1+az
2

+

aitaz
2

1
ag — mz, f(x) = - and ¢(t) = t, one can obtain

the result immediately. (Il

Proposition 3. Let aj,az € R\ {0}, where
a1 < az and x € |ay,az]. Then, forr € {2,3, o }
and g > 1, the following inequality hold:

az — ay 1
7“< 5 >[A(a1 1,a2

—[A (af, ab) + A’“(al,ag)} — 207 (a1, as)

1) + Ar_l(al, ag):|

r(r —1)(ag — a1)?
482

&’/A 3|a1|qT 2) ‘L—i—@
2

wifa(d

(37)

q(r2)>

q(r—2)
, |a1 |(I(7'2)>

a1+a2
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+ r—2
(/A <3’a‘2‘Q(T’—2)’ ’al ag a( )>
+ r—2
(/A (3’0,1 @2 g )7 |a2’(1(7‘2)> }

Proof. Applying Theorem B for z = 43 m =
1,n = 0, n(x,ma;) = x — may, n(ag, mz) =
ay — mx, f(x) = z" and ¢(t) = t, one can ob-
tain the result immediately. O

Proposition 4. Let aj,as € R\ {0}, where
ap < ag and x € [ay,az]. Then for ¢ > 1, the
following inequality hold:

aip — az 1 1
(* >[H<a%7a3>*z42<am>]

2
L (al, CLQ)

B L
H(al,ag) A(al,a2)
2

< of3laz —a1)
— V2 24

1

(i
FomeT
)

Proof. Applying Theorem Bl for z = 4492 m =
1,n = 0,n(z,ma1) = x — may, n(az,mz) =

(38)

ai1+az
2

3q>
3q
) ’al |3q)

_l’_

ai+az
2

+

aitaz
2

+

ai+az
2

ag —mez, f(x) = — and ¢(t) = t, one can obtain

the result immediately. O

Remark 3. Applying our Theorems [A and
for v = %,m = 1,n = 0,n(z,ma) =
x — may, n(az, mx) = ag — mx and appropriate

: - _ ™ tk _
choices of function ¢(t) = @) @) o(t) =
tlag — t)* L, where f(x) is symmetric to r =
afe ot) = Lexp [(—ITT“) t}, for a € (0,1),
such that | f"|? to be preinvez, we can deduce some
new general fractional integral inequalities using

above special means. We omit their proofs and
the details are left to the interested readers.

4. Conclusion

It is expected that from the results obtained,
and following the methodology applied, addi-
tional special functions may also be evaluated.
Future works can be developed in the area of nu-
merical analysis using the theorems and corollar-
ies presented. The authors hope that the ideas
and techniques of this paper will inspire interested
readers working in this fascinating field.

Acknowledgments

The authors would like to thank the referee for
valuable comments and suggestions.

References

[1] Aslani, S.M. Delavar, M.R. and Vaezpour,
S.M. (2018). Inequalities of Fejér type related
to generalized convex functions with applica-
tions. Int. J. Anal. Appl., 16(1), 38-49.

[2] Chen, F.X. and Wu, S.H. (2016). Several
complementary inequalities to inequalities of
Hermite-Hadamard type for s—convex func-
tions. J. Nonlinear Sci. Appl., 9(2), 705-716.

[3] Chu, Y.M. Khan, M.A. Khan, T.U. and
Ali, T. (2016). Generalizations of Hermite—
Hadamard type inequalities for MT—convex
functions. J. Nonlinear Sci. Appl., 9(5), 4305~
4316.

[4] Dahmani, Z. (2010). On Minkowski and
Hermite-Hadamard integral inequalities via
fractional integration. Ann. Funct. Anal.,
1(1), 51-58.

[5] Delavar, M.R. and Dragomir, S.S. (2017). On
n—convexity. Math. Inequal. Appl., 20, 203—
216.

[6] Delavar, M.R. and De La Sen, M. (2016).
Some generalizations of Hermite-Hadamard
type inequalities. SpringerPlus, 5(1661).

[7] Dragomir, S.S. and Agarwal, R.P. (1998).
Two inequalities for differentiable mappings
and applications to special means of real num-
bers and trapezoidal formula. Appl. Math.
Lett., 11(5), 91-95.

[8] Khan, M.A. Chu, Y.M. Kashuri, A. Liko, R.
and Ali, G. (2018). New Hermite-Hadamard
inequalities for conformable fractional inte-
grals. J. Funct. Spaces, Article ID 6928130,
9.

[9] Khan, M.A. Khurshid, Y. and Ali, T. (2017).
Hermite-Hadamard inequality for fractional
integrals via n—convex functions. Acta Math.
Univ. Comenianae, 79(1), 153-164.

[10] Liu, W.J. (2014). Some Simpson type in-
equalities for h—convex and (o, m)-convex



236 A. Kashuri, R. Liko / IJOCTA, Vol.10, No.2, pp.226-236 (2020)

functions. J. Comput. Anal. Appl., 16(5),
1005-1012.

[11] Liu, W. Wen, W. and Park, J. (2016).
Hermite-Hadamard type inequalities for
MT—convex functions via classical integrals
and fractional integrals. J. Nonlinear Sci.
Appl., 9, 766-777.

[12] Mihai, M.V. (2013). Some Hermite—
Hadamard type inequalities via Riemann-—
Liouville fractional calculus. Tamkang J.
Math, 44(4), 411-416.

[13] Mubeen, S. and Habibullah, G.M. (2012). k-
Fractional integrals and applications. Int. J.
Contemp. Math. Sci., 7, 89-94.

[14] Noor, M.A. Noor, K.I. Awan, M.U. and
Khan, S. (2014). Hermite-Hadamard inequal-
ities for s—Godunova—Levin preinvex func-
tions. J. Adv. Math. Stud., 7(2), 12-19.

[15] Omotoyinbo, O. and Mogbodemu, A. (2014).
Some new Hermite-Hadamard integral in-
equalities for convex functions. Int. J. Sci. In-
novation Tech., 1(1), 1-12.

[16] Ozdemir, M.E. Dragomir, S.S. and Yildiz, C.
(2013). The Hadamard’s inequality for convex
function via fractional integrals. Acta Mathe-
matica Scientia, 33(5), 153-164.

[17] Sarikaya, M.Z. and Ertugral, F. (2020). On
the generalized Hermite-Hadamard inequal-
ities. Annals of the University of Craiova—
Mathematics and Computer Science Series, in
press.

[18] Sarikaya, M.Z. and Yildirim, H. (2007). On
generalization of the Riesz potential. Indian
Jour. of Math. and Mathematical Sci., 3(2),
231-235.

[19] Set, E. Noor, M.A. Awan, M.U. and
Gozpinar, A. (2017). Generalized Hermite—
Hadamard type inequalities involving frac-
tional integral operators. J. Inequal. Appl.,
169, 1-10.

[20] Wang, H. Du, T.S. and Zhang, Y. (2017). k-
fractional integral trapezium-like inequalities
through (h,m)-convex and («,m)-convex
mappings. J. Inequal. Appl., 2017(311), 20.

[21] Weir, T. and Mond, B. (1988). Preinvex func-
tions in multiple objective optimization. J.
Math. Anal. Appl., 136, 29-38.

[22] Zhang, X.M. Chu, Y.M. and Zhang, X.H.
(2010). The Hermite-Hadamard type inequal-
ity of GA—convex functions and its applica-
tions. J. Inequal. Appl., Article ID 507560, 11.

[23] Zhang, Y. Du, T.S. Wang, H. Shen,
Y.J. and Kashuri, A. (2018). Extensions
of different type parameterized inequali-
ties for generalized (m, h)—preinvex mappings
via k—fractional integrals. J. Inequal. Appl.,
2018(49), 30.

Artion Kashuri received his PhD degree from Uni-
versity Ismail Qemali of Viora in 2016 in the area
of Analysis. His research areas are Mathematical In-
equalities, Applied Mathematics, Fractional Calculus,
Quantum Calculus, etc. He has vast experience of
teaching such as Differential FEquations, Numerical
Analysis, Calculus, Real Analysis, Complex Analysis,
Topology, etc. He has more than 100 published papers
in international reputation indexed journals. His cur-
rent position is Lecturer in University Ismail Qemali,
Department of Mathematics.
http://orcid.org/0000-0003-0115-3079

Rozana Liko received her PhD degree from Univer-
sity Ismail Qemali of Viora in 2018 in the area of Ap-
plied Mathematics. Her research areas are Mathemat-
ical Inequalities, Applied Mathematics, etc. She has
vast experience of teaching such as Probability and Sta-
tistics, Calculus, Linear Algebra, Real Analysis, etc.
She has more than 50 published papers in international
reputation indexed journals. Her current position is
Lecturer in University Ismail Qemali, Department of
Mathematics.
http://orcid.org/0000-0003-2439-8538

An International Journal of Optimization and Control: Theories & Applications (http://ijocta.balikesir.edu.tr)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit

http://creativecommons.org/licenses/by/4.0/.


http://orcid.org/0000-0003-0115-3079
http://orcid.org/0000-0003-2439-8538
http://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Main results
	3. Applications to special means
	4. Conclusion
	Acknowledgments
	References

