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The aim of this article is to investigate the existence of mild solutions as
well as approximate controllability of non-autonomous Sobolev type differential
equations with the nonlocal condition. To prove our results, we will take the
help of Krasnoselskii fixed point technique, evolution system and controllability
of the corresponding linear system.

(co) IS

1. Introduction

In this article, we discuss the approximate
controllability of nonlocal Sobolev type non-
autonomous evolution equations in a separable
Hilbert space X:

LEa(0)] + AlDalt) = F(t,x() + Bu(t),
t € (0,b],

z(0) + G(z) zo € D(E), (1)

Zo,

where A(t), E are X-valued linear operators with
domains are subsets of X, and F is X-valued func-
tion defined over J x X, G is D(E)-valued func-
tion defined over C(J, X), J = [0,b]. The control
function u € £2(J,U), U is a Hilbert space and B
is X-valued linear and bounded operator defined
over U.

The Sobolev type differential equations appears
in several fields such as thermodynamics [1], fluid
flow via fissured rocks [2], and mechanics of soil
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[3]. Brill [4] first established the existence of solu-
tion for a semilinear Sobolev differential equation
in a Banach space. Lightbourne et al. [5] studied
a partial differential equation of Sobolev type.

Generalization of classical initial condition which
is known as nonlocal condition is more effective to
obtain better results. Nonlocal Cauchy problem
was first considered by Byszewski [6].

Controllability is an important issue in engineer-
ing and mathematical control theory. The prob-
lem of exact controllability is to show that there
exists a control function, that steers the solution
of the system from its initial state to the given fi-
nal state. However in approximate controllability,
it is possible to steer the solution of the system
from its initial state to arbitrary small neighbour-
hood of the the final state. Mostly the problem
of controllability for various kinds of differential,
integro-differential equations and impulsive differ-
ential equations are studied for autonomous sys-
tems. For more details, we refer to [7] - [13].

The existence of mild solutions for a non-
autonomous nonlocal integro-differential equation
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is investigated by Yan [I4] via Banach contrac-
tion principle, Schauder’s fixed point theorem
and the theory of evolution families. Haloi et
al. [I5] generalized the above results for non-
autonomous differential equations with deviated
arguments by the use of theory of analytic semi-
group and Banach fixed point theorem. Alka
et al. [16] generalized the results of [15] for in-
stantaneous impulsive non-autonomous differen-
tial equations with iterated deviating arguments.
Hamdy [17] studied sufficient conditions for con-
trollability of autonomous Sobolev type fractional
integro-differential equations with the help of
Schauder’s fixed point theorem and the theory
of compact semigroup. Mahmudov [18] discussed
the approximate controllability of autonomous
fractional Sobolev type differential system in Ba-
nach space with the help of Schauder’s fixed point
theorem. Recently, Haloi [19] established suffi-
cient conditions for approximate controllability of
non-autonomous nonlocal delay differential sys-
tems with deviating arguments by using theory of
compact semigroup and Krasnoselskii fixed point
theorem.

To the best of our knowledge, no work yet
available on approximate controllability of non-
autonomous Sobolev type differential systems, in-
spired by this, we consider the system () to find
the sufficient conditions for the approximate con-
trollability.

The remaining part of the article is organized as
following. Section 2 is concerned with some basic
notations and definitions, also we will introduce
the expression for mild solutions of the system ().
In section 3, we will study our main results. In
section 4, we will present an example to illustrate
our results. In last section 5, we will discuss the
conclusions.

2. Preliminaries

This section is concerned with some basic as-
sumptions, definitions and theorems required to
prove our objectives. For more details, we re-
fer [7], [20] and [2I]. Let us denote C(J,X)
for the complete norm space of all continuous
maps from J to X, for a finite constant r > 0,
let Q, = {z € C(J.X) : |Jz@t)]| < rt € J}.
LP(J, X)(1 < p < 00) is the Banach space of all
Bochner integrable functions from J to X with

fo l|lz(t)|[Pdt)>
Now, we impose the following restrictions (see [4],
201, [211).

(A1) The operator A(t) is closed, domain of
A(t) is dense in X and independent of ¢.

norm ||$HLP J,.X)

(A2) For Re(¥) <0, t € J, the resolvent opera-
tor of A(t) exists and satisfies ||R(9;¢)]| <
Wﬁ, for some positive constant .

(A3) For each fixed 73 € J, there are constants
K > 0,p € (0,1] such that |[A(m1) —

A(m)]A Y (73)|| < K|r — m|P for any
T1,Ty € J.

(S1) E is closed, bijective operator, and
D(E) Cc D(A).

(S2) E7': X — D(E) is compact.

The assumptions (A1), (A2) imply that —A(¢)
generates an analytic semigroup in B(X), where
the symbol B(X) stands for Banach space of
all bounded linear operators on X. The closed
graph theorem with the above assumptions imply
that the linear operator —A(t)E~! : X — X is
bounded, and so for each t € J, —A(t)E~! gener-
ates a semigroup of bounded linear operators and
hence a unique evolution system {S(¢1,%2) : 0 <
to < t; < b} on X, which satisfies (see [14], [20],

[211):

(i) S(t1,t2) € B(X) and is continuous
strongly in t1, to for 0 < to <1 < 0.

(11) S(tl,tg)l‘ € D(A), z€e€X,0<t <t £
b.

(iil) S(t1,12)S(tast3) = S(t1,ts),
to <t < b.

(iv) S(n,n) is identity operator, for n € J.

(V) IS, t2)]] < M, 0 < t2 < ¢ < b, for
some positive constant M.

(vi) For each fixed ta, {S(t1,t2), ta < 1} is
uniformly continuous in uniform operator
norm.

(vii) For 0 < to < t; < b, the derivative
%tll’tz) exists in strong operator topol-

More-

0 < t3 <

ogy, is strongly continuous in ;.
over,

AS(t1, t2)

+A(t1)S(t,t2) =0, 0<
oty

to <t <b.

Theorem 1. ( [J,[20]) Let F is a uniformly
Holder continuous function on J with exponent
g € (0,1], and the assumptions (A1)-(A3), (S1)-
(S2) hold, then the unique solution for the linear
Cauchy problem

F(t), teJ,
xo € D(E), (2)

d
(B (t)] + A(t) =
z(0) =

is given by
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E~1S(t, 0)Exg

o
+/0 E™"S(t, s)F(s)ds. (3)

Definition 1. A mild solution of ) is a func-
tion x € C(J, X) satisfying the following integral
equation

x(t) =

E~1S(0,0)E(zy — G(x))
*14 E~1S (0, m)[F (1, (1)) + Bu(n)]dn,
o€ J

z(o) =

For the control u and initial data zg, use (g, u)
to denote the state value at time b. The set
R(b,x0) = {xb(z0,u) : u € L2(J,U)}, is called
the reachable set at time b.

Definition 2. ([§]) If R(b, zo) is dense in X, the

system (l) is called approximately controllable on
J.

Consider the linear control system:

d
SEa(0)] + A(a(t) =

z(0) = mo. (4)

Corresponding to (), the controllability operator
is given as

b
m—Avmme%mm, (5)

where V(t,s) := E71S(t, s), * denotes the adjoint
of the operator. Notice that I'} is a bounded lin-
ear operator.

Theorem 2. ( [§]) The necessary and sufficient
conditions for the linear system () to be approz-
imately controllable on J is that, JR(5,T) — 0

as 6 — 0% in the strong operator topology, where
R(6,T) := (I +T%)~1, 6 > 0.

Now, we recall the Krasnoselskii fixed point tech-
nique.

Theorem 3. ( [22]) Let S is a convex bounded
closed subset of a Banach space X. Suppose that
Fy, F5 be be two X -valued operators defined on
S such that such that Fix + Foy € S whenever
x, y € S, Iy is continuous and compact, and Fy

s contraction map. Then Fi+Fs has a fixed point
n S.

3. Main results

In this section, we prove the existence of mild so-
lutions and approrimate controllability of (). For

x € C(J,X), consider the control function for the
system () as following :

u(t) = ur(t, x) = BV (b, )R Th)p(z),  (6)
with
p(z) V(b, 0)E(zo — G(x)
/Vbn (. x(m)dn.  (7)

For any X\ > 0, define F\ on C(J, X) as following:

(Faz)(0) = (®az)(0) + (Uax)(0), 0€J, (8)
where
(@x2)(0) = V(o,0)E(xo — G(x))
(/vQ, o (i))dn,
<%@@>=‘/V@mmmen (9)
0

Now, we state the assumptions that are useful to
prove our objective.

(H1) S(t,s), is a compact evolution system
whenevert —s >0 (0 < s <t <b).

(H2) The function F(-,x) from J to X is
Lebesgue measurable for every fixed x €
X, and the function F(t,-) from X to X
is continuous for every fized t € J, and
forall o € J, m,n2,€ X, we have

1F (0, m) — Fle,m)ll < Lallm —

for some constant L1 > 0.

(H3) The function G from C(J,X) to D(E) is
continuous and there is a constant Lo > 0
such that

IE(G(z1) = G(z2))|| <

772”7

Lollxy — xaf|,
Vi, zo € C(J,X)
(H4) (Al)-(Ag) and (Sl), (Sg) hold.

For convenience, we use the following notations:
Ny = su(}])||]:(t,0)|\, K| = (L1T—|—N1)b,
te

My = |B, M>=][E".
Lemma 1. If the assumption (H2) holds,

then for x € €, and o € J we have
Jo 1F(n,z(n)lldn < K.

Proof. By assumption (H2), we get
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/Hfm

Mn<uf0vmﬂm

f@L®H+IU%mONOdn

o
< [Tl + Nyay
0
< (Lir+ Np)b = K;.

O

Theorem 4. Let the assumptions (H1)-(H4)
hold and the functions E(G(0)) is bounded, then
a mild solution to the system ([Il) exists, provided
that

A= MoM(Ly + Lib) < 1 (10)

Proof. The proof is divided into the following
steps :

Step I: For A > 0, we have a constant R (de-
pends on \), satisfying F\(Qr) C Qg.

For any positive constant r and = € €., if t € J,
then by using (@), (H3) and Lemma (), we have

uy(t,x) = B*V*(b,t)R(A,Fg)[xb
)E(zo — G(z))
/mefm<»m}

MMM [

—V(b,0)

I2°]] + Mo M(|[Eo
GONII+ IESG0)]))

Jua(t, z)|| - < —
+|[E(G(z) —
+M2MK1]
/\/ll/\/lg./\/l[

N

3 2®]] + Mo M(|[Ezo

+Lor + [[EG(0)[]) + Mo ME;
= Ko, (11)

and from (§)), (II]), we obtain

(Fxz)(t) = E(zo — G(2))

/th (1, z(n))dn

+Avwm&Mmmm

I(EX) (@B < [V ) [(IE(zo)l + [[EG(2)])

)
+/Ot V@&, ) [1F (0, () |l dn

t
+AHWWMWMWW@Mn

< MoM([|[Ezol| + Lor + [EG(0)]])
+ Mo MK,

+ Mo MM Ksb. (12)

This implies, for large enough r > 0, F\(€2,) C Q,
holds.

Step II: @) : Qg — Qg is contraction.
For z,y € Qr and t € J, using (H2) and (H3) we
obtain

[(Paz)(t) — (Pay) ()] < ||V(t 0) (G(z)
/ V()
| F(s,2(s))
—F(s,y(s))|lds
< MaMLs|jz -y
+ Mo M
LAme—ww
< MaMLs|jz -y

+MoMLyb||z — y|
< MoM(Ls + Lib)

[ =yl
= Allz -yl (13)

Since A < 1, therefore @) is contraction.

Step III: ¥ is continuous in $g.

Consider {z,} be a sequence in Qp with
limy,, yo00 T, = x in Qg. From continuity of non-
linear term F with respect to state variable, we
have

lim F(n, zn(n))

n—o0

= F(n,z(n)), for each neJ

So, we can conclude that

sup [F(m,zn(m)=Fm,z(n)| =0 as n— co.
(14)

Fort € J, (S1), (H3), and (I4)) yield the following
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Ip(zn) — p(a)| < MoM|EG(z,) —EG(2)]|
b
MM [ IF(C ()
0
—F (¢ z(C))[ld¢
< MoMEG(zn) — EG(2)]
+MaMbsup || F(¢, zn(C))
ceJ
—F (¢ =)l
— 0 as n — oo, (15)
therefore ([6]) implies that
[ux(m, zn) —ux(n,2)| =0 as n— oo, (16)
and so
[(Wazn)(t) — (Waz)@)] < MaMMyb
sup [|ua(n, zn)
nedJ
—ux(n, )|
— 0 as n — oo,

which means V¥, is continuous in Qp.

Step IV: U, :
need to show :

Qr — Qg is compact. For this we

(i): The set {(¥xz)(0) : © € Qgr} is relatively
compact subset of X, for each o € J.

For o = 0, obviously the set {(¥ x)(0) : = €
Qr} = {0} is compact subset of X. For fized

: §
o€ (0,b], and £ € (0, 0), consider an operator W5
on Qg as following

0—¢
(W52)(0) = / V(0,m)Bux(n, z)dn
0

0—¢ L
:/0 E™"S(0,0—¢)

S(o — & mBux(n, z)dn
= E7'S(0,0-¢)
0—¢
; S(o — & mBux(n, z)dn

= E'S(0,0— &)ylo, ).

Since E=! and S(o, 0—&) are compact, and y(o, €)
is bounded on Qpr, we get {(\IIE\I‘)(Q) cx € Qp}ois
relatively compact subset of X. Also

1(@x2)(0) — (Fs2) (o) <

/g V(e,m)B
0—¢

ux(n, z)||dn
< MoMM € luy|
— 0 as &£—0.

Hence, {(¥a)(o) :
subset of X.

x € Qr} is relatively compact

(ii): Now, we show {¥yx : x € QRr} is equicon-
tinuous. For any x € Qr and 0 < o1 < 02 < b,

we have
02 1
(W) (o)l = ] [ E st
0

BUA(TL x)dn
o1
- / E~1S(o1,7)
0

Bux(n,w)dnH

’ /Ogl E~'[S(02,m)
—=S(01,m)]

BU,\(U,ZU)CZUH

1(Waz)(02) —

N

s
BUA(n,m)dnH
< Ji+ Jo.

For o1 = 0, it is easy to see that J; = 0. When
01 > 0, let € > 0 small enough, we obtain

01—€
J H/ S(02,m) — S(o1,7)]
IB%UA(n,w)dn‘
01 1
+)/ E~[S(02,m) — S(01,m)]
01—¢€
IB%m(mw)dnH
< MoMi(o1 —¢e)|lun|
sup  [|S(02,n) — S(o1,n)|
n€l0,01—¢]

+2M2MM16||U)\||

Jo MoMMi||upl[ (o2 — 01)

N
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Hence, J1,Jo — as o3 — 01, — 0. As a re-
sult [[(Uxz)(02) — (Uaz)(01)]] = O independently
of £ € Qr as p3 — p1, which means that V) :
Or — Qg is equicontinuous. Thus, by Arzela-
Ascoli theorem, Wy is compact on QR.

Therefore Krasnoselskii fized point theorem im-
plies that F has a fized point, which is a mild
solution to the problem ([I). O

Now, we are ready to discuss the approximate con-
trollability of the system (l). In order to prove i,
the following hypotheses are also required:

(H5) SR(5,T%) — 0 whenever 6 — 0% in strong
operator topology.
(H6) There exist constants Lz > 0 and Ly > 0,

such that
IBG()| < Ls, YaeC(,X),
|F(t,z)| < Li Y(t,z)eJxX.

Theorem 5. If the assumptions of TheoremM as
well as hypotheses (H5) and (HG6) are satisfied,
then ([Il) is approximately controllable on J.

Proof. Theorem[ guaranteed that F)\ has a fixed
point in Qg. Let zy is a mild solution of ({{l) under
the control uy(t,x)) given by (6] and satisfies

zA(b) = V(b,0)E(zo — G(z))

b
n / V(b n)[F (1, 22(7))
0
+Bux(n, zx)]dn

b
= xb—p(mA)—i—/O V(b,n)
Bux(n, zx)dn
b
= =)+ [ Vb

BB V* (b, n) R(A, T)p()dny
= v — p(zy) + FSR()\, Fg)p(azA)
2’ — (I =TH(A +T6) " 'Ip(x)

= 2" = AR\, T{)p(x), (17)

where

(b, 0)E(zo — G(x2))

p(z) V(b,

/ V(b n)F (0, z(n))dn.
According to the compactness of E71, S(¢, s), and
the uniform boundedness of EG, we see that there
exists a subsequence of {V(b,0)EG(zy) : A > 0},
still denoted by it, converges to some z, € X as
A — 0. Since F is uniformly bounded, we get

b
| 17 G s < 23
Hence F(-,z)(-)) is a bounded sequence in
L2(J, X). So, {F(-,xx(*)) : A > 0} has a sub-
sequence, still denoted by it, converges weakly to
some F(-) € L%(J, X). Define
b
w =z — V(b,0)Exg + x4 — / V(b, s)F(s)ds.
0

Now, we get

Ip(ex) —wl| < [V(b.0)EG(x) — a4
b
M /0 1 (s, 2 (s)) —

— 0 as A—=0T.
From (I7), (I8), and (H5), we obtain

lzx(0) = 2| < AR\ T)p(z)|
< AR TH)=]|
HIAROTO)[lp(xa) — |l
< AR T @ | + [Ip(z2) — = ||
— O0asA—0".
Hence, () is approximately controllable. [l
4. Example

Consider a control system governed by the follow-
ing partial differential equation :

0 0?
(%[ x(t,z) — x22(t, 2)] + [a(t, 2) + W]x(t, z)
= ,u(t z) + smx(t, 2),
€ (0,m), te(0,1];
[0

z(t,0) = a:(t,ﬂ) =0, te€0,1];
t

x(0, z) + ateh cosx(t, z) = xo(2),
€ (0,7); (19)
where X = U = L£2([0,1] x [0, 7], ) 0( ) €
D(E), a(t,z) € CY([0,7] x [0,1],R), J = [0,1],

i.e. b=1, and c is positive constant. Deﬁne

2

At)x(t,z) = ; 5t 2),

[a(t, 2) +

Ex = z—x,., (20)

where D(A(t)), D(E) is given by HZ?*(0,7) N
H}(0,7).  Therefore, —A(t) generates a com-

pact evolution system of bounded linear operators
W(t,s) on X and is given by (see [19])



92 A. Meraj, D.N. Pandey /IJOCTA, Vol.9, No.3, pp.86-94 (2019)

W (t,s)z = T(t — s)els {4y & e D(A()).

(21)
Here
> 2
T(t)x = Ze*" b< ey, > en,
n=1
with en(z) = \/%Sin(nz)7 0 < z < 7m,n =
1,2,....

The operator E can be written as following (see

[3])

(0.9}
Ex = Z(l +n?%) < z,en > en, x € D(E). (22)

n=1

Furthermore for x € X, we have

o0

_ 1
E1$:Zm<l’,€n>€n,
n=1

(23)

which is compact. So, the operator —A(t)E~1
generates a compact evolution system of bounded
linear operators that is given as
t
S(t,s)x = U(t — s)els 4Dy, (24)
where

_n2 '

U(t);v = Z €1+n2
n=1

< xT,en > €.

Hence assumptions (H1), (H4) hold. By putting
z(t) = x(t,-) which means z(t)(z) = z(t,2), t €
[0,1], z € [0, 7] and u(t) = u(t,-) is continuous.
Let the bounded linear operator B : U — X s
defined as Bu(t)(z) = u(t,z). Further

F(t,xz(t))(z) = sinx(t,z),
G(zx) = mcosx.

So, the system ([I9) can be formulated into the

abstract form of (). Note that EG(x) =
C(fij_tet)cosm. Observe that the functions F,G
satisfies the assumptions (H2), (H3), and also
F,EG are uniformly bounded. Now it is needed
to check the approximately controllability of the

associated linear system, for this we show that

B*V*(b,s)x =0, s €[0,b) = z =0, (25)

where V(t,s) = E71S8(t,s). Notice that S and
E~! are self adjoint. Indeed,

B*V*(b,s)x = V*(b,s)x =S*(b,s)(E" Nz
= S(b,s)E 1z
oo a2
_ efgb a(T)dr Z e 12 (b=s)
n=1
< E_lx, €n > en
b s 1 —n2
_ 5 a(r)dr - (b—s)
= ef ; 1 + n2 elt+ 2

(26)

This implies that the condition ([25) holds, and
hence the assumption (H5). Thus by Theorem [,

the system (I9) is approzimately controllable on
J.

< x,en > €.

5. Conclusion

In this work, we have obtained that the mild so-
lutions for non-autonomous Sobolev differential
equations with nonlocal condition exist mainly by
the help of evolution system of bounded linear op-
erators and Krasnoselskii fized point technique.
Also we have determined the sufficient conditions
for approximate controllability by using the con-
trollability of corresponding linear system. The
results developed in this article can be extended
to the study of existence of mild solutions and ap-
proximate controllability for neutral and impulsive
differential systems. Moreover the obtained re-
sults also can be generalized for fractional Sobolev,
neutral and impulsive differential systems.
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