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1. Introduction a+b 1 b F@) + f(b)
Convexity theory has appeared as a powerful f ( 2 )S —a J f)dx < 2 )
technique to study a wide class of unrelated problems a
in pure and applied sciences. It is well known that . . . . .
This double inequality is known as Hermite-

theory of convex sets and convex functions play an
important role in mathematics and the other pure and
applied sciences.

Definition 1. A function f:1 € R — R is said to be
convex if the inequality

fix+ (A -0y) <tf(x)+ A -f ()

is valid for all x,y € I and t € [0,1]. If this inequality
reverses, then f is said to be concave on interval I #
@. This definition is well known in the literature.

The research of beautiful inequalities which have
symmetry is very interesting
and important to Analysis and PDE. A well-known
example is the famous Hermite-Hadamard inequality
which was first published in [1].

If f:1 - R isaconvex function on the interval I, then
for any a,b € 1 with a # b we have the following
double inequality
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Hadamard integral inequality for convex functions in
the literature. Note that some of the classical
inequalities for means can be derived from (1) for
appropriate particular selections of the mapping f.
Both inequalities hold in the reversed direction if
mapping f is concave.

Definition 2. [2] Let I ¢ R\{0} be a real interval. A
function f: 1 — R is said to be harmonically convex, if

Xy
. A— 1—
ey SHO + -0
for all x,y €l and t € [0,1]. If this inequality is
reversed, then the function f is said to be
harmonically concave.

Definition 3. [2] Let f:I<R\{0} >R be a
harmonically convex function and a,b € I with a <
b, If f € L[a, b] then the following inequalities hold:

b
2ab ab [ f(x) f(a) + f(b)
f (a + b) = dx <

“"b—al x2 2
a

(2)
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Definition 4. (Beta function) The beta function
denoted by g (m,n) is defined as

1

p(im,n) = fxm_l(l — x)" 1dx.

0

Definition 5. (Hypergeometric function) [3] The
hypergeometric function denoted by ,F; (a, b;c;z) is
defined by the integral equality

2F1 (a, b; c; Z)

= m[ltb_l(l - t)c_b_l (1 - Zt)_adt,
A 0

c>b>0]z| <1

Definition 6. (M-Lipschitz Condition) [4] f:I = R is
said to satisfy the Lipschitz condition if there is a
constant M > 0 such that

lfG) =fMI<Mlx -yl vx,y €l

Theorem 1. [4] If f:1 — R is convex, then f satisfies
a Lipschitz condition on any closed interval [a,b]
contained in the interior I° of I. Consequently, f is
absolutely continuous on [a, b] and continuous on I°.

In [5], the inequalities related to left-hand side and
right-hand side of the inequality (1) for Lipschitzian
mappings as follow:

Theorem 2. [5] Let ftlI€SR—->R be an M-
Lipschitzian mapping on I and a,b € I with a < b.
Then we have the inequalities

b M
(50 5= [ roa] <He-o
and
f@+fb) 1 M
> - f f(x)dx ?( —a).

Corollary 1. Let f:ICR—- R be a convex and
differentiable function on interval I and a,b € I with
a<band M = supiepqp)|f'(t)| < . Then we have
the inequalities

0<bifbf(x)dx—f<u>gg(b—a)

and

b 1 (P M
OSf(a);f( )—b_afaf(x)deE(b—a)

See [5-8] and references therein for more information
about the Hadamard-type inequalities for the
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Lipschitzian functions.

2. Main results

In this section, we obtain some new inequalities
related to integral means given in the inequalities (1)
and (2) for Lipschitzian mappings.

Theorem 3. Let f:1 < (0,0)—> R be an M-
Lipschitzian mapping on interval I and a,b € I with
a < b. Then following inequality holds:

f -2 [T
< %}”2 ,F, (1,2; 41— %)

Proof: Since f is M-Lipschitzian function on interval
I, forvx,y € [a, b]

If () = fO)I < Mlx —yl.
Here, for arbitrary t € [0,1], if we take

ab

x=tb+(1—t)a, y:m

then

[riced + @ - o)a) —f(ﬁﬂ

SM|(tb+(1—t)a——ta+(1_t)b|

t?ab+t(1 —t)(b®> + a?) + (1 — t)%ab — ab|
M
ta+ (1—t)b |

_ Mt(1 - t)(b - a)?
T ta+ (-1t

Consequently, we get the following inequality:

ab
flb+ (1_t)a_f(ta+ a —t)b)
Mt(1 —t)(b — a)?

=T b—t(b—a)

If we take integral the last inequality on ¢ € [0,1] and
use property of modulus, we have

ab )dt
ta+ (1—1t)b

< [ v+ a-0a-r (=gl
t(1—1t)

1
<M( - a)zf ———dt
0

)

[tb+(1—t)a]dt—f1f(
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M@ -a)?

— F: (1241

a
- E) B(2,2)
If we make the change of variablesu = th + (1 — t)a
and u = ?1 ve in the integrals on the left side of

the last mequallty respectively, we have the following
inequality:

1 (P f(u)
‘b—aL fwd b—a), u?
M(b — a)? a

Sk (1,2;4;1—5)

This completes the proof of theorem.

Proposition 1. Let p € (1,0)\{2} and a, b € R with
0<a<b.Then

pbP~2(b — a)?

|Lp G Lp 2|— 6

a
2F1 (1;2i 4;1 - E),
where G = G(a,b) and L, = L,(a,b) are geometric
and p-logarithmic means respectively.

Proof: If the f(x) = xP convex mapping defined on
interval [a,b] is applied to the left side of the
inequality in Theorem 3, the inequality

b
1 ab (?f(w)
—b_aff(u)du——b_aja 2 du

b
|1 J‘ vg ab (buP
“lb—a wau b—al u?

a
a

—du

is obtained. If the integral is calculated,

b—a —-al, u?
a
pP*t — gP*1  abh(bP' —aP™t)
-+ G-a)@-1
— |LP Gsz |

From Corollary 1, if M = sup.ciqplf'(0)] < oo s
taken for the right side of the inequality, then M =
pbP~1. So, we get

pb?~%(b — a)?

|Lb — abI? 73] < -

(12451 —%).

Proposition 2. Let p € (1,)\{2} and a,b € R with
0<a<b.Then
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-
= T6ba?

_ a
|L Gz o (1241 - E)’
where G = G(a,b), A = A(a,b) and L = L(a,b) are
geometric, arithmetic and logarithmic  means
respectively.

Proof: If the f(x) =i convex mapping defined on

interval [a,b] is applied to the left side of the
inequality in Theorem 3, we have the following
equality:

f(u)
du — ———
ff(u) e
1 ; b b

a
= ju‘ldu— Ju_3du
b—aa b—al,
A
=|L1—E.

Using the Corollary 1, if M = supiejqplf'(E)] < oo
is taken for the right side of the inequality, then M =
a—12. So, we get

(b —a)?
6ba?

|L‘ = (1241 - g)

Theorem 4. Let f:1c R - R be an M-Lipschitzian

function on interval I and a,b,x,y € I witha < x <
y and a < b. Then following inequality holds:

1 b 1 y
|mfa fwdu _yTxL fwdu

M
S?[Ib—y|+x—a].

Proof: Since f is an M-Lipschitzian function on
interval I, for vv,w € [

If (v)

Here, for arbitrary t € [0,1], if we take

—fw)| < Mlv—w|.
v=th+ (1 - t)a, w=ty+(1-1t)x,
then

If[th + (1 — t)a] — flty + (1 — O)x]|
<Mltb—y)+ (1 —t)(a—x)|
<M[tlb—y|l+ (@A —t)|a—x|].

If we take integral the last inequality on t € [0,1] and
use the property of modulus, we have
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1 1
f flth + (1 — t)aldt —f flty + (1 — t)x]dt

1
(flth + (1 — t)a]

= flty + (1 = t)x])dt
< fllf[tb + (1 —-t)a] — flty + (1 — t)x]|dt
0
< Mfl[tlb —yl+ (@A -t)(x —a)ldt
0

If we make the change of variablesu = th + (1 — t)a
and u = ty + (1 — t)x in the integrals on the left side
of the last inequality respectively, we have the
following inequality:

1 b 1 Y
‘mfa f(u)du - jjx f(u)du

M
7[|b yl+x—al.

This completes the proof of theorem.

Proposition 3. Let p > 1 and a, b, x,y € R with 0 <
a<x<yanda<b.Then

p—-1

|Lp(a'b)_Lp(xﬂy)|S [lb_yl-l_x_a]:

where L,, = L,(a, b) is p-logarithmic mean.

Proof: If the f(x) = xP convex mapping defined on
interval [a,b] is applied to the left side of the
inequality in Theorem 4, we have the following
equality:

1 b 1 Y
‘mfa f(u)du - )?xjx f(u)du

1 b 1 y
=| fupdu— Ju”du
b—al, y—xJ,

bp+1 _ ap+1

yp+1 _ xp+1

|-+ G-—0@+D
= |L (a'b)_l‘p(x'y)l
pb” !

IA

[(Ib—yl+x—al],

where M = pbP~1L.

Proposition 4. Let a,b,x,y ERwith0<a<x <y
and a < b. Then

1
IL7H(a,b) = L7 (x, )| < 55 [Ib —yl + x —al,
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where L = L(a, b) is logarithmic mean.
Proof: If the f(x) =§ convex mapping defined on
interval [a,b] is applied to the left side of the

inequality in Theorem 4, we have the following
equality:

1 (P 1 (Y
— du ——— d
h_awa)u y_fow)u
1 (b1 1 (71
= f—dx— f—dx
b—al, x y—xJ, x

b—a a y—x «x

=|L7a,b) = L7 Cx, y)I.

From Corollary 1, since M=aiz, the following
inequality

IL7(a,b) = L7 (x, )| < o 2[Ib yl+x—a]
is obtained.

Proposition 5. Let a,b,x,y e Rwith0<a<x<y
and a < b. Then

el —e® ¥ —e*

— -

b—a

Proof: If the f(x) = e* convex mapping defined on
interval [a,b] is applied to the left side of the
inequality in Theorem 4, we have the following
inequality:

1 b 1 4
|mja f(u)du —ﬁjx f(u)du

1 (P 1 Y
=—j e*du ——— | e¥du
b—al, y—x

X

el —e® ¥ —p
b—a y—Xx

ob
7[|b yl+x —al.

X

Proposition 6. Let a,b,x,y E Rwith0<a<x<y
and a < b. Then

1
linl(x,y) — Inl(a, b)| < %[Ib —yl+x—al,

where I = I(a, b) is identric mean.

Proof: If the f(x) = —Inx convex mapping defined
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on interval [a,b] is applied to the left side of the
inequality in Theorem 4, we have the following
equality:

1 b 1 Y
‘HL f(u)du - }ITXL f(u)du

b

1 1 y
=|— —lnudu——f —Ilnudu
b—al, y—xJ,

Inb? — Ina®

1
1 /bP\b-a 1 yY\y—x
=|-|ln-|— + ln—(—)
e\a? e \x*

= |Inl(x,y) — Inl(a, b)|.

InyY — Inx*
(-=5=)

From Corollary 1,
inequality

since M=§, the following

1
[InI(x,y) — Inl(a,b)| < Z[lb —y|+x—al.

Theorem 5. Let f:1c(0,00) >R be an M-
Lipschitzian function on interval I and a,b,x,y €1
with @ < x < y and a < b. Then following inequality

holds:
xy fyf(u)
— > du
y—Xx x u

- L_l(xl J’)]

—aL Y(ay, bx)]}

i @

b—a u?

M
— {ax|b = y|[bL™ (ay, bx)
+byla — x|[L71(x, y)

Proof: Since f is an M-Lipschitzian function on
interval I, for vv,w € |

If(w) = fw)l < Mlv —w|.
Here, for arbitrary t € [0,1], if we take

_ ab _ xy
Cta+ (1 -0)b’ T tx+(1-t)y

then

ab xy
|f (ta +(1- t)b) —f <tx +(1- t)y>|
ab xy
_M|ta+(1—t)b_tx+(1—t)y|
tax|b —y| + (1 — t)byla — x|
[ta+ (1 —t)b][tx + (1 — t)y]
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If we take integral the last inequality on t € [0,1] and
use the property of modulus and changing variable,

we have
xy fyf W)
- > du
y—Xx u

X

°f @

b—al, u?

t
< M{axlb - ylf0 [ta + (1 — Ob][tx + (1 — D)Y] a

+byla —

xlf1 1-t dt}

o [ta+ @A =t)b][tx+ (1 —t)y]
tdt

ZM{“"”’_Y'L b+ ta — D)1l + tx = )]

1 t
+byla — x|fo [a+t—a)llx+tly—x)] dt}

ax|b —y
b-a)y—

fl tdt
%) Jo [t+abTb] [t+%]

byla — x| 1 tdt
(b—a)(y—x)j0 [t+ﬁ][

(2)
]

If the integrals in (2) are calculated, we get

f . e
0 [t+m t+m]

b(y—x)l
ay — bx bx

m[
= m [bL‘l(ay, bX) - L_l(x! y)], (3)

and

dt

+555]

==L Gey) —alT (ay, b))l (4)
By substituting (3) and (4) in (2), desired result can be
obtained.

This completes the proof of theorem.

Proposition 7. Let p € (1,)\{2} and a, b € R with
0 <a<b.Then

|6G2(a, b)LE % (a, b) — G2 (x, LB 5 (x, )|
p-1
< 5 taxlb = yl[bL™ (ay, bx) = L7 (x, )]
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+byla — x|[L7(x,y) — aL™*(ay, bx)1},

where G = G(a,b), L, = Ly(a,b) and L = L(a, b)are
geometric, p-logarithmic and logarithmic means
respectively.

Proof: If thef (x) = xP convex mapping defined on
interval [a,b] is applied to the left side of the
inequality in Theorem 5, we have the following
equality:

ab (% f(w) xy (Yf@W)
——du — f S—du
b—al, u y—xJ, u
ab (Pu? xy (YuP
J-—dx— —dx
b—al, u? y—xJ, u?
ab(bP! —a?™))  xy(xP~t — P

b-a)p-1) G-0E-1

From Corollary 1, since M = pb?P~1, the following
inequality
ab(b?P™' —aP™1)  xy(xPl —yP71)
b-ap-1) OG-0D@-1
= |G%(a, b)LE 5 (a, b) — G*(x, )LD 5 (x, )|
p—-1

pb _ -
< 5 laxlb = yl[bL™ (ay, bx) = L7} (x,y)]

+byla — x|[L™*(x,y) — aL™*(ay, bx)]}

Proposition 8. Letp > 1and a,b € R with 0 < a <
b. Then

|H™'(a,b) — H™*(x, )|

1
= m{axlb — yl[bL™*(ay, bx) — L™ (x, y)]

+byla — x|[L7(x,y) — aL™(ay, bx)1},

where H = H(a,b) and L = L(a, b) are harmonic and
logarithmic means respectively.

Proof: If the f(x) =% convex mapping defined on
interval [a,b] is applied to the left side of the
inequality in Theorem 5, we have the following
equality:

b
ab_(fG) fyf(u) "

b—al, u? y—x u?
b p 1 yl
a X x X
= f%dx— 4 f dex
b—al, x y—xJ, x
So, we get

|[H™*(a,b) — H™*(x, )|
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1
= m{axlb — y|[bL™*(ay, bx) — L™ (x, )]

+byla — x|[L™1(x,y) — aL™1(ay, bx)]}.

3. Conclusions

In this paper, some new type integral inequalities
related to the differences between the two different
types of integral averages for Lipschitzian functions
are obtained. The significance of the obtained
inequalities is that: some approaches of the same type
averages to each other at different points are given in
here first time. Similar studies can also be obtained for
fractional integrals.
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