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This paper proposes a gain scheduling linear quadratic integral (LQI) servo
controller design, which is derived from linear quadratic regulator (LQR) optimal
control, for non-singular linear parameter varying (LPV) descriptor systems. It is
assumed that state space matrices are non-singular since many mechanical systems
do not have any non-singular matrices such as the natural state space forms of
robotic manipulator, pendulum and suspension systems. A controller design is
difficult for the systems due to rational LPV case. Therefore, the proposed gain
scheduling controller is designed without the difficulty. Accordingly, the motion
control design is implemented for two-link flexible joint robotic manipulator.

Finally, the control system simulation is performed to prove the applicability and
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1. Introduction

Many researchers have recently considered the problem
of robust controller design on linear parameter varying
or linear time invariant systems in the regular state-
space form such as in [1-14], where the systems are
common linear parameter varying (LPV) systems.
Unlike the regular state-space forms, descriptor
systems enable an expression which includes algebraic
conditions on physical factors. Therefore, these
systems have attracted attention for the past decade
because many systems such as mechanical systems
have this structure, and the systems have ability to
describe many systems such as chemical processes,
robotic systems, aircrafts, etc. Thus, many researchers
have investigated in the literature, for instance, robust
stability analysis and stabilisation [15-17], robust
controllability/ observability analysis [18], H2/H. norm
characterization and control [19-27], robust filtering
[21], positive real analysis and control [22].

They have two types which are singular and non-
singular descriptor systems. Singular systems, which
are also called differential algebraic equations (DAE),
are generally used to describe some systems including
algebraic constraints. On the other hand, many of
mechanical systems such as robotic manipulators,
pendulum systems and suspension systems have not
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any singular matrices although they can be represented
as singular system form by including algebraic
constraints. This is because, they are naturally in the
form of non-singular descriptor state space forms due
to using Euler-Lagrange method based on energy for
the mathematical modelling. On the other hand, non-
singular LPV descriptor systems can occur rational
LPV form due to uncertain parameters, for which the
controller design is difficult. Accordingly, the
mentioned papers are mostly for the singular systems.

Flexible robotic manipulators have many advantages
on the rigid robots which need less material, lighter in
weight, less power, smaller actuators, more
manoeuvrable and transportable, and thus their cost are
lower. These robots have a wide application area as an
industrial robot in industry. In addition, two-link
flexible manipulators are preferred because they
present more flexibility for applications. Nevertheless,
their control is difficult to attain exact positioning.
Also, the complexity of problem arises because they are
multi-input multi-output (MIMO) systems, which are
affected by several factors such as payload changing
and vibration effects of between links. Moreover, they
have nonlinearity and some uncertain parameters.
Therefore, numerous researchers have investigated for
the control of robotic manipulators in [28-34]. For
instance, H.. control and p-synthesis are in [28, 29, 33].
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In [30], the control of flexible robotic manipulator is
dealt with finite element theory. In [31], a robust
control method of a two-link flexible manipulator with
neural network. In [32], H., control is performed for
LPV descriptor model with affine parametric
dependence by using a linear fractional representation
(LFR). In [34], LPV control is performed by converting
equivalent to a rational LPV system. In [35], general
H. LPV control is designed for the non-singular
descriptor flexible robotic manipulator.

Thus, the designs in above papers are mostly for the
singular LPV systems. In addition, a gain scheduling
Linear Quadratic Integral (LQI) controller has not been
tackled for the non-singular descriptor systems in the
literature. Accordingly, many mechanical systems are
naturally in the form of non-singular LPV system. In
this paper, we consider the construction of a gain
scheduling LQI controller for a non-singular uncertain
descriptor system. The controller is applied to two-link
robotic manipulator. Natural two-link  robotic
manipulator model has not any singular matrices, but it
and similar mechanical systems can be converted to
singular form by LPV conversion methods as in [22,
36, 37], which is not in the focus of paper. Because of
avoiding the complexity of rational LPV systems, the
proposed controller can be applied to a robotic
manipulator system or any non-singular LPV descriptor
system without using rational LPV form. Finally, the
main aim of the paper is to design a static controller
without any extra methods and assumptions for the
rational LPV systems. From the references and the
other literature studies, there is not a gain-scheduling
controller LQI design for the LPV descriptor systems
without conversion methods.

2. Two link robotic manipulator model

The robotic manipulator is shown in Figure 1. It is a
two-link flexible planar manipulator which is driven by
geared two DC motors. &1 and & are the shoulder and
elbow joint angles, respectively. 71 and 72 are the
corresponding control torques. The second-order form
of the manipulator nonlinear motion equations [28] are
as in (1) where M(0,) is the inertia matrix, D is the
damping matrix, and K is the stiffness matrix, F is input
vector and. M(6;) is as in (2) where M(z) and

M (7 / 2)are given by (3).

Figure 1. Two link robotic manipulator schema [28].
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M(62)4(t) + Dg(t) + Kq(t) = Fu(t) @)
M (6,)=M (z/2)+cos(6,)[M(z/2)-M(x)] (2)

34.7077 9.7246 23.6398 5.9114
z)_| 97246 9.8783 9.7246 59114
EEJ_ 23.6398 9.7246 17.5711 59114 |
59114 59114 59114 3.7233
17.0296 0.8856 9.7776 0.8430 )
| 0.8856 9.8783 4.7016 5.9114
(7)= 9.7776 4.7016 7.5249 3.0311
0.8430 509114 3.0311 3.7233

Also, D the damping matrix, and K the stiffness matrix
and F input vector are

00 O 0
D= 00 O 0 |
0 0 009 O
0 0 0 005
00 0 0 10
__{0 0 0 0 Fe 01
0 0 89.1473 0 |00
00 0 45.6434 00

3. Gain-scheduling LQI controller design

LQR control is an optimal control method, which is
commonly used for the state feedback design in the
literature. But, it has no output matrix. Therefore, LQI
control, which is based on LQR, has the output
feedback with integral action. Thus, LQR is regulator
while LQI is servo design. That is, LQI controller is
used for the reference tracking. In this paper, gain
scheduling LQI controller design is proposed for the
non-singular LPV descriptor form, and the method is
applied to two link robotic manipulator.

x(t) = Ax(t) + Bu(t), x(0) = x, (@)
Consider the linear time invariant (LTI) system in (4),
J the performance index (or cost functional) is defined
in (5) for the state feedback optimal controller
u(t)=—Kx(t), where Q™" is positive semidefinite

matrix and R™" is positive symmetric matrix. The aim
of LQR control is to design a state feedback controller
u(t)=—Kx(t) which minimizes performance index J

and stabilizes the system. In addition, LQI controller is
obtained by including output and reference error.
Therefore, if integral action is included in system, LQI
controller is designed. Also, its effect is to drop steady
state errors.

J(t)=[(x" (t)Qx(t)+u" (t)Ru(t))dt (5)

ot—3
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Robotic manipulators are in the form of (6) where time-
varying parameter set is given by (7). Itisassumed that
E (v) is non-singular matrix for all v .

E(v)i(r) = Ax(1)+ Bu(r), x(0)=x, ©)
y= Cx(t)

vp ={o(r)em” 0 < 0 (1) <0, Y =L

Up = {U(t) eN" 1y

IA
<
—_

~
—

IA

c

<

I
E

Their motion control is a reference tracking problem.
Therefore, system error is given by.

e(t)=r(t)-»(2),
é(t)=ri(1)-3(1)=7(r)-Cx(¢)

Accordingly, the extended system is as follows.

o e o,
£(0)=%, o

So, LQI controller including output feedback is as
follows.

5 t
Kia (u(t))x(t) =K, (0(t))x(t) +K, (U(t)),[o y(t).
Accordingly, the following theorem presents the
proposed gain scheduling LQI controller design.

Theorem: Consider a non-singular descriptor LPV
system in (6) and (8), an optimal controller input

Kior (0(1)2(t) = Ky (0(1) (1) + K, (0(1)) [y (t) - and
controller matrix in (10) which minimizes the

performance index J in (5), if and only if there exist
parameter-dependent ~ symmetric  positive-definite

matrices Y e R™", Z(v) e R¥? and block diagonal
positive-definite matrix X e R™", the inequalities in
(9) hold all for all v(t) € v, xvy .

miny, such that

AYET (v)+(*)' =BZ (v)B'

{ YE' (v) X

_ oT
A7 XO < O
X, =Y

Kia (U):Z(U) BTy (10)
Proof: The non-singular descriptor system in (8) is
rewritten as follows.

£(t) = Ew)"14z(0) + E@w)1Ba(),2(0) =%,  (11)

When Lyapunov stability criteria is applied for
asymptotic stability for Lyapunov function V = X"PX,
the following condition should be provided [38]:

If the controller G(t)=-K_, (v)X(t) provides the

LQI (
L.adv . .
condition ESO, the system is stable and (12) is

obtained for the performance index. If V =%"PX is
replaced, the optimal controller in (13) is obtained.

‘(’j_‘t’m ()QR(t)+ 0" ()R(v)d(t) =0 (12)
U(t)=-R*(v)B'PR(t)=-K (v)%(t) (13)

In that case, algebraic Riccati matrix equation in (14) is
yielded.

ATET (V)P + Pé’l(u)A

. . n (14)
—~PE™(v)BR™(v)B"E™ (b)P+Q =0
The matrix equation is converted to Linear matrix
inequality (LMI) because LMI approach is proposed
for the design. Because, it is commonly used for the
controller design since LMI approach has many
advantages.

For minimizing the cost function, the following
equality is obtained. The matrix equation in (14)
together with initial condition can be expressed

Join (t) = min![f ()QR(t)+4" (t)R(v)d(t) it w5
=% (t)P%, (t)

Accordingly, following Schur formula in [38] is
commonly used in linear algebra applications:

. . . T11 T12 .
Consider a symmetric matrix T=| _; _ T<0 , if
12 22

and only if T,,<0 and T, _leTz;Tlg <0.

Thus, if (14) is multiplied with P =Y, LMI form in
(16) can be written as follows. And then, if Schur
formula is applied, the inequality in (17) is obtained.

E*(v)AY +YATE (
~E™* (u) BR™ (U) B'E
E(0)AY +(*) v
~E*(0)BR(0)BTE (0) <0
Y Q™

The matrix P(P’1 :Y) is minimized to get minimum

v)
(16)
T (0)+YQY <0

(17)

performance index. Therefore, defining v, y > & P&,
can be obtained. Then, if Schur formula is applied to
%3 P, —7 <0 , the inequality in (18) is obtained.
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Figure 2. Control system diagram.

7

The inequality in (17) is multiplied from left and right
with the matrix in (19) and its transpose, respectively.

o

Thus, we get the following inequality by also defining

(19)

X=Q*' and Z(v)=R*(v), and the proof
completes.
AYET (0)+(*) =BZ(v)B" E(v)Y
(0)+() -B2()8" @] o o
YET (v)
Finally, an  optimal feedback  controller

n t
Kiar (0(D)R(t) =K, (0(t)x(t) + K, (U(t))jo y(t),
which minimizes performance index J and stabilizes
the system, can be obtained by solving the optimization
problem in (9) for the system in (8) including output
feedback.

Remark: The inverse of E(v) is a drastic case due to

rational LPV form and there is no a formula for this, so
an extra complexity occurs, and some assumptions or
extra methods are needed as in [22, 28, 36, 37]. For

A(O) _, _

£(0) E™(0)A(8) is dependent a
parameter theta, the making inverse of the parameter
dependent matrix is a difficult problem. But, the
proposed solution eliminates to take its inverse. Thus,
the proposed design has no the complexity and does not
need any extra methods.

example, since

4. Simulation results

The simulation tests are performed with MATLAB.
Figure 2 shows the simulation block diagram for the
two-link flexible manipulator control system. The time-
varying parameter is assumed as follows for robotic
manipulator system.

v(t)=cos(6,)
Therefore, the bounds of the time-varying parameter is
-1<o(t)<1.

Throughout the paper, affine parametric uncertainties
are defined for the controller design, and so all
parameter-dependent matrices affinely depend on the
uncertain parameter such as the controller matrix in
(21).

Ko (0) =Ky + D 0K,
i=1

In addition, the selected matrix X is for the state weights
in the optimization problem in (9). The determination
of this matrix is not dependent on the certain rule, but
it is optimized by some artificial intelligence methods
in the literature. In these paper, classical approach (trial
and error) is used according to system behaviour.

(21)

X =blkdiag(10° x (2050,200,16,9,7,1.2,2.3,3.0,0.05,0.03))

If the optimization problem is solved, the effects on the
system of controller in (21) are presented in Figure 3,
Figure 4 and Figure 5. Figure 3 shows joint angles 61
and & of robotic manipulator as degree. Thus, the
tracking performance is good. The settling times are
nearly 3 and 4 second for & and c, respectively. Figure
4 shows the time-varying parameter o(t), and

accordingly Figure 5 shows the generated torques by
the parameter dependent controller as Nm. the results
show that the proposed method has good performance
such as low settling time and overshoot. The proposed
controller is static feedback which changes with 6, ,

and, there is no assumptions while the controller in [29]
is dynamic controller, and there are some asumptions
such as fixed angles. Nevertheless, the results for the
proposed design are somewhat better than the results in
[29] especially for & in point of settling time.

5. Conclusions

In this paper, we have addressed the construction of
parameter-dependent LQI controller design for the non-
singular LPV descriptor systems, and it has been
applied to two-link robotic manipulator. The results
have shown that good tracking performances are
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obtained for the joint angle references in view of the
settling time and overshoot. In addition, the proposed
method has not needed any extra requirements such as
rational LPV conversion methods. Finally, the gain
scheduling LQI controller has been designed for the
non-singular descriptor system without any extra
methods for the rational LPV form.

200 -

150

= 100

50 -

200

150 |-

=™ 100 |-

50 -

o

onsetn

05+

= o

-0.5

-

o
ro
©
IS
@
@k
<
@
©
3

time(s)

L I L I L | 1 I L
0 1 2 3 4 5 6 7 8 9 10
time(s)

Figure 3. Tracking responses of joint angles.

1] 1 2 3 4 5 6 7 8 9 10
time(s)

Figure 4. The change of time-varying parameter u(t) .
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