Special issue of the 2nd International Conference on Computational Mathematics and Engineering Sciences (CMES2017)

An International Journal of Optimization and Control: Theories & Applications

ISSN:2146-0957 eISSN:2146-5703
Vol.7, No.3, pp.255-259 (2017)
http://doi.org/10.11121 /ijocta.01.2017.00498

RESEARCH ARTICLE

Symmetry solution on fractional equation

Gulistan Iskandarova”, Dogan Kaya

Department of Mathematics, Istanbul Commerce University, Istanbul, Turkey

gulistan.iskandarova@gmail.com, dogank@ticaret.edu.tr

ARTICLE INFO ABSTRACT

Article History:

Received 29 June 2017
Accepted 23 October 2017
Awailable 25 October 2017

Keywords:

Riemann-Liouville fractional derivative
Lie groups

Mittag-Leffler function

AMS Classification 2010:
26A33, 5,H15, 33E12

As we know nearly all physical, chemical, and biological processes in nature
can be described or modeled by dint of a differential equation or a system of
differential equations, an integral equation or an integro-differential equation.
The differential equations can be ordinary or partial, linear or nonlinear. So,
we concentrate our attention in problem that can be presented in terms of a
differential equation with fractional derivative. Our research in this work is to
use symmetry transformation method and its analysis to search exact solutions
to nonlinear fractional partial differential equations.

(cc)

1. Introduction

The fractional derivatives that are about three
centuries ago were presented [IL[2]. Fractional
differential equations have been used successfully
to describe many complex nonlinear phenomena
and dynamic processes in physics, electromagnet-
ics [3L4], acoustics, astrophysics [B,6], viscoelas-
ticity, chemistry, electrochemistry, etc. [I,2,[7,[8].
As for the methods for solving such equations,
there is no effective general method. But there
have been formulated and applied methods like
Adomian decomposition method [9], differential
transform method [10], modified simple equation
method [1T12], Lie symmetry analysis [I3|14] and
SO on.

Lie symmetry analysis is powerful and universal
tool for searching solution of linear and nonlin-
ear partial differential equations and it has been
widely applied for studying the invariance prop-
erties of partial differential equation (PDE) [15].
A symmetry of a PDE is any transformation that
each solution surface of the PDE is mapped to an-
other solution surface of the same PDE, i.e. leaves
invariant its solution space. So, by using the Lie
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symmetry, the equation can be transformed into
a nonlinear fractional ODE.

For construction a symmetry reductions of a frac-
tional equation we investigated the symmetry
properties by using the group analysis method
and presented the vector fields the equation based
on the point symmetry [I3|[14]. It is shown that
our equation could be transformed into a nonlin-
ear fractional ordinary differential equation with
the new independent variable.

In this work by using the Lie group, we investi-
gate the symmetry properties of fractional partial
differential equation (FPDE)

0%u

ot = (9(w)uzz)a, (1)

and find the correspondence infinitesimal opera-
tors and then construct some exact solution of
these equations, in particulary the solution for
fractional linear KdV equation.

The outline of this paper is as follows: in section
2 we will give general definitions and formulas of
fractional derivative and symmetry analysis, also
we show the application of symmetry group to
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fractional differential Eq. (Il). In section 3 pre-
sented some exact solutions by using symmetry
reductions.

2. Preliminaries

2.1. Lie symmetry analysis of fractional
PDE

Consider a time FPDE with two independent vari-
ables and 0 < a < 1 is given as following:

0%u

% - (g(u)uxx)x =0, (2)

here fractional derivative are considered in the
Riemann-Liouville terms.

Suppose f be integrable on [a,b] € R and n—1 <
a < n,n € N. Then Riemann-Liouville fractional
derivative is defined as

oD f(t) = 82{(5)
T(n— a)at"fo (t —r)* =t f(r)dr
(3)

Let f be integrable on [0, 00), and piecewise con-
tinuous function on (0,00) and Rea > 0, t > 0.
Then Riemann-Liouville fractional integral is de-
fined by

1

10 = o / (t— 2)* f(x)de.  (4)

One parameter Lie symmetry transformations are
determined as

[ =t+er(z t,u) + O(2),
T =1+ el(z,t,u)+ O(2), (5)
i =u+en(z,t,u) + O(e2),
where € > 0 is a infinitesimals parameter with

dx df du .
£ = dfzg ’6207 T = 4e |6=0 and n = CTZ |5:0 which
will be determined.

After applying transformation (&) to usual partial
derivatives Uy, Uz, and Ugzq, it gives the following
extensions [15]:

27 2
5et = 5% +em + 0,

Here n{, n5 and 73 are defined by formulae

77"1': = Dyn —ug D€ —u Dy,
77%: = Dmnf — Upg D& — ugt Dy, (7)
nff = Dmﬂ% - Uxa:xng — Ugzt Do T,

where D, is the total derivative

D _g—l- 0 + 0 + 0 + -
= 5 Uy u:ctau uxzauz .

And the ath extended infinitesimal related to
Riemann-Liouville fractional time derivative is
[16] as

aaa 9%u

Here 7%, has following form:

=Di(n) + &DF(ux) — Di(€us) + Di (uDyr)

DY (ru) + 7Dy,

and the operator Dy* is the total fractional de-
rivative operator. Using the generalized Leibnitz
rule [2]

o - [« -n n
Dp(r0a) = 3 () D@Dt
a\ _ (=D lal'(n—a)
n)  TA-o)'(n+l) -
Thus infinitesimal !, is modified to

0%y,
ot

9%n 0“u
t _ _
Mo = o + (g — a1 + wry)) i U

> o annu o a+1 a—n
3 |(0) T - (o) e oo

n=

-3 (5) wroo .

n=1

+

—_

9)

The corresponding vector field V' associated with
transformations (B can be written as

V =¢&(z,t,u)0p + 7(x, t,u) 0 +n(z,t,u)0,. (10)

Applying the third prolongation pr®V to Eq.
@), we will get

A= @ — (k(u)uzg )z,

(3) -
prPV(A) |a=o= 0, e
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where the operator pr®V takes the following
form:

pr®V =V + 1k 9w + 00w, + 50

Our equation (2] can be written in the form

0%u
Y gl(u)uazxux - g(u)u:pxx =0.

ot~ (11)

Substitution of transformations (&), (6) and (R
into ([IIl) we get

0w

i g (@) tzzliz — g()Uzzz
0“u

= % — ,(U)uxxux - g(u)uﬁmx

+ 5(7724 - n(g"uxum + glurm)
— g'uany — g'uaeni — gn3) + O().

So we find that the functions &(x,t,u), 7(z,t,u)
and 7n(z, t,u) must satisfy the symmetry condition

7]:; - n(g//uruzz + g/uzmﬁ) - g/uzng - g,uzxnf - 977§ =0.
(12)

Solving the Eq. (I2]) along with Eq. () and sub-
stituting the extended infinitesimal (7)), (@) into

the Eq. (I2)) we get following characteristic sys-
tem:

§u=§t=7'u=7':p=77uu:07
—ag'm—g"n+3¢9'& — g'nu =0,
—agr —g'n+ 398 =0,

*nglm — 39Nzau = 0,

1
_29/771u + glgcr:a: = 07 ( 3)

—9'"Ne — 39wy + 39€zz = 0,

-1
TNt — aQ Tt = 0,
o 9%ny —

Solving these equations we investigate generating
infinitesimal operators as following.

Case 1: For arbitrary g(u) and 0 < a < 1 there
are three infinitesimal operators
0 0 o 3to
Xi=—2 Xo=2, Xs=mao + 22
e T o BT o T aa

Case 2: For g(u) =1 and 0 < a < 1 there are
two additional infinitesimal operators

0 0
Xi=us, Xoo=h(t,z)—
4 u 8U ) [es) ( ) I) au )
where the function h(t, x) satisfies the linear frac-
tional KdV equation D{*h = hygy.

Case 3: For g(u) = u® withb#0and 0 < o < 1
there are two additional infinitesimal operators

0 3ud 0
X4:$87x+?87u, X5:t

au O

ot b ou

Case 4: For g(u) = ub withb = =3 and 0 < a < 1
there is one additional infinitesimal operator
0 6t 0 (Ba—3)u 0
Xe=x— — —.
6= a—3 Ou

or a—30t

Case 5: For g(u) = e* with integer a (o = 1)
there are two additional infinitesimal operators
0 0 0 0

Xyg=2x— +3—
4 x@x—i_ ou’

Theorem 1. The equation Difu = (g(u)ugy)s
with g(u) = e* and 0 < a < 1 has no additional
symmetries.

Proof. For g(u) = e" and 0 < a < 1 the system
([13) transforms to

(1) guzét:Tu:Taﬁ:nuuzoa
(2) —ae'r—e"n+3e Ey—etn, =
0,

) —aebr — e'n + 3e"&, =0,

) _eu'r/mc - 36“771::011 = 07

) _2€u7]xu + eugraz = 0,

) _eunx _f)eun:cu + Seugmf = 0,
) Mut — %5t = 0,

) & _ ;80‘%
ot ot

— €“Nagge = 0.

The first equation gives us that £ = A(x), 7 =
B(t) and n = C(x,t)u+ D(x,t). So from 2. and
3. equations we get C' = 0, also from 5. and 7.
equations we find A = ¢1x + ¢ and B = c3t + ¢4.
Thus by finding the corresponding derivatives and
putting them to equation 2. we find that D is
constant, but from 8. equation %QTE = 0, which
gives us D = c5t®! thereby we have obtained
a contradiction. It means that for 0 < a < 1
and g(u) = e* there is not any additional symme-
tries. [l
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3. Symmetry reductions and some
exact solutions

3.1. The exact solution for g(u) =1

For g(u) = 1 we have linear fractional KdV equa-
tion Df'u = gy, with infinitesimal operators

0 0 0 3t 0
Xi=gp X2=gp X=r+ e
0 0
Xy = Uz Xoo = h(t, x)au

By composition of X7 and X, we get generator

0 —l—ku2

X X4 = —
1+ kXY E s

where k € R. Then solution under the group has
the form u(t, z) = ek ¢(t), where ¢(t) satisfies the
equation

Di¢(t) = k>(t),

and thus
u(t, ) = F B, o (K3t?).

Here E, g(x) is a Mittag-LefHler function

m

ZI‘am+B

m=0

3.2. The exact solution for g(u) = u’

For g(u) = u® we have Dfu = bub™luzu, +
Pty with infinitesimal operators

9 o o 3t0
Xl_aixu XQ_aa X3_x87 7at7
x, =0 3w _ 9 _oud

LT T v ow YT ot T b ou

With X, = x% + 3;‘ da solution under the group
has the form

ut,x) = g (2),

where ¢(t) satisfies the equation

T
ppo) = 20 gy,

If b = 3 then we derive Df*¢(t) = 0, which gives
#(t) = Ct*~t, O € R. Therefore

u(z,t) = O/t

Also if b = —1 then Dy¢(t) = —24, which gives
(t.2) = 24231
u(t,z) = NCESE

4. Conclusion

For construction a symmetry reductions of the
fractional equation () we investigated the sym-
metry properties by using the symmetry analysis
method and presented different infinitesimal op-
erators. We obtained solutions for two particular
equations with some generator operators. Also
we showed that the equation Dfu = (€“Uyg)y
for 0 < a < 1 has only general symmetries with
X, = %, X, = %, X3 = {L‘% + %% infini-
tesimal operators. The symmetry analysis or Lie
group analysis is a very powerful method and is
worthy of studying further to searching the solu-
tions and symmetry properties of nonlinear par-
tial differential equations and fractional nonlinear
partial differential equations.
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