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Abstract. In this paper, fuzzy nth-order derivative for n € N is introduced. To do this, nth-order

derivation under generalized Hukuhara derivative here in discussed. Calculations on the fuzzy nth-

order derivative on fuzzy functions and their relationships, in general, are introduced. Then, the fuzzy

nth-order differential equations is solved, for n € N.
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1. Introduction

The H-derivative of fuzzy number valued func-
This

derivation amplifies the fuzziness when time goes

tion was introduced by Siekalla in [22].

by [8], thus strongly general differentiability was
introduced in this paper and have been studied
by many researchers, this concept allows us to
solve the problems of H-derivative. The fuzzy
derivations are very important for solving fuzzy
equations for instance, fuzzy differential equa-
tions and fuzzy integro-differential equations.
The first order equations under H-derivation
studied by Bede initially at [3, 8]. He explained
four cases of derivatives for fuzzy first order de-
rivative. Two cases of them are always very im-
portant and the two others are important to ac-

quire switching point. He used these four cases

of derivatives for solving fuzzy differential equa-
tions. Chalco, used first two cases of derivations,
because the two others cases are constant, [11].

General H-derivative has been used to study
the second order derivation by Allahviranloo, [5]
and Zhang, [26]. Their studies were used to get
the existence of the fuzzy second order equations
under general H-derivative. Allahviranloo et.al
obtained the solutions of nth-order fuzzy linear
differential equations by approximating method
in [1, 2]. Allahviranloo and hooshangian intro-
duced fuzzy generalized H-differential and used
it to solve fuzzy differential equations of second-
order, [4].

In this paper we use general H-derivative to
find high order derivation. We acquire cases of

derivations and we use them to invent relations
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between derivatives and their cases, then we ap-
ply them to investigate summation and minus
of fuzzy derivatives and relationships between
them. Indeed, with general differentiability, we
can find more relationships for a larger classes of
them rather than using H-derivative.

In section 2, we review briefly some needed
concepts. In section 3 we introduce nth-order
derivation for all n € N, the minus and summa-
tion of two the fuzzy functions under H-derivative
which are approved for nth-order derivation. In-
deed, an algorithm is introduced to find fuzzy
nth-order derivation and its cases for all, in gen-
eral. In section 4, the fuzzy H-difference be-
tween two nth-order derivative of fuzzy functions
is demonstrated and the examples to illustrate
more are presented. In the final section, fuzzy
differential equations in general form are solved.
Our solution have been based on the generalized
H-derivation. Finally, conclusion will be drawn

in Section 5.

2. Basic Concepts

The basic definitions of a fuzzy number are given
as follows:

Definition 1. [14] A fuzzy number is a fuzzy set
like u : R— [0, 1] which satisfies:
1. u is an upper semi-continuous function,
2. u(x) =0 outside some interval [a,d],
3. There are real numbers b, c such as a <
b<c<d and
3.1 u(z) is a monotonic increasing func-
tion on [a, b,
3.2 u(x) is @ monotonic decreasing func-
tion on [c, dJ,
3.3 u(z) =1 for all x € b, c].

Definition 2. [14] The metric structure is given
by Hausdorff distance satisfying the following
properties, that Rp is denoted the class of fuzzy
subsets of real axis:

D:RpxRp — Ry U0

D(u(r),v(r)) = Maz{sup|u — v, sup[u — [}
(Rp, D) is a complete metric space and following
properties are well known:
D(u+ w,v +w) = D(u,v),
D(ku, kv) = |k|D(u,v), VYu,v € Rp,

Yu,v,w € Rp
Vk € R

D(u+v,w+e) < D(u,w)+D(v,e),
Rp

Yu, v, w, e €

Definition 3. [16] Let z,y € Rp. If there exists
z € Rp such that x = y + z then z is called the
H-differential of x,y and it is denoted x S y.

Definition 4. [7] Let ' : I — Rp and ty € 1.
We say that F is differentiable at to if there is
F'(ty) € R such that either
(I) For h > 0 sufficiently close to 0, the H-
differences F(tg+h)© F(tg) and F(ty)©F(tg—h)
exist and the following limits

limpo F(to+hf)L@F(to)

= limh\ow = F'(ty) or

(II) For h > 0 sufficiently close to 0, the H-
differences F(tg) @ F(to+h) and F(to—h)o F(to)
exist and the following limits

limh\OMFh@OW
= limh\oiF(to_Iﬁ)h@F(to) = F'(to) or

(III) For h > 0 sufficiently close to 0, the H-
differences F(to+h)S F(ty) and F(tg—h)S F(to)
exist and the following limits

limaso F(to +h})L@F(to)

= limh\giF(tofﬁ)h@F(to) = F'(ty) or

(IV) For h > 0 sufficiently close to 0, the H-
differences F(to) © F(to+h) and F(to) ©F (to—h)
exist and the following limits

F(to)OF (to+h)
—h

limh\o
_ l’imh\o F(to)@f(to*h) _ F/<t0)

Theorem 1. [7] Let F : [a,b] — I be a func-
tion and denote [F(t)]a = [fa(t),ga(t)] for each
a € [0,1]. Then:

(i) If F is differentiable in the first form (I), then
fa and go are differentiable functions and
[F'(D)]a = [fa (1), 90()].

(i) If F is differentiable in the second form (II),

then f, and go are differentiable functions and

[F"(t)]a = [ga, (1), fo.()]-
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Definition 5. [24] Let F' : I — Rp be a set-
valued function. A point tg € I is said to be
a switching point for the differentiability of F,
if in any neighborhood T of tg there exist points
t1 < tg < to such that:

Type 1: F is differentiable at t1 in the sense (I)
of Definition 4 while it is not differentiable in the
sense (II) of Definition 4 and F' is differentiable
at ty in the sense (II) of Definition 4 while it is
not differentiable in the sense (I) of Definition 4.
or

Type 2: F is differentiable at ty in the sense (II)
of Definition 4 while it is not differentiable in the
sense (I) of Definition 4 and F is differentiable
at ty in the sense (I) of Definition 4 while it is
not differentiable in the sense (II) of Definition
/.

Theorem 2. [20] Let F : I — Rp be differen-
tiable on each t € I in the sense (III) or (IV) in
Definition 4. Then F'(t) € R for allt € I.

Theorem 3. [20] If f : [a,b] = Rp be integrable
and c € |a, b] )\ €R. Then:

(i) f“’*“ = f; t)dt + [0 P t)dt,
(ii) [;(F f[ t)dt + [, G(

(111) fI)\F(t —)\fI

(iv) D(F, G) is integmble

(V) D(J; F@)dt, [; G(t)dt) < [} D(F,G)

Definition 6.

ued function on |a,b].

[20] Let f(xz) be a fuzzy wval-
Suppose that f(x,r) and
f(z,r) are improper Riemman-integrable on |a, b]
then we say that f(x) is improper on [a,b], fur-
thermore,

b b
( / £t 7)) = ( / £(t,7)dt)
T b
( / £t r)dt) = ( / 7t r)dt)

3. Generalized Fuzzy Nth-order
Derivative

In this article is necessary to introduce the F

and F7 items in the following terms:

F(t) F(t)is (I) —dif ferentiable,
OF(t) F(t)is (II)—dif ferentiable

E(F(t) =
EI=YF(t)) FU=D(t)is (I) — dif ferentiable,
EI=YoF(t)) FU=V(t)is (II) — dif ferentiable

which E7(F(t)) = E(E/=Y(F(t)), for all j that
7j=23,...n

Theorem 4. For all F,G € Rr and ¢ € R, for
all j =1,2,...,n, is approved the following items:
a) Bl (c® F(t)) =c® EI(F(t)).

b) BI(F +G)(t) = B (F(t) + EY(G(t))-
¢) BI(F & G)(t) = EN(F() & B/(G(t) =
EI(F(t) + E7H(G(1)).

d) Let j = 2k, then EJ(F(t)) = F(t) and let
j = 2k — 1, then E/(F(t)) = E(F(t)), for all
k=1,2,...

Proof. The proof is clear. O

At first we approve a theorem on the Hakuhara
difference that are needed here under:

Theorem 5. For all z,y,2 € Rp and a € R
a) 0oz =06

b)or=0cy=x=y

c) o(6x) ==z

drxoy=z=>r02=y
e)zo(y+z2)=20yo=z
fltoyoez)=rz0y+=z

g) Sax = a(ex)

h)o(xoy) =0z +y

Proof. a) The proof is trivial.

b) Sx = 6y = 06 x = 0 © y, thus by Definition
3, there exists u € Rp that 06z = 06y = u, thus
O=z+4+wuwandalso0=y+u,thuszc+u=y+u
and it is mean x = y

c) If ©(6x) exists, then there is u € Rp that
0 & (8x) = u. In following we prove that u = x:
06 (6z) = u, thus 0 = u+ (Sz), then 00u = Sz
and by using (a) we have 06u = Gu = Sz, using
(b) we can result x = u.

d) If z © y = 2, thus we have x = z + y, then we
canwritex =y+z2=>c0z2=y

e) If x © (y + 2) exists, then there exists u € Rp
that * © (y + 2) = u now by Definition 3 = =
u~+y+ z, thus  © y = u + 2z, now we can gain
royoz=u

f) If there exists z © (y © z), then v € Rp which
xO(y©Sz) = u, by using Definition 3 we can write
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r=u+(y©z) and r = u+y S z, now we can
write x + z = u + y and therefore x + z 6 y = .
g) By using (a) we have cazr = 0 © ax, thus
there exists u € Rp which Gaxr = 0© ax = u
now by Definition 3 we have 0 = u + az, thus
0 = % + 2 and by using (a) we write 0© z = %,
thus 0 + (©z) = % and 0 + a(©x) = u therefore
a(oz) = u.

h) If there exists ©(z ©y) then there is a u € Rp
which &(z & y) = u, thus 06 (z ©y) = v and
by Definition 3 we have 0 = u + x & y and
0+y = u+ =z, thus 0+ y © 2 = u therefore
Yyoxr=u. ]

Using H-derivative definition, Definition 4 and
Theorem 4, we will have the following definition:

Definition 7. Let F : I — Rp and tg € I. We
can say that F s differentiable of n—ordered at
to if there is F(”_l)(to) € Rp such that either:
(I) For h > 0 sufficiently close to 0, for all n €
N, the H-differences F(=V(tg + h) © F=1(ty)
and F(tg) © F"=V(tg — h) exist , and the
following limits:

F=1 (tg+h)aF™=1 (1)

limh\o

h
_ limh\oF("*l)(to)G?"*l)(to—h) - F(n)(to)

or

(II) For h > 0 sufficiently close to 0, for all
n € N, the H-differences "V (tg) 0 F"= 1 (t+
h) and F™=Y(tg — h) © F™ Y (ty) ewist and the
following limits:

F=D (t0)aF("=1 (tg+h)

limh\o A
= limp\p F(nil)(to_ﬁ)heﬂnil)(to) = F"(ty)
or

(III) For h > 0 sufficiently close to 0, for
all n € N, the H-differences F" Y (tg + h) ©
FO=D(tg) and F"D(tg — h) © FV(ty) exist
and the following limits:

F=1 (tg+R)aF—1 (1)

limh\o

h
F(n—1) (to—h)@F("*l) (to) _ F(n) (t[))

= limh\o i

or

(IV) For h > 0 sufficiently close to 0, for all
n € N, the H-differences F™V(tg) o F=D (tg+
h) and FV(tg) © F"V(tg — h) exist and the
following limits:

F=1) (t5)eF(=1) (tg+h)

limh\o 7
F(n—1) F(n—1) —h n
(to)eh (to=h) _ p( )(tO)

= l’imh\(o

Remark 1. In Definition 7, by placing n = 1,
the Definition 4 can be obtained.

In Definition 7, it is clear that the nth-ordered
derivative is depend on the (n — 1)th-ordered de-
rivative, (n — 1)th-ordered derivative depend on
the (n — 2)th-ordered derivative and so on. Us-
ing this dependance and by using Theorem 5, for
F : I — Rp, we have four cases of derivatives
that can be proved as follows:

Remark 2. In following theorem for alln € N
and k € {NU{0}},n > k we have(Z) =

n!

R(n—k)!
Theorem 6. For all integer n -even and odd-
we have four cases for H-derivative:

(A): If n =2k, k = 1,2, ... we have four cases:

(1): If even quantity of F®(to),i = 1,2,...,n
are differentiable in case (I) and the rest in case
(II) of Definition 7:

n N 4 ,

2 =0l ; JE? (F(to + (n—j)h)))

h™\0 hn

F™(ty) = lim

o ;’ )(E7(F(to + (n— j — 1)h)))

=lim

hN\,0 hn
o j )(EF(F(to + (n — j — 2)h)))
= limh\O I
S o OB (F(to — jh)))
= .. =lim,, / - (1)

(2): If odd quantity ofF(i)(to),i =1,2,...n-1
are in case (I) and the rest in case (II) of Defi-
nition 7:

S o j )(E (F(to + jh))

F" (o) = lim, _, o
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z;a?>w%mm+@—nm»

=lim,, 7
S (OB (F(to + (7 — 2))))
= lim J
h™\0 _h’n,
S o U EI(F (o + (- n + 1)h))
= lim
h\(0 7hn

(3): If even quantity of FW(to),i = 1,2,...,n
are differentiable in case (III) and the rest in case

(IV) of Definition 7:

F™(tg)
S o B (F (b + (n— j)h)))
= limh\o =
S (O EI(F (o + (G~ Dh)))
=lim
h™\0 _hn

=lim, ., =
S o U EI(F (b + ( — n + 1)h))
= lim
h\,0 7h"

(4): If odd quantity of F%(tg),i =1,2,...,n—1
be in case (III) and the rest in case (IV) of Def-
wnitton 7:

2£ﬂ<?>uwuwm+jm»

F™(t) = lim,, o

zzﬂ<?xE%Fum+m—j—1m»>

= lzmh\0 =

ZL&?)@%N%+U—@M»

=lim, ., —

Yo T BEI(F(t — jh)))
= ..=lim / (4)

h™\0 hn

B): If n = 2k — 1,k = 1,2,..., we have four
cases.

(1): If odd quantity of FO(t),i = 1,2,...,n
are differentiable in case (I) and the rest in case

(II) of Definition 7:
F™ (to)
Tl )

h™\,0 h,n

(B9 (F(to + (n = j)h)))

= lim

ZL&?)@Nﬂm+m—j—me

h\0 hn
S o B (F (b + (n - j — 2)h)))
= lim, !
1\ 0 hn
S o OB (F(to — jh)))
= ... =lim,_, o (5)

(2): If even quantity of F®(to),i = 1,2, ...,n—
1 are in case (I) and the rest be in case (II) of
Definition 7:

zzﬂ<?>uwa«m+jm>

F(tg) = lim, ., -

zgaﬁ>w%mm+@—nm»
= lim

h\,0 —hn
Z£ﬂ<?xEMFaw+u—2m»>
= lim
h\.0 _hn

ZL&?)@NW%+U—n+Dm»

=lim, ., —n

(6)



110 T. Allahviranloo, L. Hooshangian / Vol.4, No.2, pp.105-121 (2014) ©IJOCTA

(3): If odd quantity of FO(tg),i = 1,2,...,n
are differentiable in case (III) and the rest in case

(IV) of Definition 7:

F™(tg)
S o ’; )BT (F(to + (n — j)h)))
= lim,., 7
S o EI(F(to + (G — D))
=lim
hN\0 hn

= limh\0 i
" n . .
> =0l ; JE?(F(to+ (7 —n+1)h)))
=lim, ., o

(7)

(4): If even quantity of FOt0) j =12 . n—
1 are in case (III) and the rest be in case (IV) of
Definition 7:

n
(.

Y=o ; )(E? (F(to + jh)))

0 —hn

F™(t) = lim,

S o ’; )7 (F(to + (n— j — 1)h)))
= lim

hN\0 hn
S o j )BT (F(to + (j — 2)h)))
= lim
h\,0 —_hn

S o ’J" )9 (F(to — jh)))

=...=lim,_, o (8)

Proof. By induction, we consider the method
for nth-order fuzzy derivative as accurate, the
method should be approved for (n + 1)th-order
fuzzy derivation.

The theorem is proved for case (1) of (A), in
the other cases are proved similarly. In the case
(I) of Definition 7, the nth-order derivative is in
following;:

FO=D(tg 4+ h) © F=D(tg)

FO(t) = limpo p

Fr=D@ye F=Y (¢ —h

= limh\o

and (n + 1)th-order derivation in case (I) is:

F(n+1)(t)
(n) (n)
_ lz’mh\oF (to + h})b & F™ (tg)
. FO(t)yo FM™ (g —h
= limp~0 (o) A (to ) (10)

in the other hand by Theorem 6 for even n, we

have:
FM (1)
o f )(EI(F(to + (n — §)h)))
= limh\o 0
S o j )(E9(F(to — jh)))
= lim,, - . (1)

By replacing elements of Eq. (11) by (10) we

have
F(n+1)(t0)
il WEI(Fto+(n—j+1)R)))6(  WEI (F(to+(n—j5)h)))
. J J
= lim, o AT
Z;L:O( j )BT (F(tg+(n+(i+2))h)+ (BT (( j )(BI (F(tg+(n+(i+1))h)))
:limh\o AT

(12)
By expanding limits and by the following for-
mulate:
n n n+1
+ =
O+ ="

we can reach the followings:

( ;‘ )(EI(F(to + (n — j + 1)h))
S, E e+ 0=+ 1))
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—( ”j“ J(EI(F(to + (n— j + 1)h))

n X .
( j JEY(F(to + (n + (G + 2)h) ©
n . .
(C , )E(FEC + (n + (G + 2)h)) =
j+1
n+1 .
( ; )(EY (F(to + (n+ (4 +2))h))
thus
F(n+1)(t0)
n+1 ) ,
>0 j J(EI (F(to+(n—j+1)h))
- limh\o X!
n+1 ) )
il NE(F(to+H(n+(5+2))h))
= limh\0 P O

Remark 3. Now by replacingn = 1 in Eqs. (5),
(6), (7) and (8), the Definition 4 and the other
definitions in Ref [3] can be got.

Theorem 7. Let F': I — Ry is nth-ordered dif-
ferentiable on each t € I in the case (III) or (IV)
in Definition 7. Then F™ € R for allt € I.

Proof. Suppose that, (I) and (III) are coincided
Then there are A,B,C € Rp,
which for only two first limits in cases (1) and

simultaneously.

(3) in Theorem 6 we have here:

A = 2 EY(F(tg + (n — 2i)h))
=0
&3 Bi(Flio+ (n - 2+ 1)h)
=0
and

EY(F(tg + (n — (2i + 1))h))

oy
Il
-
I Mm\:
vz ©
L

EY(F(tg+ (n — (2i + 2))h))

0]
i

and

21
C = EY(F(tg+ (n — (2i + 2))h))
=0
&3 Bi(F(to + (n— (2i + D)),
=0
Thus we get
21

(to+ (n — (20 +2))h))

E:F
21

_ZEZ

i.e. B4 C =0 which implies B = C' = 0, in case
where F("(ty) =0 or B,C € R, B = —C, then
F™)(t) € R is resulted. O

(to+(n—(20+2))h))+ (B+C)

4. Arithmetics on the Fuzzy
Nth-ordered Derivations

In this section calculations of the fuzzy nth-
ordered derivation and their relationships are re-
searched. These calculations are concluded sum-
mation and minus of two fuzzy functions and

scalar multipliers of one fuzzy function.

Theorem 8. If g : I — Rp, ¢ € Rp and
f:I— Rpby f(t)=cOg(t), forallt€l. Ifg
is differentiable on I of nth-order in tg € I, then
f is differentiable on I of nth-order in ty € I with

F(tg) = c® g™ (to).

Proof. Without loosing generality for even n, if
even quantity of f® i = 1,2, ..,
tiable in case (I) and f(t) = c©®g(t), forallt € I
are considered. Using Theorem 6 we will have:

n are differen-

S o j )EI(f(t+ (n - j)h))

f(n) (t) = limh\o L

S o j Y(EI(f(t+ (j + 1)h))

= .= lzmh\o I

by putting f(t) = ¢ ® g(t), the above equations
will be written as below:
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(co g(t)™
S o j )e ® (B (g(t + (n— j)h))
= lz'mh\0 o
o j Je ® (B (g(t + (j + 1)h))
=...= limh\O

hn
By Theorem 6 the equations can be written in
the following case:

S o E (g(t + (n— )h))
f(n) (t) = limh\oCQ !

hn

o j V(B (g(t + (j + 1)h))

hn

=..= lzmh\ocCD

then we have

S j )(EZ (gt + (n— j)h))

f(n) (t) = C®limh\o hn

o j )(E (g(t + (j + 1)h))

hn

=..= c@lzmh\o

= cog™(t)
proof for the other cases is similar and omit-
ted. O

Theorem 9. For odd n, we have:

(a) If j quantity of f®(t),k = 1,2,...,n, for
all odd j, are (I)-differentiable and the rest
(11)-differentiable on (a,b), and element i of
g(l)(t),l = 1,2,...,n— 1, for all odd i, are (I)-
differentiable on (a,b). Thus f(t) + g(t) is nth-
order differentiable and for all t € (a,b),

(f +9)"M () = F(1) & (~1)g™ ().

(b) If j quantity of f9(t),j =1,2,....,n—1, for
all even j, are (I)-differentiable on (a,b) and for
i quantity of g0 (t),1 = 1,2,...,n, for all odd i,
are (I)-differentiable on (a,b). Then f+g is nth-
order differentiable and for all t € (a,b),

(F +9)™(1) = (~1)g™ (8) + (—1) ) (1),

(c) If j quantity of f®)(t),k = 1,2,...,n, for
all even j, are (I)-differentiable and the rest

T. Allahviranloo, L. Hooshangian / Vol.4, No.2, pp.105-121 (2014) ©IJOCTA

(1I)-differentiable on (a,b), and element i of
gO(t),1 =1,2,...,n — 1, for all even i, are (I)-
differentiable on (a,b). Then f + g is nth-order
differentiable and for all t € (a,b),

(f +9)"M (1) = g™ (1) © (-1) [ (2).

(d) If j quantity of f®(t),k = 1,2,...,n, for
all odd j, are (I)-differentiable and the rest
(II)-differentiable on (a,b), and element i of
gV (t),l = 1,2,...,n — 1, for all odd i, are (I)-
differentiable on (a,b). Then f + g is nth-order
differentiable and for all t € (a,b),

(f +9)™(t) = f (1) + g™ (1)

Proof. (a) Without loosing generality, it is con-
sidered that j quantity of £ (¢),k = 1,2,...,n,
for all odd j, are (I)-differentiable and i quantity
of g(l)(t),l = 1,2,...,n, for all even j, are (II)-
differentiable on (a,b). By applying Theorem 6

we have:
S o j VES(f(t+ (n — j)h)))
f(n) (t) = limh\o hn
o ;‘ VB (f(t+ (j + 1)h))
= ..= limh\O o
and
S ’; )(Ei(g(t + jh)))
g(n) (t) = limh\o —_hn

O _hn
then
(f +9)™(1)
o j )EI(f + 9)(t + (n— j)h)
=lim,, o
o ;‘ VEI(f + )t + (j + 1)h)))
=..= limh\O %

= (f+9)™(t)
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o j )(E (g(t + (n — j)h)))

hn
S o ;”” YEI(f(t+ (G + 1))

h\0 hn

=..=1lim
( j )(EZ(g(t + (j + 1)h)))

hn
=™+ (e(=1)g") = M) o (-1)g™ () O

2 =0

©

Theorem 10. Let n, be an odd number:

(a) If j quantity of f®(t),k = 1,2,...,n, for
all odd j, are (I)-differentiable and the rest
(11)-differentiable on (a,b), and element i of
gV (t),l = 1,2,...,n — 1, for all odd i, are (I)-
differentiable on (a,b). If H-differences f*)(t) ©
g®(t),k=1,2,...,n — 1, exist for t € (a,b) then
f(t) © g(t) is n-order differentiable and for all

& (@,0), (f )™ (1) = FO(t) + (~1)g™(t).
(b) If j quantity of f9)(t),j =1,2,....,n — 1, for
all even j, are (I)-differentiable on (a,b) and for
i quantity of gO(t),1 = 1,2,...,n, for all odd i,
are (I)-differentiable on (a,b). If H-differences
(ft)og®(t),k =1,2,...,n—1, exist fort € (a,b)
then f(t) & g(t) is n-order differentiable and for
it € (a,5), (FE9)M (1) = (—1)FM(8)+ g0 1)
(c) If j quantity of f9(t),7 = 1,2,....n and i
quantity of gV ()1 = 1,2,...,n, for all even j
and i, are (I)-differentiable and the rest are (II)-
differentiable on (a,b). If H-differences (f(t) ©
g(t))(k),k: =1,2,..,n—1, exist fort € (a,b) then
f(t) © g(t) is n-order differentiable and for all
€ (a,b), (fo9)™(t) = g™ (1) © (=1)FM(1).

(d) If j quantity of f9(t),j = 1,2,...,n and
i quantity of gV (t),l = 1,2,...,n, for all odd
j and i, are (I)-differentiable and the rest (II)-
differentiable on (a,b). If (f(t) © g(t))® k =
1,2,...,n—1, exist for allt € (a,b) then f(t)og(t)
is n-order differentiable and for all t € (a,b),
(fog™) = ™) o g™ @)

Proof. (a) Let us consider j element of f*)(t),
k=1,2,...,n, for all odd j, are (I)-differentiable
and i element of, g(! (t),l=1,2,...,n, for all even
j, (I)-differentiable on (a,b).

For odd n in Theorem 6 we have:

o ’; )(EI(f(t+ (n— j)h)))

R\0 hn

FM(t) = lim

S0 o U OE S+ G+ 1R))
=...=lim J
h™\0 hn
and
S j V(7 (g(t + jh)))
g(n) (t) = limh\o A

= lz’mh\o 7
then
(feq ™)
Yo UEI((f e 9)(t + (n— 5)h))
=lim J
h\0 hn
S o ? E((f © )t + (j+ D)h)))
= lim
h\0 hr

= (fog)™(t)
( j )(EI(f(t+ (n— )
hn

2 =0

=lim,,
( j )(E (g(t + (n — j)h)))

hn

2 j=0
©
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ZL&?XHU@+U+DMD

=..=1lim,

O hn
o Z V(B4 (g(t + (j + 1)h)))
S
hn
= (fog) ™)
S o ? )(EI(f(t+ (n — j)R)))
= lz'mh\‘O o

OB e+ G+ D)
hn

= fM e (e(-1)g™) = f™(t) +

Example 1. Let f,g : [0,7/2] — Rp, [ =

[5r — 4,3 — 2r]sint and g = [-3 +r, —1 — rt:

2 j=0
©

(~1g™(t) O

(a) If f,f,f" be (I)-differentiable on (0,7/2)
and g,4',¢" are (II)-differentiable on (0,7/2) or
if one of f, ', f" is (I)-differentiable and two of
them are (II)-differentiable on (0,7/2) and one
of g,9',9" is (II)-differentiable and two of them
are (I)-differentiable on (0,7 /2). If H-differences
ftyog(t), f'(t)od (t) and f'(t)©g"(t) exist for
t € (0,7/2) then f(t)og(t) is third order differen-
tiable and for allt € (0,7/2), (f & g)"(t) = [5r—
4,3 — 2r|(—cost) + (—1)[=72 + 24r, —24 — 24r]t.

(b) If f, f', f" are (II)-differentiable on (0,7/2)
and g,9',9" are (I)-differentiable on (0,7/2) or
if one of f, f', f" is (II)-differentiable and two of
them are (1)-differentiable on (0,7/2) and one of
9,9, 9" is (I)-differentiable and two of them are
(11)-differentiable on (0,7/2). If H-differences
76) © g(t) and /(1) © ¢(t) and f'(t) © (1)
exist for t € (0,7/2) then f(t) © g(t) is third
order differentiable and for all t € (0,7/2),
(feg)”(t)=(-1)[pr—4,3—2r|(—cost)+ -T2+

24r, —24 — 24r]t.

(c) If one of f,f', f" is (II)-differentiable and
two of them are (I)-differentiable on (0,7/2) and
all of g,4',g" are (I)-differentiable on (0,7/2).
If H-differences f(t) © g(t) and f'(t) & ¢'(t)
and f'(t) & ¢"(t) exist for t € (0,7/2) then
f(t) © g(t) is third order differentiable and for
allt € (0,7/2), (fe9)"(t) =[-72+ 24r, —24 —
24rjt & (—1)[5r — 4,3 — 2r|(—cost). (d) If one of
I, 1" is (I)-differentiable and two of them are
(II)-differentiable on (0,7/2) and all of g,9',9"
are (I)-differentiable on (0,7/2). If H-differences
f@&)©g(t) and f'(t)od'(t) and f"(t)©g"(t) exist
fort € (0,7/2) then f(t)©g(t) is third order dif-
ferentiable and for allt € (0,7/2), (f © ¢)"(t) =
[5r — 4,3 — 2r](—cost) © [=72 4 24r, —24 — 24r]t.
We show that (a) is correct. The other results
are provable similar.

(f&9)" (to) =
(789)(t+3h)+(f ©1) (g +M) S (B S9) (tg+2M)+(f 99 (t0)) _

h

limp~o0

[5r—4,3—2r]sin(tg+3h)O[—3+r,—1—r](tg+3h)*+[5r—4,3—2r]sin(tg+h)

Ol—3+r,—1—r](tg+h)*OB[5r—4,3—2r]sin(tg+2h))©3[—3+r,—L—r](tg+2h)*

+[5r—4,3—2r]sin(tg)O[—3+r,—1—r](tg)*)=[5r—4,3—2r]sin(tg+3h)

+[57—4,3—2r]sin(tg+h)O3[5r—4,3—2r]sin(tg+2h)+[5r—4,3—2r]sin(tg)

S[=3+r,—1-7](tg+30)*S[=3+r,—1—r](tg+h) O (B[=3+r,—1—r](tg+2)*)

—34r,—1—r](tg)?
o[-3+ ,hé 1(tg) :f”/(to)Jr(*l)g”/(tU)

Theorem 11. Let n, be an even:

(a) If § quantity of f®(t),k = 1,2,..,n, for
all odd j, are (I)-differentiable and the rest
(11)-differentiable on (a,b), and element i of
gV (t),l = 1,2,..,n — 1, for all odd i, are
(I)-differentiable on (a,b). Then f(t) © g(t)
is n-order differentiable and for all t € (a,b),
(F+ )™ () = FOE) + g™ (@),

(b) If j quantity of f®(t),k = 1,2,...n,
for all even j, are (I)-differentiable and the
rest (II)-differentiable on (a,b), and element i
of g(l)(t),l = 1,2,....,n — 1, for all odd i, are
(I)-differentiable on (a,b). Then f(t) + g(t)
is n-order differentiable and for all t € (a,b),
( +9)™(1) = (~1) (1) + (~1g™(@).

(c) If j quantity of f®(t),k = 1,2,...n,
for all odd j, are (I)-differentiable and the rest
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(11)-differentiable on (a,b), and element i of
gO(t),l = 1,2,...,n — 1, for all odd i, are
(I)-differentiable on (a,b). Then f(t) + g(t)
is m-order differentiable and for all t € (a,b),
(f +9)"M (1) = (=) f" (1) © g™ ().

(d) If j quantity of f®)(t),k = 1,2,....n, for
all even j, are (I)-differentiable and the rest
(11)-differentiable on (a,b), and element i of
gV (t),l =1,2,....,n — 1, for all even i, are (I)-
differentiable on (a,b). Then f(t) + g(t) is n-
order differentiable and for all t € (a,b), (f +
9)(t) = F(1) © (~1)g™ (1),

Proof. (a)lff n be a even number and
f®(t),k =1,2,...,n be (I)-differentiable or (IT)-
differentiable:

ZL&?)@Nﬂﬁﬂn—ﬁMD

O hnr

F(t) = lim,

Zﬁd?)@Wﬂt+U+DMD

O hn

=..=1lim,

and ¢ k = 1,2,...,n be (II)-differentiable we
have

zLa?>wmavun—ﬁm»

g(n) (to) = Mmh\o B

ZL&?XW@@+U+DMN

O hr

=..=lim,

Now we can write

(f +9)" (1) =

j=o(

Z.‘ )9 (f+)(to+ (n—5)h))
limh\0 a

i=o(

0 h"

Z,‘ Y(E (f+9)(to+(+1)h)))

=..=1lim,

Then

(f +9) ™ (to) =

7;, V(B9 ( (to+(n—3)h))) (B9 (glto + (n—5)1))))

lim,,_, o

n

"o 7; (B9 (f (to-+ (n—) W)))-+ (B (g 0+ (n—5)h)))

= lzmh\O e

Proof (b), (c) and (d) are similar and omit-
ted. O

Theorem 12. For all even n we have four cases

for (f@g)(”), in respect to (I)-differentiability or

(11)-differentiability:

(a) If j elements of fUN(t),j = 1,2,..,n,

for all odd j, are (I)-differentiable and the rest

(II)-differentiable on (a,b), and i elements of
gV (t),1=1,2,...,n—1, are (I)-differentiable on
(a,b) and the rest are (II)-differentiable. If H-
differences f®) (t)og® (t),k =1,2,...,n—1 exist

fort € (a,b) then f © g is n-order differentiable

att on (a,b) and (f©g)™(t) = fM(t)c g™ (t).

(b) If j elements of fO(t),j = 1,2,....,n, are
(I)-differentiable and the rest (II)-differentiable
on (a,b),and i elements of gV (t),1 =1,2,....,n —
1, for all odd j and i, are (I)-differentiable
on (a,b) and the rest (II)-differentiable. If H-
differences fF(t) © ¢®(t),k = 1,2,...,n — 1
erist for t € (a,b) then f(t) © g(t) is n-
order differentiable at t and (f © g)™(t) =
(—1)(f) (1) & g (1),

(¢) If for odd number j, f9(t),j =1,2,...,n
be (I)-differentiable on (a,b) and for even i,
gD (t),i = 1,2,...n, be (I)-differentiable on
(a,b). If H-differences f®)(t) © ¢ (t),k =
1,2,....,n — 1 exist for t € (a,b) then f(t) © g(t
is n-order differentiable at t and (f © )™ (t) =
(1) © (~1) ().

(d) If for even number j , f9(t),5 =1,2,....,n
be (I)-differentiable on (a,b) and for all odd i,
g® ),k = 1,2,...,n — 1, be (I)-differentiable
on (a,b). If H-differences f®)(t) & g(t)®), k =
1,2,...,n—1 exist fort € (a,b) then f(t)Sg(t) is
fourth order differentiable at t and (f + g)" =
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£+ (~1)g.

Proof. (a) If n be a even number and
f®(t),k =1,2,...,n be (I)-differentiable or (II)-
differentiable:

n n j .
2 j=o( j JE(f(t+ (n—35)h)))

hN\0 hn

F @) = lim

o j YE(f(t+ (G + 1))

O hn

=..=lim,

and g% k = 1,2,...,n be (II)-differentiable we

have

S o ’; )(E (g(t + (n — j)h))
hn

g(") (to) = lim,_,

o j )(E7 (gt + (j + 1)h))

O hr

=...=lim,

Now we can write

(f +9)™ () =

n

"o j (B9 () (to+(n—i)h)))

lzmh\0 =

S~ )it e Z (B9 (£09) (to+(+1)h))

=.=1

im, =
Then

(f +9)™(to) =

225=ol n V(B (f(to+(n—5)h))S(E (g(to+(n—3)h)))
J

lim

h0 h™

n . .
7= j J(E? (f(to+(n—g)R)))S(E (g(to+(n—5)h))))

h™\0 hm

Proof (b), (c) and (d) are similar and omit-
ted. O

Example 2. Let f,g : [0,7/2] — Rp, [ =
[5r — 4,3 — 2r]sint and g = [-3 +r, —1 — r]ti.

(a) If £, 1 1" ", 9,9',9",g" are differentiable
in same case ((I) or (II)) on (a,b) or f, f', ", "
are (I)-differentiable and g,4',4¢",¢9" are (I)-
differentiable on (0,7/2) or inverse and if H-
differences (1) © g(t), 1'(t) © ¢/(2), (1) © ¢"()
and f"(t) © ¢"(t) exist for t € (0,7/2) then
f © g is fourth order differentiable at t on (a,b)
and (f © g)® = [5r — 4,3 — 2r]sint © [-72 +
24r, —24 — 24r].

(b) If one of f,f', ", f" are (II)-differentiable
and the others are (I)-differentiable and one
of 9,9',9", 4" be (I)-differentiable and the oth-
ers be (II)-differentiable on (0,7/2) or if one
L0517 " be (II)-differentiable and the oth-
ers be (I)-differentiable on (0,7/2) and similar
for g,4',4",g", or f one f,f,f", " are (I)-
differentiable and the others be (II)-differentiable
on (0,7/2) and similar for g,¢',9",9". If H-
differences f(t) © g(t), f'(t)© g'(1), ["(t) © 4" (1)
and f"'(t)© " (t) exist fort € (0,7/2) then fSg
is fourth order differentiable att and (f©g)® =
(—1)([5r —4,3— 2r]sint & [~ 72+ 24r, —24— 24r)).

(c) If one of f,f, f", " be (I)-differentiable
and the others be (II)-differentiable and all
of g,4,9",9" be (I)-differentiable or (I)-
differentiable on (0,7/2). If H-differences
f&) e g, f'(t) & g), f't) © ¢"(t) and
f7(t) e g"(t) exist for t € (0,7/2) then f+ g is

" fourth order differentiable at t and (f © g)* =

(—=1)[5r — 4,3 — 2r]sint + [—72 + 24r, —24 — 24r].

(d) If £, ', 1", f"" be (II)-differentiable and one
of 9,9',9",9" be (I)-differentiable and the others
be (II)-differentiable on (0,7/2) orif f, f', f", f"
be (I)-differentiable on (0,7/2) and one of
9,9',9", 9" be (I)-differentiable and the others
be (I)-differentiable on (0,7/2). If H-differences
F(0)0(t), F'(H)Od(0), (1) S g"(t) and f(t)
g" (t) exist for t € (0,7/2) then f & g is fourth
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order differentiable at t and (f © g) = [5r —
4,3 = 2r]sint + (—1)[—72 + 24r, —24 — 24r].
We show that (a) is correct, the other results

are provable similar.

(fogW(te) =
(4f99)(to+4h)+6(f®g)(t0+2h)+(f9.;1121(t0)9(4(f99)(t0+3h)+(f69)(to+h))

limh\o
[5r—4,3—2r]sin(to+4h)S[—3+r,—1—7](to+4h)* +6[5r—4,3—27]sin(to+2h)O6[—3+r,—1—7](to+2h)* +[5r—4,3—2r]sin(to)

= limh\o
O[=3+r,—1—7](to)*©(4[5r—4,3—2r]sin(to+3h) S4[—34r,—1—r](to+3h)*)O[5r—4,3—2r]sin(to+3h)S[—3+r,—1—r](to+3h)*
h4

_ lth\‘ [5r—4,3—2r]sin(to+4h)+6[5r—4,3—2r]sin(to+2h)S[5r—4,3—2r]sin(to)+(4[5r—4,3—2r]sin(to+3h)S[5r—4,3—2r]sin(to+3h)
= 0 1

h
_ 1 4 a1 _1_ PN 1 YT 1 N _1_ 4
+limh\06[ 3+r,—1—r](to+4h)"+6[—3+r,—1—r](to+2h)"S[—3+r, hi r](to) " ©4[—3+r,—1—7](to+3h)")+[—3+r,—1—7](to+3h)

= fW(to) © g (to)

5. Solving Fuzzy Nth-order
Differential Equations

We define an nth-order fuzzy differentiable equa-
tion by:

x(n)(t) = f(t, $(t)7 x/(t),a:”(t), a8) x(nil)(t))a

where x(t) is a fuzzy function of t,
ft,z(t), 2/ (t),2"(t), ..., D(t)) is a fuzzy-
valued function and the fuzzy variables
o' (t), 2" (t),...,x™M(t) are the defined deriva-
tives of x(t),2/(t),...,z" "V (t) respectively.
Given the initial values x(tp) = ko,2'(to) =
kl,...,x(”_l)(to) = kn_1, we obtain a fuzzy
cauchy problem of the n-order

e (t) = f(t,x(t), 2'(t), 2" (t), ..., xD (1)),
(to) = ko,

' (to) = k1,

\ 95("_1)(750) = kn,1
(13)

Theorem 13. Let f:[a,b] x EX E X ... x E —
E be continuous, and suppose that there exist
My, Mo, ..., M, > 0 such that
D(f(t,x1,22, .. xn); fF(t, Y1, Y2, s Yn))
<Y M;D(wi, yi)
for all t € [a,b], x;,y; € E;i = 1,2,...,n. Then
the initial value problem (13) has a unique solu-

tion on [a,b] in each sense of differentiability.

Proof. See Theorem 3.3 in [21]. O



118 T. Allahviranloo, L. Hooshangian / Vol.4, No.2, pp.105-121 (2014) ©IJOCTA

Theorem 14. For even number n, if f
[a,b] — Rp and let a = by < by < ... < b, =b
be a division of the interval |a,b] such that f is
n-order differentiable of (I) or (II) differentiable
in the sense of Definition 7 on each of the inter-
vals [bi—1,bi],i = 1,2, ...,n, with the same case of
(n — 1)-order differentiable on each subinterval.
Then:

JSY o fD @t dtyde = fb) -
arf(bi—1) + aaf(bi—2) — ... — an—1f(bi—nt1) +
fbin) + (1) © (f(bn) — a1f(bi—nt1) +
azf(bi—n+2) = - — an—1f(bi-1) + f(bi)).

here a; = ( n ) and
i

I ={ie{1,..,n} such that for even number k,
f®) k=1,2,...,n, be (I)-differentiable}.

J ={j € {1,...,n} such that for odd number k,
f®) k=1,2,...,n—1, be (I)-differentiable}

Proof.

S (0o () f(E+ (n - j)h)
£ () = lim J

h—0 hn

ZL&4V“@(ZM@@+O+DM

=..=lim, , o

then

L[ 7w i
—timy [

S (1)t e ( j )f(t+ (n — j)h)

o dt...)dt)dt
b b
=..= limh_m/ (/
y gm0 e () fO+ (5 +1)h)

L)dt)dt
O

Theorem 15. For odd number n, if f : [a,b] —
Rr and let a = by < b1 < ... < b, = b be a
division of the interval [a,b] such that f is n-
order differentiable of (I) or (II) differentiable in
the sense of Definition 7 on each of the inter-
vals [bi—1,bi],i = 1,2, ...,n, with the same case of
(n — 1)-order differentiable on each subinterval.
Then:

S f b yde = f(b) — arf(bi1) +
o = a1 f(bimpt1) + f(bizn) + (=1) © (f(bn) —
arf(bi—n+1) + ... — an—1f(bi-1) + f(bi)).

7?)anal

1

I = {i € {1,...,n} such that for odd number k,
f®) k=1,2,...,n be (I)-differentiable}.

J ={j €{1,...,n} such that for even number k,
R k=12 ...,n—1 be (1)-differentiable}.

where a; = (

Theorem 16. Let ty € [a,b], and assume that
f:]a,b] X Rp X Rp X ... Xx Rp — Rp is contin-
uous. A mapping x : [a,b] — Rp is a solution
of the initial value problem (13) if and only if
x € C"(I,Rp), and satisfies the following inte-
gral equations for all t € [a,b]:

2(t) = ko + 1 (kr (£ — to) + CQ(“_JO)Q +o
+ Cn—l((nkni)!(t — to)nil

t gt t
+Cn/t0 /to -, f(s,z(s),2'(s), ...
——_— ——

L2V (5))ds...dsds)...)) (14)

where

)L zO(t) is (I) — dif ferentiable,

) e(=1), zO(t) is (II)— dif ferentiable.
foralli=1,2,...,n.

Proof. Since f is continuous, it must be inte-
grable. Is considered that (14) is solution of

initial value problem (13). It is obvious that the
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solution for the following problem:

r :E(n'H)(t) _ f(t, x(t), x/(t), x”(t), e x(”)(t)),
x(to) = ko,

l”(to) = kl,

\ x(n)(t0> =kn

should be resulted as under:

:/v’(t) = ki + (B - t)? + es(B(t -
to)? + Cn— 2((k" 22);(15 — to)»D 4

Cn— 1/t t f s,2(s), 2 (s), ..., 2 (s))ds...ds))).

n
By exercising integral over [tg, t], we can equiv-
alently have:
x(t) = ko + Cl(kl(t — to) + ca(B(t -
1

Cn— 1<(n 1)|(t - tO)n +
// tfsx 9).2/(s). ..
n+1
(")( ))ds...dsds)))).
O

Example 3. Let following fuzzy differential

equation with initial values:

2" (t) = x(t)
z(0) =la—1,1—qf,
2 (0) = [a,2 — a]

Then the solution of this fuzzy differential
equation for all t € [0, 00] is

x(t) =
er(Jo Jo o

Let x(t) and 2'(t) are (I)-differentiable, the so-
lution by Theorem 16 is obtained in the following:

[ — 1,1 — a] + e[
s)dsds))

2 — alt +

z(t) = [a—1,1—a]+[a, 2—« t—i—fo fo s)dsds
Now we can solve this interval-value integral
equation, it means two crisp integral equation
should be solve. The solution is gained by the
Modified Adomian method in the following:

ac(t) = [a—l—i—at—i—%(a
at+ 5 “(1— ).

—1),1—a+(2-

Let z(t) and 2'(t) be (II)-differentiable, the
solution by Theorem 16 is gained in the following

interval equation:

z(t) = [a — 1,1 —a] © (-1)][e,2 — oft +
Jo Jy = (t)dsds

It means, the solution by solving two crisp
integral equations by Modified Adomian method

will be obtained in the following term.:

x(t): [a—1+(2—a)t+%(a—
at+ 5 (1—a)]

1),1 —a+

Let x(t) be (I)-differentiable and x'(t) be (II)-
differentiable, the solution by Theorem 16 is in
the bottom interval equation:

o(t) =
1) fy fy

[ — 1,1 — a] © (-1)][a,2 — o]t ©
x(t)dsds

It means, the solution by solving a crisp in-
tegral equation system by Modified Adomian
method will be obtained in the bottom term:

zt)=la-1+@2-a)t+5(1—a)l—a+

t2
at + 5 (a —1)].

Let x(t) be (II)-differentiable and x'(t) be (I)-
differentiable, the solution by Theorem 16 is ob-
tained in the following:

[ — 1,1 — a] + |«
Lx(t)dsds

2 — at ©

It means, the solution by solving a crisp in-
tegral equation system by Modified Adomian

method will be gained in the sequence:

z(t) =la-1+at+ 51—
a)t + £ (a—1)].

a),l —a+ (2 -
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6. Conclusion

In this work, we introduced a new method for
finding generalized fuzzy nth order derivative and
we proved some theorems in the relationships be-
tween fuzzy derivatives of nth order and we pre-
sented the solution of fuzzy differential equations
of nth order. For future research one can use gen-
eralized fuzzy nth order derivative for obtaining
the switching point of fuzzy differential equations
that is introduced by Bede [8].

References

[1] Allahviranloo, T., Ahmady, E., Ahmady, N., A
method for solving nth order fuzzy linear differential
equations, International Journal of Computer Math-
ematics, 86, 730-742 (2009).

[2] Allahviranloo, T., Ahmady, E., Ahmady, N., Nth-
order fuzzy linear differential equations, Information
sciences, 178, 1309-1324 (2008).

[3] Allahviranloo, T., Ahmady, E., Ahmady, N., Nu-
merical solution of fuzzy differential equations by
predictor-corrector method, Information sciences,
177, 1633-1647 (2007).

[4] Allahviranloo, T., Hooshangian, L., Fuzzy general-
ized H-differential and applications to fuzzy differen-
tial equations of second-order, Journal of Intelligent
and Fuzzy Systems, In press.

[6] Allahviranloo, T., Kiani, N., Barkhordari, N., To-
ward the existence and uniqueness of solution of sec-
ond order fuzzy differential equations, Information
sciences, 179, 1207-1215 (2009).

[6] Bede, B., Note on ”Numerical solution of fuzzy dif-
ferential equations by predictor-corrector method, In-
formation sciences, 178, 1917-1922, (2008).

[7] Bede, B., Rudas, I.J., Bencsik, A.L., First order lin-
ear fuzzy differential equations under generalizes dif-
ferentiability, Information Sciences, 177, 1648-1662,
(2007).

[8] Bede, B., Gal, S.G., Generalizations of differentiabil-
ity of fuzzy number value function with applications
to fuzzy differential equations, Fuzzy sets and sys-
tems, 151, 581-599 (2005).

[9] Buckley, J., Feuring, T., Jimenez-Gamero, M.D.,
Fuzzy differential equation, Fuzzy Sets and Systems,
110, 43-54 (2000).

[10] Chalco-Cano, Y., Roman-Flores, H., Fuzzy differ-
ential equations with generalized derivative, 27th
ANFIPS International Conference IEEE, 1016-1043
(2008).

[11] Chalco-Cano, Y., Roman-Flores, H., On new solu-
tions of fuzzy differential equations, Chaos Solitons
and Fractals, 38, 112-119 (2008).

[12] Chalco-Cano, Y., Roman-Flores, H.,
M.D.,
m—derivative for set-valued functions,
tion Science, 181, 2177-2188 (2011).

[13] Diamond, P., Brief note on the variation of constance

Jimenez-
Gamero, Generalized  derivative and

Informa-

formula for fuzzy differential equations, Fuzzy Sets
and Systems, 129, 65-71 (2002).

[14] Dubois, D., Prade, H., Theory and application, fuzzy
sets and systems, Academic Press, (1980).

[15] Kaleva, O., A note on fuzzy differential equations,
Nonlinear Analysis, 64, 895-900 (2006).

[16] Kaleva, O., Fuzzy differential equations, Fuzzy Sets
and Systems, 24, 301-317 (1987).

[17] Kauffman, A., Gupta, M.M., Introduction to Fuzzy
Arithmetic: Theory and Application, Van Nostrand
Reinhold, New York, (1991).

[18] Khastan, A., Nieto, J.J., A boundary value problem
for second order fuzzy differential equations, Nonlin-
ear analysis, 72, 3583-3593 (2010).

[19] Nieto, J.J., Lopez, R.R., Fuzzy differential system
under generalized metric space approach, Dynamic
System Application, 17, 1342-1357 (2008).

[20] Puri, M., Ralescu, D., Differential and fuzzy func-
tions, Mathematics Analysis and Applications, 91,
552-558 (1983).

[21] Salahshour, S., Nth order fuzzy differential equations
under generalized differentiability, Fuzzy sets valued
analysis systems, (2011).

[22] Siekalla, S., On the fuzzy initial value problem, Fuzzy
sets and systems, 24, 319-330 (1987).

[23] Stefanini, L., A generalization of Hukuhara difference
and division for interval and fuzzy arithmetics, Fuzzy
Sets and Systems, 161, 1564-1584 (2010).

[24] Stefanini, L., Bede, B., Generalized Hukuhara dif-
ferentiability of interval-valued functions and interval
differential equations, Nonlinear Analysis, 71, 1311-
1328 (2009).

[25] Zadeh, L.A., Fuzzy Sets, Information and Control, 8,
338-353 (1965).

[26] Zhang, D., Feng, W., Zhao, Y., Qiu, J., Global exis-
tence of solutions for fuzzy second order differential
equations under generalize H-differentiability, Com-
puters and Mathematics with Applications, 60, 1548-
1556 (2010).

[27] Zimmermann, H.J., Fuzzy sets theory and its applica-
tions, Kluwer Academic Press, Dordrecht, (1991).

Tofigh Allahviranoo,
Azad University, Science and Research Branch,
Tehran, Iran. Born in Khouy Iran 1970. He has
many articles in fuzzy and crisp applied mathe-

Professor of Islamic

matics and is famous in fuzzy mathematics.



A new method to find fuzzy nth order derivation and applications to fuzzy nth order ...

Laleh Hooshangian, Ph.D. Student of Islamic

Azad University, Science and Research Branch,
Tehran, Iran. Born in Ahvaz Iran 1982. She
s professor of Islamic Azad University, Dezful
branch. This paper is about his Ph.D thesis.

121



