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This work studies the existence of solutions and approximate controllability of
fractional integrodifferential systems with Riemann-Liouville derivatives and
with multiple delays in control. We establish suitable assumptions to prove
the existence of solutions. Controllability of the system is shown by assuming
a range condition on control operators and Lipschitz condition on non-linear
functions. We use the concepts of strongly continuous semigroup rather than
resolvent operators. Finally, an example is give to illustrate the theory.
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1. Introduction

There are many problems in which the current
rate of change of a function can be obtained from
the past values of that function. Time delay sys-
tems are mathematical models of these types of
problems. A system may have variable or con-
stants delays eithre in control action or in the
state variable or in both. Therefore it is rea-
sonable to study the existence or controllability
property of delay dynamical systems. Some of bi-
ological and physical systems having time delays
are population growth, prey predator problems,
mixing of liquids, equations having feedback con-
trol, etc.

In several biological, engineering and physical
problems, differential systems of fractional-order
are found to be suitable models. Therefore, in last
twenty years, they attracted more attention from
researchers. In fact, for the illustration of memory
and hereditary properties, fractional derivatives
provide a better instrument. For this reason, they
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have given a lot of applications in the areas of con-
trol theory, aerodynamics, viscoelasticity, physics,
electrodynamics of complex medium, heat con-
duction, electricity mechanics, etc. |[IH12]. For
the modeling of the anomalous phenomena in the
theory of complex systems as well as in nature,
systems of fractional-order became more appro-
priate and interesting [1,|13]. Therefore, to de-
scribe diffusion in media with fractal geometry,
the fractional diffusion equation was introduced
in physics by substituting the first-order deriva-
tive by a fractional derivative in classical diffusion
equation, which becomes appropriate for many
applications.

In some areas such as dynamics of nuclear reactor
and thermoelasticity, it is required to reflect the
memory effect of systems in their models. In the
modeling of these problems, if differential equa-
tions are utilized, which involve functions at any
given space and time, the effect of previous out-
comes is omitted. For this reason, to incorporate
the memory effect in these differential equations,
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a term of integration is introduced, which turns
to integrodifferential equation. The integrodiffer-
ential equations have given a huge applications
in mechanics, viscoelastic fluid dynamics, control
theory, thermoelastic contact, heat conduction, fi-
nancial mathematics, industrial mathematics, bi-
ological models, aerospace systems, chemical ki-
netics, etc. (see [15-21]).

The existence and controllability results for dif-
ferent types of linear and non-linear systems are
proved in many articles [14,20-34,36-42, 4451,
53]. Among them, approximate controllability of
fractional systems with Riemann-Liouville deriva-
tives was proved by Liu and Li [38] assuming
Lipschitz continuity. In [36], Zhu et al. ana-
lyzed the approximate controllability of fractional
semilinear systems using itegral contractor. Us-
ing fractional resolvent, Ji and Yang [21] ob-
tained the solution to fractional integrodifferential
systems with Riemann-Liouville derivatives with-
out assuming the Lipschitz condition. Ibrahim
et. al. [33] analyzed approximate controllability
of functional equations with Riemann-Liouville
derivative by applying iterative technique. Ap-
proximate controllability for higher order frac-
tional integrodifferential equation was discussed
by Raja et al. [52]. Making use of fractional
resolvent, existence and controllability of higher
order Riemann-liouville fractional equations were
derived in [35]. However, the controllability of
fractional integrodifferential equations with mul-
tiple delays in control is still an untreated topic.
Our purpose is to obtain a set of new sufficient
conditions for the existence and uniqueness of so-
lutions and approximate controllability of the fol-
lowing fractional integrodifferential systems:

Dy =( -l—ZBu

-l—f(tz fo tsz ds)
I 7 2(t) ‘tZO:yOEV, u():O, te

t € (0,h],
[_bﬂ’wo]a
(1)
where 0 < k < 1 < pk and Dy is the s-order
Riemann-Liouville derivative. The control u €
U = L,([0,h]; V'), the state z € Z = L,([0, A]; V),
where V' and V'’ are complete normed spaces. b;
j =0,1,2,...,m, are constant delays such that
0=0by < by <by <--- < by < h. The linear
operator A : D(A) C V — V generates a Cp-
semigroup 1'(t). B; : U — Z, j =0,1,2,...,m
are linear maps. f and £ are V-valued non-linear
functions defined on [0,7] x V x V and A x V| re-
spectively; where A = {(t1,t2) : 0 <9 < t; < h}.

The article is structured as follows: After intro-
duction, we have given the preliminaries in Sec-
tion 2. In Section 3, the existence and uniqueness
of solutions are proven. Controllability of the sys-
tem is shown in Section 4. Finally, an example is
given in Section 5.

2. Preliminaries

Definition 1. The Riemann-Liouville fractional
integral of order k is given by

IFo(t) = r(lﬂ)/o (t— s)"Lo(s)ds, >0,

where I' is the gamma function.

Definition 2. The Riemann-Liouville fractional
derivative of order k is given by

DEelt) = g g ], (= 9" e(s) ds.

where 1 + [k] = m.

Definition 3. The
E, () is given by

Mittag-Leffler  function

= F (kj + R)

For kK = 1, it is denoted by E(-).

Consider the complete normed space
C1-x([0,1); V) = { : t'"p(t) € C([0,h]; V)}

with the norm

sup {t'"[lo(t)llv},

t€[0,h]

where C([0,R]; V) is the set of V-valued continu-
ous functions defined on [0, i]. For Cy-semigroup
T'(t), we assume supycjoz [|7(¢)[| < Ar < o0.

Ileller . =

Definition 4. 138] A function =z €
C1—x([0,R]; V) is said to be a mild solution of

if
dﬂﬁ“%ﬁm+4@—@“l

k(t—s) (ZBusb

+fo@pA£@aaom§)d&
2)
—Ii/ V(0

() = 07 R, (19*%) :

K

where

T(t%0)dy
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Lo~ DGR+
wi(9) = - z; L] sin(jmk),
j:
0 < < oo.

Definition 5. The set given by
Riu(f) ={zu(h) €V :iuecU}
is called the reachable set of (1)), where z,(-) is the

mild solution of corresponding to u.

Definition 6. The system s said to be ap-
proximately controllable on [0, h] if Ry(f) = V.

Lemma 1. [3/] For every t € [0,00), Tk(t) is
continuous linear map such that

1T ()l < Iyl vV yeV.

AT
(k)
Lemma 2. [38] If the semigroup T(t) generated
by A is differentiable, then

(1) Tu(t)y e D(A) Yt>0andyeV;

(’LZ) Tﬁ<t1)TH(t2) = T,{(tg)TH(tl) YV ty,to > 0;
(i) DLy — o, (1) Ly 4 5 0y e V;

(1v) for any y € D(A), there is a ¢ € Z such
that f — 8)F AT (h — s)p(s) ds = y.

3. Existence and Uniqueness of Mild
Solution

To derive the existence result we assume the fol-
lowing:

(A1)

T'(t) is continuous with respect to opera-
tor norm for ¢ > 0.
(A2) there is a Ay > 0 satisfying
Hf(t7 Y1, yT) - f(tv Y2, y;)”
< Ar (lyr = w2ll + [yt — w3l

for all y;,y; €V, i =1,2,
(As) there is a p € Ly([0,A; R), and a A}, > 0

such that

15,5 < o) + Xt = (Il + 1y 1)

for a.e. t € [0,h] and y,y* €V,

(Ag) there is a A¢ > 0 verifying
”f(t, S, yl) - f(t, S, y2)|| < )‘§Hy1 - y2||

forall y1,y2 € V;

(As) there is a © € Ly([0, A];
1€(E, s, 9) || < ©(s)

for all (t,s) e Aand y € V.

R) verifying

Theorem 1. Suppose assumptions (A1)-(As) are
true. Then, for each w € U, the semilinear

system admits exactly one mild solution in

Cl—n([ov h]§ V)'

Proof. 1t is enough to prove that, the function
E:C1_x([0,h]; V) — C1_x([0, h]; V) defined by

Py _ k-1 ! _Sn—l
(E2)(t) = t T (t)yo + /0 (t—s)
w(t—s) (ZBus—b

+f<8,z(s),/0 £(s,§,z(§))d§>> ds,

has exactly one fixed point in C1_([0, i]; V). Due
to above assumptions, the function £ is well de-
fined.

Let z,2* € C1—x([0,R]; V). Then,

tRI(ER)() — (E27)(B)]

<thr /Ot (t — )" 1T (t — s)

- (f(az(s), / 5£<s,<,z<<>>d<)
—f(sz ) [ o0 ))'
oY

1-x _Snl 2*(s
< 2200 [ (Joto) - =0

ds

ATAf 1 ! -1 -1 s"
< —=t 7" t—s)" K Ae— | d
< T /0( s) A - s

AT ()T (5 + 1)t
KD(26 1 1) )

s (T(k)
N t (F(Qm) +

Nz =2 ley .
T'(r) AT Aeh
< Mtﬁ (1 + 5) Iz — 2%,

= I(2k) 2%
)

Repeating the above process, we can get

tHI(Em2)(2) — (€2 (D)

L(R)ATAL)™ s (T Agh
= T((n+ Dw) (1;[1 (H T

Az =2 ller
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r(s) (Aragh® (14 éﬁf))z

= L'((n+1)k) 2= llerr
Therefore,
€72 = &2 |y,
06 (rrrt (14 50))"
= (n+ 1)) R

We know that the Mittag-Lefller series

By ()\T)\fh” (1 + A;:))
- (ot (1+3))
T((i + Dr)

Therefore, for sufficiently large

i=0
is convergent.
value of n,

Oarsre (1+32))"
< .
L'((n+1)k) I'(k)
Thus, from Banach contraction principle £ has
exactly one fixed point in C1_. ([0, A]; V). O

4. Controllability analysis

Define the operator WU
given by

(U p(w))(t)

: Ci—x([0,R); V) — Z

Ao )

we Ci_g Oh]

and the bounded linear operator ® : Z — V given
by

h
P(w) = /0 (h—8)" T (h— s)w(s)ds, w e Z.

Remark 1. From Deﬁm’tz’on@ the system 18
approximately controllable if and only if for each
e>0and ay €V, there exists a control u. € U
such that the mild solution z. corresponding to u.
satisfies

(I)(\I/f 25

ZBUE

where § = 3 — " T, (R)yo

To prove the controllability of original system, we
assume the following:
(Ag) there is a Xf > 0 verifying
”f(ta Y1, ?JT) - f(t) Y2, y;)“
<At (lyn = w2l + [lvi
forall y;,y; €V, i =1,2;

— )

(A7) thereis a Xg > 0 verifying

||§(t,5,y1) - f(tvs’yQ)H < )‘fsl_KHyl - y2||
forall y; € V, i =1,2;
(Ag) for given € > 0 and a z € Z, we can get a
u € U such that

[®(2) — ®(Bou)|ly <€
and
| Boullz < Aollzllz,

where Ay is constant and it does not de-
pendent on z;
)\T/A\f)\o)\pfl(l-i-l/igﬁ?fﬁ)Eﬁ ()\T/th)

(AQ) 0 < F(K)—)\TXfXEﬁ:;_“K,_lEH (}\T/th) < 17
where \, = ppnill _E;
(A10) R(Bo) 2 R(B1) 2 -+ 2 R(By,), where R

stands for the range of operators.

Remark 2. Note that (A2) and (A4) are weaker
assumptions than (Ag) and (A7), respectively.
Thus, by Theorem the semilinear system
admits a unique solution in C1_.([0,h]; V) for
fized w € U if assumptions (A1), (As) and (As)-
(A7) are true.

We derive the following lemma:

Lemma 3. Under assumptions (A1), (As), (As)-
(A7) and (Ag) any mild solutions of satisfy
the following

(i
Iolley . < kiBe(ArX;h), e U,
(i0)

Hzl — ZQHCI_R < kQEK()\T}'\\fh)

> Bjuy(- — b))

Jj=0

—ZBjUQ('—bj) ,  up,ue € U,
§=0
where
A7 "
kq T(s) ol +)\p< ZBJU(' —b;) ;
7=0
+ H@\LP> W Nph? ™™ ”HGHLP
and
1-1
ey — ArApht P

T(K) = AP A AR k1B, (A\pAfh)
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Proof. Let z € C1_x([0, h]; V') be a mild solution

of for u € U, then

() =t Tt + [ (¢ sy
w(t—9) (Z Bju(

+ f<872(3)7/0 €(s,<,z(<))d§>> ds.

Therefore
|zl

t
< T (ol + £ /
0

w(t—9) (ZBus—b

+f<s,z(s),/0 f(s,g,z(g))dg))

t
lyoll + £ / (t— 5!
0

(t —s)"1

ds

( )

m

Z u(s — bj)

=0

<p<s> Xy ()
+ Nps' " /O @(§)d§> ds]
1
AT p—1 1-3
<
u )[HZ/oH (2=4)
1—1
ZBu (- — b)) +Hp||L,, B

£ [ —swldsuean

t
ds + 17" / (t—s)"t
0

+ X Rl ”/ (t— S)H_ISI_HHZ(S)”V ds]
0
)\T)\’fhlf”
['(k)

From Corollary 2 of [43], we obtain
28|y < kB (ArXgh).

Therefore,

<k +

12llcy- < F1Ex(ATA}h).

Next, let z; € C1_.([0, A]; V) be the mild solution

/ (t = )15 2(s) v ds.
0

of foru; € U, i=1,2. Then

) = 0+ [ (- o)

‘We have
|z (1) — 2a(8) v

)‘i 1-r ! _g)1
< F(K;)t [/0 (t ) 2

Z Bjul(s - bj)
- ZBju2(S — bj)
7=0

t
d5+/ (tfs)”_1
0

- ‘f(&m(s), [ eesan )
ds]

SICECY s Ery

ATAp iBjul(' b))
" &

—ZBqu(- — b))

t

1
Rie

—

Z " ['(k)

S— 1
|
N
o}

(1 — sy stn (nzl(s) ol
3¢ [ la) - 20 dc) ds

)\T)\p 1—-1 -
< 2T e = ST By (- — b))
F(Ii) JZ_;) J J
- AN 1
- ZBJW(' —bj)| + 7F(/<a§h1
J=0

. < / (¢ — ) 162 (s) — 2a(s)]| ds

t
+ )\5/ (t — S)H71ﬁ27ﬁ dS”Z1 — ZQ”CI_R>
0

)\T)\ 1 Ui
< 2Rl Biui(- —b
F(H) Jgo J ( ])
= ATAfAE 5
§=0

AP t
Ner = zlley + LAt / (t— 5)=!
0

-1 z1(s) — 22(s)ll ds.
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From Corollary 2 of [43], we obtain
"l z21(t) — 2()llv

< AT ZBul —b;)
T () 2
— ZB]‘UQ(‘ — bj) + )\fXghS K/i 1
J=0 Z
o1 = 2oller . | Ee(ArAsh).
Therefore,

21 — 22llcy_..

)\ 1
T Ap B ZB uy (-

— Z BjUQ —b + )\fX&hS K
j=0

21 = z2llon . | Ea(ArAsh).

This gives
21 — 22]lcy .
A AR5 B (A sh)
T'(k) — ArApAeh3 =k~ B, (Ap A sh)

ZB —bj) —ZBjuz(' —b;)
=0 j=0

(- =bj) = Y Bjua(- = bj)
=0
O

Theorem 2. Under assumptions (Al) (As) and
(A5)-(A10), the semilinear system is approx-
imately controllable if the semigroup T( ) is dif-
ferentiable.

Proof. First we prove that for each u* € U, there
is a u € U such that

Bou*<) = Bou() + Blu(- — bl)
+ -+ Bhu(- — bp). (3)
For this, set h = by, 41 and r = min{b; —b;_; : j =
1,2,...,m+1}. Since 0 =by < by < by < -+ <
by < b4 therefore for each bjiq there exist a

positive integer n; and a constant ¥; € [0,r) such
that bj41 = b +n;r +9;, j = 1,2,...,m. For

t € [0,b1], we have

Bou*(-) — Biu(- —b1) — -+ — Bpu(- — by)

= Bou*(-).
Take u(t) = u*(t) for t € [0,b1]. Fort € (b1, b1 +7],
we have (¢t —b1) € (0,7] C (0,b;] and

Bou*(-) — Byu(- — b1) — - -+ — Bpu(- — by)

= Bou*(-) = Biu*(- — b1) = Bouu1(+)(say),

where wuj1(-) is known.
te (bl,bl + T'].

Now, if t € (by+7r,b1+2r], then (t—by1) € (r,2r] C
(0,61 + 7] and u(- — by) is known. Therefore, in
this case

Take u(t) = wuq1(t) for

B(]u*() — Blu(- — bl) — s — Bmu( — bm)
= Bou*() — Blu(- — bl) = BoU12(~)(8ay),
where wuja(+) is known. Take u(t) = wuja(t)

for t € (by + r,by + 2r]. Similarly, we can
find wis(-),u14(+), ..., uin, () for the intervals
(b1+2r,bl+37’], (bl + 3r, by +4r],...,(b1+(n1 —
1)r,by + nyr]; respectively. If ¢¥; > 0, then
we can also find u,;7(-) for the next interval
(b1 + nyr, by + nyr + 91]. Thus u(+) is completely
known for ¢ € (b, b1 +nir+v1] = (b1, be]. Denote
u(-) by ui(-) for t € (b, ba].
Repeating the above process,
tain  ua(-),us(-),...,um(-) for the intervals
(ba, bs], (b3, ba], .., (b, bint1]; respectively.
Hence the control function u(-) € U, given by

one can ob-

*(t t b1l;
u(t) _ u ( )7 € [07 1]7 .
u](t)v te(bjabj—i-l]a ]:1727"'am
is completely known and it satisfies
Bou*() - Blu(- - bl) — = Bmu( - bm)

Next, we prove that D(A) C PRy(f), that is, for
any ¢ > 0 and y € D(A), we are able to find a
control u. € U satisfying

ZB Ue (-
v

where y = y— h“_lTN(h)yo and z.(t) = z,_(t). By
Lemma 2] there is a p € Z such that ®(p) = 3.
Let € > 0 be given and vy € U. Then by assump-
tion (Ag) and (3)), there is a control vy € U such
that

(ID(\I/f ZE - <e

)

— D(Ty(21)) ZB va (- = by) S%,

v
where z1(t) = zy,(t). Denote z3(t) = zy,(t), in
view of (Ag) and (3), there is a control wy € U
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such that
(W y(z2) — ¥y(z1))
—(I)(Zijg(-—bj)> S%
Jj=0 1%
and
Zijzo —b;)
- z
< Ao |Wp(z2) — Vg2 HZ
:)\0[/0' <t22 £t§z2 )
—f <t72’1(t),/Oti(t,cm(c))dc) idtr

=N h
< Mok [ /0 (t”an(t) —a()]

~ t p
+ At " / <1‘”||22(<)—21(<)||d<> dt]
0

- n ~ P v
<oty ([ 70 @) s
0
~ 1 ~
= oAsho (1 + )\ghQ_“) 2o — 21llcy

< oAt (14 Xeh* ™) kB (ArAsh)

> Bjui(- = bj) = Y Bjua(- = by)
=0 =0

RS

Z
A AN (1 4+ Aeh? ) B (Arsh)
D(k) = AA AR F R LE, (ArA sh)
Y Bjui(-—bj) = > Bjva(- = b))
§=0 =0 P
Now, if we define
Ug(t) = Ug(t) — (,UQ(t), vg € U,
then
— (Vs (29)) ZB v3(-
”
<7 — (W) — @ Bjva(- — b)
j=0

J= Vv

+ (| ®(Tf(22) — T p(21))

- q’(in:ijz(' - bj))
=0
< <312 + 313> 5

By inductions, we get a sequence {v,} in U satis-
fying

\%

Y—(Vy(zn)) ZB Un1 (-
v
1 1 1
wtmt o ta)e
where z,(t) = z,, (t), and
ZBJ‘%H(' —bj) - Z Bjun(- — b))
5=0 §=0 p
)\T)\f)\o/\ B (14Xl Ex(Arsh)
( ) >\T>\f)\§h3 k—1E, (/\T/\fh)
ZBj”n<' —bj) — Zijn—l(' b))
j=0 =0 7

which shows that the sequence

m
> Bjvn(-—bj)in=12,...
=0

is Cauchy in Z. Since Z

is complete and ® is bounded therefore, the se-
quence

n=12,...

Z Bjun(- = bj)
=0

is Cauchy in V. Thus, we can get a ng € N such
that

Now,
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y— (I)(\ij Zno

(o)

v

< ||y — (¥ (2n))

m
+ @(ZB]-UW( bn)
7=0
m
o 3" By bj>)
Jj=0 v
< 1 1 1 £
=~ 3*2+?+ ”+3n0+1 5+3

As D(A) is dense in V therefore, Ry(f) =V. O

5. Example

For x € [0, 7], consider the system with the given
boundary condition

Dtgz(t,x)zaa—;z(t,xwrzut—b
0
—i—f(tzta: ), Jo &( tsz(sfx))ds) 0<t<l,
Ifz :Jc‘tzo yo(x),u(t) = —by, <t <0,
z(t,O):z(t,ﬂ)—O, 0<t<1,
(4)
where 0 =bg < by < --- < by, < 1.

Take V =V’ =
given by

Ly[0,7] and A: D(A) CV -V

AY = Yaz
with the domain
D(A) ={yeV:y v

and y, € V, y(0) =0 =y(m)}.
Then, A has the spectral representation

o0

Ay=> (-

n=1

are absolutely continuous

n2) (Y, qn)an, y € D(A),

which generates a semigroup T'(t) given by

Z exp(—

Y, n)gn, yEV

with
IT(8)]] < exp(—1) < 1;
where ¢, () = \/g sin nz are eigen functions of A

associated with the eigenvalues A, = —n?, n € N
and the set {g, : n € N} form an orthonormal

basis for V.
If we take

t
2t x) = s, 2(s,2)) ds
() = [ elt.5.25.2)
and

f(t z(t,x), 2" (¢, ))

=f <t,z(t,a:),/Otg(t,s,z(s,x))ds)

t
= (1 +t2) + kot™ (z(t, z) + / ki (82 4 s%) s™
0

- cos(ts) cos(1 + z(s, x)) ds),

where

&(t, s, 2(s,2)) = ky (t2 + 52) s cos(ts) cos(1+2(s, z))
and a; > 1 —k, i = 0,1. Then (As), (A43) and
(Ag) are satisfied with A\ = X = Ay = [kol.
Also, the conditions (A4) and (A7) are satisfied
with A\e = A¢ = 4[kq].

Now,

et 5, 205, D < [l (14 87) 5™

= O(s) € Ly([0,1];R™T).

Hence (As) is satisfied. If we choose the constants
ko and kq small enough so that (Ag) is satisfied,
then from Theorem [2| the approximate controlla-
bility of follows.
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