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1. Introduction acknowledge the need for exact solutions. How-
ever, it was also recently reported that certain
of these differential equations may not be able

Systems of nonlinear ordinary differential and in- accurately depict complicated processes with

tegral equations make up a significant class of  crogsover tendencies when only utilizing a sin-

nonlinear equations because they have been dis- gle differential operator. A notion known as the

covered to be effective at simulating challenging  piecewise differential operator was proposed as a

real-world issues that come up in various branches  ¢olution and successfully applied in various signifi-

of science, technology, and engineering [1H10]. We  cant applications [11,{12]. In this study, we intend
will emphasize that a variety of differential op-  {o investigate a model that has been studied in
erators, including the most recent one proposed 5 pumber of significant works a modified system
in the literature, piecewise derivatives, fractional of nonlinear equations. Following that, we’ll use

derivatives, and classical derivatives, have been yarious differential operator types and offer some
employed to reflect the intricacies of nature. In  pymerical and stability analyses.

fact, no viable analytical solution that can be
solved analytically has been proposed in recent
years. Therefore, to arrive at numerical solu-
tions to these nonlinear systems of equations, re- In this section, we summarized some basic frac-
searchers frequently used numerical techniques. tional order definitions in the next section [11}13]
Conditions do exist, nevertheless, in which they |14].

2. Definitions of derivatives

*Corresponding Author
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Definition 1. Caputo fractional derivative of or-
der vy > 0 of a function f : (0,00) — R, according
to Caputo, the fractional derivative of a continu-
ous and differentiable function f is given as :

°DLI) = ey [ -
0

where 0 < v < 1.

Definition 2. Let f be differentiable, then a
piece-wise derivative with classical and fractional
derivative with power-law kernel is given as

L e, ()

£ (),
SDYf(1),

FO<t<t
ifty <t<T
(2)

geps) = {

where FCD] represents classical derivative on
0 <t <ty and Caputo fractional derivative on
t1 <t <T.

Definition 3. The Riemann-Liouville fractional
integral of order v > 0 of a function f : (0,00) —
R, according to Riemann-Liouville, the fractional
integral is considered as anti-fractional derivative
of a function f is :

t
I f(t) I}/}—xV*f r)dzr, x>0. (3)

Definition 4. Let f be continuous and v > 0
then a piece-wise integral of f is given as

f(r)dr, fO<t<t

—

PRI F(t) =

’—J‘ o

(4)
where PPLJ) f(t) represents classical integral on
0 <t <ty and the integral with power-law kernel
ont; <t <T.

3. Model derivation

Fractional order models are very important for
studying natural problems. It is well known that
the nature of the trajectory of the fractional or-
der derivatives is non-local, which describes that
the fractional order derivative has a memory ef-
fect, meaning that the future states depend on the
present as well as the past states. With this mo-
tivation in 2012, Ozalp and Koca have considered
Barley and Cherifs deterministic model as frac-
tional order dynamic |15,|16]. In this work, we

. :
fth’Ylf (r)dr, ift1 <t<T
1

extended the fractional-order nonlinear model by
adding Az3 and A\z? factors where A is 1 or 0. We
find these components sufficient to make relevant
practical conclusions. The model can be more
complex later, once that is shown to be necessary.
With these assumptions, the complete model is
given as

(D (t) = —arwy + Brag — Prexs
+ A3, 0<a<l
gD?@(t) = —aomy + Boxy — Poexd + Aai,

.1‘1(0) =0 s .1’2(0) =0.

Positive values for the model show positive con-
scious experience, while negative values show neg-
ative conscious experience. Other parameters are
oblivion, reaction, and attraction constants. Sto-
chastic modeling is used in many places, from sta-
tistics to biology, from economics to physics. We
know that deterministic modeling is predictable,
so we know the future for sure, while stochastic
modeling is random, so we cannot predict the fu-
ture for sure. So we say that stochastic models
can give rise to deterministic behavior. In par-
ticular, we can construct a sequence of models
with a decreasing level of detail, from a determin-
istic model to a stochastic model or vice versa.
Stochastic modeling is random in nature, and un-
certain factors are included in the model. So in
this paper with a numerical part, we will con-
sider the fractional-order deterministic interac-
tion model as a fractional order stochastic model
with an added noise piece.

dz1(t) = (—arz1 + Brag — Brexs + Az3) dt
+ leldBl(t), (6)
dxo(t) = (—ag:zg + Boxy — Bgesc‘i’ + )\a:%) dt

+ o9x2dBs(t),

We believe that this nonlinear stochastic model
will explain the stochastic rates and factors (eco-
logical, historical, cultural and community condi-
tions) better than its deterministic version

4. Chaotic number for modified
nonlinear model

The concept of mathematical modeling is used to
analyze the between at least two variables. Peo-
ple who are in communication are aware of each
other, and their connection with each other is con-
scious. In this section, we search for the chaotic
number (Cp), which has been worked on by some
researchers recently [17]. So we can have an idea
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about the future of communication. The function
F will be obtained from the nonlinear part of the
model, and the function V will be obtained from
the linear part of the model. Here we recall our
nonlinear model including classical derivative.

dxq(t
:Eallt( ) = —ox1 + PBrao — ﬁlsx% + )\xg,

dxo(t (M)
pra —Qox9 + Pox1 — Bgax:{’ + )\x%,

with initial conditions z1(0) = 0 and z2(0) = 0.
We note that in analysis we take A = 1.

To begin, we divide the system into two sections.

[”fl]—f—v. (8)

x2

Here f is given as

fe [ —616$%+x§ } ()

—5261':1)’ + x%

and v is given as

v = [ oy = iy } . (10)

Ty — P21

Let us take partial derivatives of f and v then we
get F' and V which are given as below

F— 0 —361€x% + 2x9
| —3Bex? + 214 0
(11)

and

ar —p
V_[—52 s ] (12)
To obtain Chaotic number (Cj), we have to cal-
culate Ng = F.V~! matrice which is named as
Next-Generation matrix of the system. Then (Cp)
will be obtained from the spectral radius of the
matrix of Ng.

First, we need to calculate V=1 If V is

V= |: 6132 ;fl :| ) (13)
then
-1 1 az P
Vo= arag — P12 [ B2 ay ] ' 1)

So we get

_ 0 —3P1ex2 + 2z
1 _ 1 2 2
EV = [ —3B9ex? + 211 0 }
g B1
% [ a1a2ﬁ—26162 041042a—13162 ]
arae—P182 araz—PF182
(15)
Ba(—3B1ex3+2x2) o (—3Biexd+2xo)
-1 _ aras—P182 aroe—fF182
rv - az(—362€z%+2x1> ,81(—3ﬂ2833%+2l‘1)
arae—pF182 arae—PF182
Now we calculate the eigenvalues by solving
det (FV™' = AI) =0, (16)
so we get
det (F.V™1 = \I)
ﬁ2(—35161?§+2w2) 2 al(—35181’§+2$2)
— det araz—P31 582 araz—P1 B2
ag(—3Baex?+211) Bi(—3P2cai+2a1) A\
araz—PB182 arag—PF182
(17)
Here we need simplification as
i, = —3Pext + 2y,
ly = —3516.7}% + 2x9, (18)
k= oo — B15a.

So start from forming a new matrix by subtract-
ing A from the diagonal entries of the given matrix
we have

. Bala _ yailp
det (F.V™" = AI) = det| k. sy | =
(Bl Bl ajaslaly
(5 ) (5 ) - o
l l lol
=0 (B B) - s =

(19)
We can have two roots from the last equality

A\ = Brli+B2la++/ B33 —2lal1 B1 Ba+darazlali +53213
1 200 2—05182

(20)
and

\, = BilitBala—y/BEE—2lsli 1 fa+Aar aslshi+6315
2 20c102— 152 :
(21)

We know that the maximum eigenvalue is the
spectral radius of the matrix, so the chaotic num-
ber is found for this model as
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Cy = Birli+Bala++/ B33 21211 B1 B2 +4a anlali +6313

2001 a2 —[31 B2
(22)

5. Global stability results for nonlinear
model

Explicit solutions to a given differential equation
are often difficult to find. In such cases, trying to
understand how the solutions of the system be-
have as time goes to infinity can give a lot of in-
formation about the system. Equilibrium points
are very important for systems because all solu-
tions converge on these fixed points. To achieve
this, we can use the Lyapunov method, which was
introduced by Aleksandr Mikhailovich Lyapunov
in 1982. So here, the Lyapunov function theory
will be used to investigate the global stability of
the system. Let us consider the model again.

dzxq(t
c;t( = —ayx1 + Bixg — Prexs + a3,
(23)
dza(t) 3, .2
T —axo + [oxy — ,32€:E1 + 7,

with initial conditions z1(0) = 0 and x2(0) = 0.

Theorem 1. If Cy > 1, the equilibrium point of
model E*(x7, x3) is globally asymptotically stable.

Proof. We prove this using the idea of the Lya-
punov function. We start by defining the Lya-
punov function associated with the system as be-
low:

x*
L(E*(27,25)) = (xl — ] + z7log xl>
D

* * I’;
+ | z2 — x5+ 2x5log—= ).
T2

By the derivative of Lyapunov function with re-
spect to t, we get

dL(t) _ (z1—x7]\ dzi(t)
dt 1 dt

(25)

Now we put values in the above equation for
derivatives

dL(t) ] 3., .2
— = <1 - 331> (—onzy + Brag — Brewsy + a3)

x*
+ < — 2) (—042562 + Box1 — 626.113:{) + x%) .

2
(26)

xo—x5 \ dza(t)
+ ( 2:L‘2 2) 575 :

Now we divide all items into positive and negative
parts,

dL(t)
—=1;—-L 27
o 1 — Lo, (27)
Here
¥ Brexs
Ly = Bixo + 23 4+ 2501 + % + Bowy + a2
1
* 3
ooy + 20250
1)
_ 3 | TP
L2 = 171 + 6151‘2 + -
1
¥ x4 8o xir?
T+ T 4 gy fpead 4+ TRRTL | THN
T €2 T2
(28)
Therefore if
dL(t
L1 — Ly > 0 then d1(f) > 0,
dL(t
Ly — Ly =0 then di ) _ 0, (29)
dL(t
L1 — Ly < 0 then ()<0.
dt
O

5.1. Second derivative of Lyapunov

The Lyapunov function is used for reporting the
global stability of systems. The sign of the first
derivative of the Lyapunov function may not be
enough to say whether we are talking about the
local maximum or the local minimum. So we can
proceed with analysis to determine the sign of the
second derivative of the Lyapunov function. With
the following inequality, we obtain the second de-
rivative of the Lyapunov function for our model:

% <%t)):% ((11;1) da;;t(t) . (w;zxz) dx;t(t)>’

, 2 , 2
o E * ﬂ * xl*m;{ dle(t)
_(ml) " (“) I2+( @1 ) 2

N (M) d%xy(t)

X9 dt2

(30)

Here we need first and second-order derivative
counterparts of equations.

drq(t
z1(t) = —auz1 + P — Breas + x5,

dt
dxo(t
Ld2t( ) = —xy 4 Boxy — Boexd 4 22,
dzl‘l(t) dl‘l(t) dl’z(t) ZdIQ(t) dl‘Q(t)
T Mg A T e
d2.'L'2 (t) dzo(t) dxi(t) o dxy (t) dzi(t)
@ - a g g "
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If we arrange the last two derivatives

d2$1(t)

y I ?ry + a1 frexy + Bifawy + Pt + 3Preanry

+ 301 Ba’ x50t + 2Bowi g + 2w00
— (a1P172 + 123 + Bragwa + B1Pecx’ + 3B1 Pacrian
+3Brexiat + 2000] + 222 fheat),
(32)
and

dZ.IQ(t)

proa a%xg + Oégﬂz&l‘? + B1Paxs + 52x§ + 36250413::1]’

+ 3[))1/32621’%.1‘3 + 2xox1 51 + 2.731.7,‘%
— (a2Bax1 + ] + Baciwy + B facah + 3B1Pacaimy
+ 3Bsex3a? + 20123 + 231 frex).

(33)
Let us consider
Enlt) _ Ly (34)
dt2 - 1 27
d%zo(t)
=B Bs.
72 1+ b2

Here Ay and B; are positive part and taken as

A = a%xl + Ozlﬁlf.’ﬂg + B1Box1 + 5133% + 3ﬂ16a2$g
+3ﬁ1B262x%x? + 2P0 + 21‘213%,
By = o3x2 + asfoctt + B1Boxa + Paxy + 3Pocanzi

+351ﬂ282x%x§ + 2x9x1 81 + 21‘11?%
(35)
and As and By are negative part and taken as

Ay = —(aaBoxy + ana? + Baarzy + Bifecxs + 3P1 Pocains
+3p1ex307 + 20923 + 219 B0ex),
By = —(agfaxy + ana? + Pacr + Bifecal + 3P1 fecainy
+3Poexdat + 20122 + 231 Brex).
(36)
So we have
/ 2 / 2
d*L(t) x . T
= — | 21+ = | 25 37
dt? 1 1 2 2 (37)

Ty Ty
+A; + Ay — ;1141 - =LA,
1

T
s s

+B1 + By — 7231 — 72_82.
) T2

Now we divide normalsize all items with positive
and negative parts

d2L(t)
dt?

=By — By, (38)

185

Here the positive part of equality is given as

’ 2 / 2
P = (ﬁ) o+ <I§> a5+ Ay + By + T Ay + 2B,

x x

(39)
and the negative part of equality is given as
dy = Ay + By — ﬁAl - @Bl. (40)
1 2
Therefore if
d?L(t
$; — Py > 0 then dtg ) > 0,
d2L(t
®; — P9 =0th =0 41
1 2 en dtz y ( )
2L(t)
®; — &y < 0 then 72 < 0.

6. Existence and uniqueness of system
solution

In the last past years, several authors have de-
voted their attention to developing conditions un-
der which nonlinear differential equations admit
unique solutions, in particular for the case of clas-
sical derivatives. Several extensions have been
done within the framework of fractional deriva-
tion with singular and non-singular kernels. We
shall state one of the important on here, which
will be used.

Theorem 2. Let Iy =

IxXR— R
(ty)— fty)
fory € R and y — f(t,y) is continuous for each

t € Ir. If there exists on M € L? [Ir, R) such that

[0,T], the function f :
is such that, f(t,y) is measurable

)P <M (1+1y) ¥ty) € Ir x R (42)

then there exists a continuous u(t) such that

u(t) = /f(r,u(T))dT. (43)
0

If in addition, one have

ft,y) — ft.9)| < K|y—7]°, Vy,g€ R (44)

then the solution is unique.

Indeed the existence can be achieved via se-
quence by constructing the Picard, Tonelli other
sequences [18,|19]. The main task is to show
that under the above condition, the sequence is
equicontinuous uniformly and bounded uniformly.
The Peano-Cauchy theorem helps us to secure the
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existence |20]. The Gronwall inequality helps us
obtain uniqueness within the framework of frac-
tional calculus, there is an extra condition on the
fractional order. It’s required that a > % since

1
I'(a)

(t =) 72| f (ry(n) | dr

t

(VAN
)1
Do
—| =
£
o\ﬁ o\& O\_,u

w00 [t ar
t2a71 ’ 9
< 2a—D2(a) 1 Coy (O Z2p0,77

Thus o > %

The existence and uniqueness of the solution of a
differential equation are the most important parts
of the theory of differential equations. There are
various proofs on this subject. Here we will do our
proof by obtaining the necessary conditions via
Linear growth and Lipschitz for our model [21].

dzq(t
1‘;75() = —aizy + frao — Prexs + 13, (46)
dxo(t

mth( ) = —owg + fory — Pocxi + 2,

with initial conditions z1(0) = 0 and x2(0) = 0.
Let us find the necessary conditions for the exis-
tence and uniqueness, we must prove that V [0, 71]
and fi(z1,x2) for i = 1,2 satisfy

1)Linear growth condition

[filza )] < si(L+|ail?) fori=1,2.  (47)

2)The Lipschitz condition
| fi(wirt) = fi(@i, t)|* <5l —z* fori=1,2.
(48)

Now we define the norm |[|¢|| ., = sup |¢(t)|. Now
teD,

we put the existence and uniqueness of the solu-
tion for [0,77]. For [0,T1], there exist 2 positive
constant My and My < oo such that

71l < M,
172l < Mo

(49)

Let us write the system as below:

{ 3;1=f1(1’17x2)’ 1f0§t§T1 (50)

Ty = fa(x1,22),
For proof, we consider the function

2
|f1 (1, 22)|* = |—on@y + Pras — Preal + 23|,
< 4@% |501|2 + 45% |502|2
+ 45%52 ’x§|2 +4 |x%|2

<daf |z + 457 sup |zo/?
te[0,71]

2 2
+4p3¢% sup |x§" +4 sup ’x%‘
t€[0,11] te[0,11]

< 402 112 + 482 |mal 2 + 48262 |23
43|
< 4B2 |22, +483E2 | 23|

4317, %

2
oo

40 | |?
1+ 2 2 2.9 |[..3]2 2|2
AB7 llall5 + 4872 |23, + 4 [|l23]|,
< si(14 |z (8))?)
(51)

Here
51 = 467 ||za|% + 4827 |23 + 4232, (52)

and under the condition that

aj
<1, (53)
2 2 )
B? w25 + B2 [, + N3],
then we have
f1 (1, 22)]* < s1(1+ |21 (2)]). (54)

Using the same routine

2

I

|f2 (x1,1'2)|2 = |_CK2(E2 —+ /BZ‘TI — 5251-? + IL'%

2 2
< 402 |x2|2 +4p2 \x1|2 + 4f3¢2 }x:{” +4 }z%

<402 |zo* + 462 sup |z1)?
t€[0,11]

+ 4p3¢% sup |x:f|2+4 sup |x¥ ?
te[0,11] te[0,11]

< dad [raf? + 483 |, + 45 |17,

+4l1%

<483 ||er |2 +483¢% 1232, +4 23] %, x

4a%|x2|2
1+ 2 2 2.2 [|,.3]|2 2|2
403 |l + 4872 |23, + 4|23,
< sp(1+ |wa(t))
(55)
Here
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52 = 483 || + 483> 37, + 4 [ 2], (56)

and under the condition

o

B3 s + B2 [l 5 + 131,

(57)

Therefore the condition of linear growth is verified
if
of

BRlealZ 485 |o3] 2+ 117,
o

< 1. (58)

max

2 2 2
Billza |5 +87e2 |23 |, + |23 ]|,

The first part of proof is completed. Now we have
to verify Lipschitz condition for equations. If we
have Vx1,7; € R? and t € [0,T1], for the function
fi (1, 22),

(59)

a% ’1‘1 _fl|a

|f1 (x1,22) — f1 (ZT1, 72)]

<
<5 |x1 — 7.

If we have Vao,To € R? and t € [0,7}] for the
function f3 (21, x2),

|fa (@1, 22) = f2 (21,72)] (60)

We verified the Lipschitz condition, which com-
pletes the proof.
Finally, we consider the following fractional order
model as below;

LDfxy(t) = fi(t,aa(t), ft>0 (61)
(o Dfa(t) = fo (8, wa(t)),
xl(to) = 10, 1‘2(t0) = I20 if t =0.
We can write the system above as
GDIX(t) = F(t,X(1), (62)
X(tO) = X07
where
_ =), _ ) zi(to),
X(t)—{ QTQ(t) ) X(tO)—{ Q(to)

Now applying the fractional integral on both sides

X(t) = F(la)/F(T,X(T))(t—T)a—ldT. (64)
0

At the previous section we showed that
fi(t,z1(t)) and fo (t,22(t)) satisfy the Lipschitz
condition and are bounded in [a, b] . Using the Pi-
card iteration for above , then we have that

Xpia(t) = F(la) / F (7, Xo(7)) (£ — 1) dr.

to

(65)

For the existence theory, we define Banach space
® = X x X where X = C[0,T;] under the follow-
ing norm

11 = max [21(2), 22()] (66)
»41
So we have
L
_ - _ ya—1
Xl = e |roes [ P (r X)) (=) ar
to
.
< - _ \a—1
< g [0 XD = e
to
_ s+ Xal) (= t0)°
- T () a
(67)
So we have that Vt € [a, b]
s (14 [1Xal) a
< 27 Tl oy
But Vn > 0, 3¢ € [xo — ¢, xo + ¢ then
s (1+ 1 Xal) a
—(b—1
T (CY + 1) ( 0) <g,
1
I'(a+1) > «
< ( tto.
s (1 4[| Xnl])
(69)

Under the above condition X, (t) for n > 0 is uni-
formly bounded and well-defined. For equiconti-
nuity of X, let us take t; < to < 17, then consider

[ Xn(t1) = Xn(t2)]]
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1 f F (7, Xnoa(7)) (= 7)*dr

T T(a) " :f F (. Xos(r) (ta — 117V
fF (7. Xooa(7)) (01 = 1) dr

- ﬁ e ‘:fF (1, Xn1(7)) (t2 = )V dr

7 N -
<wt/||F(T,Xn_1(7'))||{(t1_7_) 1—(752—7—) l}dr

t1
1 . a—1
e / IF (7, X a (M) (1 =) dr

SQENX) f (= t0)* (2= t0)* (11— 1)
T i .
s QA [ Xall) [ (11— 12)"

i

: % {0 = 10)" = (12 = 10)"}. .

Noting that the (t —tg)® is differentiable, by the
Mean Value theorem we can find ¢ € [ty — to, t2 —
to] such that

a(c—1t0)* "t —ta) = (t1 — t0)™ — (ta — to)* .
(71)

So we have

14X, o
||Xn(t1) - Xn(tQ)” S wa (C - to) 1 (tl — tg)

s (1 + || Xnll) a1

<e
(72)
then Ve > 0, we must find 39 > 0 such that
r

el (o) (73)

< —.
s (1 +[|Xnl]) a(c—to)

So under the condition above X, () is uniformly
equicontinuous.

Beside the Caratheodory principle verified above,
one can demonstrate the existence and uniqueness
of the system solutions of the considered system.

We have that

6 Dfwi(t) = fi(t,i(t), ift>0

§ DR za(t) = fo (t,22(t)) -

(74)

It is sufficient to show that V¢ € I, = [0,b] the
associate Jacobian matrix is differentiable contin-
uous. The Jacobian associated to this system is
given as

B1— 3551?6% + 2Xxo
—ay

—aq

I w2) = B2 — 3efBox? + 211

(75)

The above is continuous for V (z,y) which com-
pletes the proof.

7. Model with piecewise concept

It indeed above model can be used to replicate
some interpersonal interaction, one will notice
that the current mathematical model show only
one process, for example with the Caputo one can
only describe the relation following the power-law
behavior. Whereas in normal situations, inter-
personal interaction undergoes piecewise behav-
iors, where the relation change as function of time
in the case of ordinary differential equation and
space time in the case of partial differential equa-
tion. In this section, we shall consider the model
with two to three processes, including classical
behaviors, then power law behaviors or power
law and stochastic with piecewise idea [11]. In
these cases, the following mathematical systems
are constructed

dxq(t .
x;t( ) = —aq1x1 + Pfr1xo — 6151‘3 + /\LE%, fo<t<ty
dxa(t
;t( ) _ —amy + Pamy — Paca} + Aaf,
tCI'Dtaitl(t) = —aq1x1 + Prxo — ﬁ1€I§ + )\1‘%, ifty <t<T
tha@(t) = —agx2 + P21 — [32596:1)’ + )xx%,
(76)
or
dxq(t
xét( ) =~z + frog — Prexs + A, if 0 <t <t
dxo(t
jt( ) = —agxy + faxy — et + Aa?,
dl‘l(t) = (—Ozl.fl + [ixg — 516%% + /\x%) dt + Ull'ldBl(t),
ift; <t<T
d$2(t) = (70(2.1'2 + Boxy1 — ﬁQEl’? + )\1’%) dt + O’QSUQdBQ(i’).

(77)

Obviously the above system can not be solved an-
alytically indeed due to non linearity, therefore we
will present some existence and uniqueness con-
ditions for the two systems. Indeed by putting
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dz(t
x;t() = fl(t,fEl,.TQ), lfogtgtl
dzo(t
x2() - fQ(t,Qfl,LL'Q), (78)
dt
IDxi(t) = fi(t,wr,we),iftg <t <T
CDfwa(t) = fa(t a1, 32).

The following Picard system of sequence can be
defined

t

ZTint1(t) —$1(0)+/f1 (T, Z1n, T2n) dr, 0 <t <ty

0
t

Ton41(t) = x2(0) + /f2 (T, %10, T2p) dr,

t
ZTing1(t) = z1(t1) + / (t;(Ta)fl (T, Z1n, T2p) dT,

t1
ifty <t <T

f2 (7—3 Tin, .’,Ugn) dT:
(79)
and

ZTip41(t) :$1(0)+/f1 (T, @1n, T2p) dr, if 0 <t <ty

0
t

Ton41(t) = 22(0) +/f2 (T, T1n, T2n) dT,
0
t

t
$1n+1(t)—$1(t1)+/f1 (T, T1n, Ton dT+01/I ndB1(t),
i1 t1

ifty <t <T
t t
$2n+1(t) = J}Q(tl) + /f2 (7‘7 T1n, l’gn) dr + O‘Q/.Z'QndBQ(t),
t1 t1
ift; <t <T.
(80)

The above sequences are Picard sequences that in-
deed satisfying indeed under some conditions uni-
form equicontinuity and bounded, this lead to the
existence of a unique system of solutions. The de-
tailed proof will not be presented here. However,
a numerical scheme will be used to solve numer-
ically the above equation. For the classical case,
we shall adopt Heun’s method

189

%ln-&-l =Tip + h [fl (tn> Lin, x?n)] )

52n+1 =Zop +h [f2 (t'm Tln, xQn)] 5
h ~ ~
Tin+1l = T1in + 5 [fl (tn7xln7-r2n) + fl (tn+17x1n+l7x2n+l)} )

Top+1 = Tan + 5 [f2 (tns @1n, T2n) + fo (tng1s Ting1, Tans1)]

(81)

replacing Z1,4+1 and To,41, we get
Tint1 = Tin + §[f1 (tna T1n, x2n)

+ fl (tn—l—la Tin + hfl (tn, T1n, x2n))]a
Ton41 = Top + §[f2 (tna T1in, 372n)

+ f2 (tn—l—l, Ton + hf2 (tn, Lin, x2n))]

For the Caputo type, to avoid confusion, we define

z1(tnt1) = Tint1, (82)
T2(thy1) = Tang1,

r1(to) = @10,

za(to) = 20

oot
Tinyl = T10 + 57—~ Z/ fir (7, @1, 9) (taga — 1),
I'(«) 4 t
Jj=0""
n tJ+1 .
Ton4+1 = 220 + Z/ 7’ T, T2 (tn+1 — 7') dT7
] =07t
ot
Tin+1 = [f1 (5, 215, T25)

—0 7t

+ fi (1, w11, 22541)) (bngr — 7)07 " dr,
1 n i1
MZ/ [f2 (tj, 215, 225)
j=0"%

+ fo (tjs1, @1j41, 02541)] (tngpr — 7)° L dr

Ton+1 = T20 +

(83)
he n—1
Pl =30+ GEe gy ];O [f1 (5, @15, 225) + f1 (41, @154, T241)]
{n=d+1)%=(n—4)"
he - -
+ m [fl (tn,vl'ln’ IZ’H,) + fl (tn+1a Tin+1, x2w,+1)] 5
he n—1

Tony1 = T20 + TarD go [f2 (tj, 215, 25) + fo (tj1, T1js1, T2j41)]

J
{(n—=7+1)% = (n-7)"}

h® — ~
+ Mot [f2 (tn, T1n, T2n) + f2 (bnt1, Tint1, Tons1)]

(84)
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where
~ _ h” = i11) S\ '
I1n+1—x1o+m;h (tj w1, 2e5) {(n =7+ 1)* = (n— )"}, 60 %1
~ he - . o o 50 1
Top41 = T20 + m;ﬁ (tj, x15,m25) {(n —j + )% = (n— j)*}.
401
(85) -
3

30
Finally for the stochastic part, the following nu-

. . . 20 -
merical solution can be obtained

Zing1 = Z1p + 1 fi (tn, Tin, T2n) + 01210 [Bins1 — Binl,
fgn_H = Ton + hfs (tn, T1n, l‘gn) + 029y, [B2n+1 — Bgn] s 0 0.5 1 15 2 25 3 35

h - -
Tintl = T1p + 5 [f1 (tn, Tin, Ton) + f1 (Ent1, Ting1s Tong1)]

Figure 2. Numerical solutions for o = 0.97.
+ 01215 [Bint1 — Binl, &

h - -
Tl = Tt g [f2 (tns T1ns Ton) + fo (tng1, Trngts Tong1)]

+ 022, [Bont1 — Bon) -

(86)
8. Numerical simulations
In this section, we will deal with the numerical 501
simulation of the interpersonal model with the 451
piecewise differential operators and the numerical a0t
scheme where the Lagrange polynomial interpo- 35f
lation is used . In the numerical scheme, the 30}
first part is classical, the second part is stochas- Soost
tic and the last part is fractional. The numeri- 20}
cal simulations are shown in Fig. 1 for a = 1, 15)
Fig. 2 for a = 0.97, Fig. 3 for o = 0.98, and 100
Fig. 4 is obtained for chaos for « = 1, Fig. 5 st
is obtained for chaos for a = 0.97, Fig. 6 is ob-

tained for chaos for o = 0.98. For all figures, den-
sity of randomness are taken as o1 = 0.09, and
oo = 0.09. Also figures including the initial con- Figure 3. Numerical solutions for o = 0.98.
ditions as 21(0) = —0.1, z2(0) = 0.8. Also, for the

numerical simulations of the system we consider

the values of the parameters as follows:

o = 0.1,0&2 = 0.01,ﬁ1 = 5.7, BQ = —1,6 =0.01

. . . . . %
60 - — Xy  —
) 40 "2
datal
50 -
40 TniNnnNnHHHK 20
s g
] w M \ \ x
r 0
20 1 -10
10 20
30
0 0.5 1 15 2 2.5 3 3.5 50 40 30 20 -0 ©0 10 20 30 40 50
xw(t) xl(l]

Figure 1. Numerical solutions for oo = 1. Figure 4. Numerical solutions for a = 1.
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60

40 datal

30

20

-40 30 -20 -10 0 10 20 30 40 50 60

Figure 5. Numerical solutions for o = 0.97.

60

—_
50 —_—
datal

40

30

20

-40 =20 1] 20 40 60
X, (1)

Figure 6. Numerical solutions for o = 0.98.

9. Conclusion

In this work, a nonlinear differential equation was
taken into consideration, and the Caputo, sto-
chastic process, and piecewise differential oper-
ators were used in place of the classical differen-
tial operators. Through this work, we have looked
into the associated equilibrium points’ general ap-
proach to stability. We have derived the condi-
tions under which the system admits a singular,
unique system of solutions using the linear growth
and Lipschitz requirements. To solve this problem
numerically in the Caputo, stochastic, and piece-
wise cases, a numerical approach was adopted.
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