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1. Introduction

Dorn [5] introduced symmetric dual for quadratic
programming problems. Subsequently, symmet-
ric duality for nonlinear programming has been
studied by many researchers [4, 9, 11]. Man-
gasarian [8] considered a nonlinear program and
discussed second order duality under certain in-
equalities. Mond [10] established Mangasarian’s
duality relations assuming the kernel function to
be bonvex/boncave.

The concept of mixed duality is interest-
ing and useful both from theoretical as well
as from algorithmic point of view. Bector et
al. [3] introduced mixed symmetric dual mod-
els for a class of nonlinear multiobjective pro-
gramming problems. Ahmad [1] studied invex-
ity /generalized invexity for mixed type symmet-
ric dual in multiobjective programming prob-
lems ignoring nonnegativity constraints of Bec-
tor et al. [3]. Recently, Ahmad and Husain
[2] and Kailey et al. [6] discussed a pair of
multiobjective mixed symmetric dual programs
over arbitrary cones and established duality
results under K —preinvexity/ K —pseudoinvexity
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and n—bonvexity /n—pseudobonvexity assump-
tions respectively.

In this paper, we introduce a pair of second
order mixed symmetric dual problems. Wealk,
strong and converse duality theorems for this pair
are established under F'—convexity assumptions.

2. Preliminaries

Let ¢(z,y) be a real valued twice differentiable
function defined on R™ x R™. Let V,¢(Z,y) and
Vy¢(Z,y) denote the gradient vector of ¢ with
respect to x and y at (Z,7). Also let V,.0(Z,7)
denote the Hessian matrix of ¢(z,y) with re-
spect to the first variable = at (z, 7). The sym-
bols Vy,&(Z,9), Vaeyd(Z,y) and V. ¢(Z,y) are
defined similarly.

Definition 1. Let S C R". A functional
F : 8x8xR"— R is sublinear if for any
(x, )€ S xS,

(i) F(z,z;(a + b)) £ F(z,Z;a) + F(z,z;b) for
all a,b € R™,
(ii) F(x,%;aa) = aF(x,T;a) for all a € R™ and
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foralla € Ry.

Definition 2. The function ¢(., y) is said to be
second order F'—convex at T, for fized y, if

d(z,y) — (T, y) + 50" Ve d(Z, 2)p

2 F(z,2;Ved(Z,y) + Ve 0(Z,y)p), Vo € R".

Y is second-order F'— concave at T € R for fized
y if = is second-order F—convex at at T € R"

for fixed y.

3. Mixed Second Order Symmetric
Dual Programs

For N= {1, 2, 3, ..., n} and M= {1, 2, 3,
m}, let 1 C N, Ki C M, J, = N\Jl and
Ky = M\ K;. Let |Ji| denote the number of
elements in the set Ji. It may be noted that if
J1 = @, then J, = N, that is [Ji| =0, |J2| = n.
Let 2t € Rl 22 € Rl%2l. Then it is clear that
any x € R" can be written as z = (2!, 2?). Sim-
ilarly for y! € R, 4?2 € RI’2| any y € R™ can
be written as y = (y!,4?).

Now we formulate the following pair of mixed

symmetric dual models and discuss the duality
results.

Primal Problem (PP)

Minimize H(z' 2%,y 9%,p,r) = f(zly!) +
g(xQ,yZ) - (yl)T[vylf(xl yl) =+ vylylf(xlayl)p}
—(W) T V,29(2?,y%) + V2,29(22, y*)r]

=50 Vi f(@typ — 517V eye f(a?, )

subject to
Vol @y + Ty Sy S0, ()
V2 g(2*,5%) + Vye,09(a® y*)r 0, (2)
(zt,2%) >0, (3)

Dual Problem (DP)

Maximize G(u',u? vl v?, ¢, s) = f(ul,v!) +
g(uzv U2) - (xl)T[vmlf(ulv Ul) + vmlxlf(ulv ’Ul)(ﬁ
— ()T [V429i(u?, v?) + V,2,29(u?, v?)s]

—%qTVI1x1f(u1, vl)q - %STszxzf(UQ, v2)s

subject to

) + vxlxlf(u17vl)q i 0, (4)
) + Vx2$29(u2,112)5 2 0, (5)
(v!,v?) 20, (6)

V1 fi(ul, v
szgi(uQ, v?

where
i) f: RNl x RIK1l — Randg: Rl72l x Rzl 5 R
are differentiable functions.

(ii) p € Rl r € RI%2l g € RV1l and s € Rl

Theorem 1. (Weak Duality)

Let (zt,2%,y%,y%, p, r) be feasible for (PP) and
(ul, u?, vl ,v2, q, 8) be feasible for (DP). Let for
sublinear functionals Fy : Rl x RNl — Rl
Fy : Rl x Rl — RIFKil Gy RI2 < RI2L
Rl and Gy : RIF2l x RIF2l — RIK:|

(I) Fi(z',u! a)+(a1)T 1>0,Va e R
(I) Gi(2%,u%a?) + (a®)Ty? 20, V a? ER‘Kl‘
(ITT) Fa(v',yt;bY) + (b)) Tu! 2 0, VbleR‘f',
(IV) Ga(v?, y% b%) + ()72 > 0, ¥ b? € RIF?,

Suppose that

(i) f(.,v') is second-order Fy—convex at ut, and
f(x',.) is second-order F»— concave at y*,

(i) g( 2) is second-order G1— convex at u?, and

g(z?,.) is second-order Go— concave at y>.

Then,

H(:I:la 152, ylv y27 D, T) g G(’U,I, U2, U17 1}27 q, 8)'
(7)

Proof. By second-order Fy—convexity of f(.,v!)

at ul, we have

f(xlv yl) - f(ul,vl) + %quxlxlf(ul7vl)q

2 F1($1,u1; Vxlf(u17vl) + vrlmlf(ulv vl)q)'

Using hypothesis (I) and the dual constraint (4),
we obtain

flat oy = flul,oh) + o f(ut,vt)g

2 _(ul)T(vmlf(ulvvl) + vxlwlf(u17U1)Q)- (8)

%quxl

By second-order Fy—concavity of f(z!,.) at y!,

we have
- f(x17vl) - %pTvylylf(xlvyl)p

2 Fl(l'la Ul; _(vylf(xlvyl) + Vylylf(xla yl)p)'
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Using hypothesis (11]) and the primal constraint
(1), we obtain

f(xlvyl) - f(a:l,vl) -
DV f(a!

50"V f(at yh)p
> —(y v+ V(@ yhp). (9)
Combining inequalities (8) and (9), we have

Ftyh) =) (Vi (@t yh) + Vi f(a! y')p)

_%pTvylylf(:Elvyl)p
é f(u17Ul)_(ul)T(vxlf(u17v1)+vx1x1f(ulvvl)Q)

1
_iquxlmlf(ulvvl)Q- (10>
Similarly, by second-order Gj—convexity of
g(.,v?) at u?, second order Ga—concavity of

g(z?%,.) at y?, hypothesis (II) and (IV), and
constraints (2) and (5), we get
9(2%,y*)=(*) (Ve f (2

1
§TTVy2yzg(a:2, y2)7“

> fut, vh) ()T (Vo f(u?,v?) + V2,2 f(u?,0?)s)

27 y2)+vy2y2f<‘r27 yQ)Q)_

1
—§STVx2$2f(u2,v2)s.

(11)
Adding inequalities (10) and (11), we obtain

fltyh)y + 9@ y?) — W' VafEhy') +
)

vylylf('xlayl)p] - (y2)T[V (JJZ, y2 +
Vyzyzg(x2,y2)r] — %pTvylylf(CL' Y )
1
—57“ vy2y2f(:6 7y2)1“
> (uho') + g?v?) — ()T [V f(ut,0h) +
Vxlxlf(ul,vl)q] - (x2 T[szg(u ,vg) +
V2p29(u?,v?)s] — q TN 11 f(ut, vl)g

1
—isTVmgxzf(u2, v?)s

H(a’:17x27y17y27 p7 T‘) z G(u17u27/vl7,02? q7 S)'
Hence the result. U
Theorem 2. (Strong Duality)

Let (24,22, 9%, 9%,p,7) be an optimal solution for
(PP). Suppose that

(i) the matrices Vi, f(z,
are non singular,

(ii) one of the matrices (0/0y})(Vu,0 f(Z,71),
i=1, 2, 3, .., |Ki|, and one of the matrices
(0/0y2)(V,229(F%5%), @ = 1, 2, .., |Ks| are
positive or negative definite.

gl)r vayQQ(j27 g2)

Then (z',2%,9',9%,§ = 0,5 = 0) is feasi-
ble for (DP) and the corresponding objective
function wvalues are equal. If in addition the
hypotheses of Theorem 1 hold for all feasible
solutions of primal and dual problems, then
(z', 22,94, 9%, @=0, 5=0) is an optimal solu-
tion for (DP).

Proof. Since (z',z%, 7', 5%, p, ) is an optimal
solution of (PP), by the Fritz John necessary
optimality conditions [7], there exist a € R,
B € R¥2l ~ e RI¥2l e RN and 1, € RV
such that the following conditions are satisfied at
(@, 2%,9' 9% 4. 5):

a(valcf(flvgl)) + vylxlf(i‘la gl)[ﬁ - agl]
Vo (Vi £ 509~ alg' + 3p)] —m =0,
(12)
O‘(vzg(j27 62)) + Vyzng(if‘g, g2))[ﬁ - ag2]
+V,2 (vayzg(j27 gz)f)[ﬁ - a(gQ + %f)] —n2 =0,
(13)
Vi f(@5")[8 — a(y' + pl
Y (Ve S 59)[8 — (g + 5p)] =0
(14)
Vy229(2%, %) 8 — aif® + 7]
Y2 (V2,200 3PP —alg+57)] = 0, (15)
ywﬂ LhB = @' +p =0, (16)
y y2g( 7@2)[ - Oé(y + T} - 0 (17)
BUNVf(@ 5" + Vya f(@,g')pl =0, (18)
VI (Vy29(2,5%) + Vy2,09(T : ’2)7”] 0, (19)
izt =0, (20)
iz =0, (21)
(o, B,7,m,m2) 20, (22)
(o, B,7,m1,m2) # 0. (23)

Using hypothesis (i), equations (16) and (17) im-
ply

B=a(y' +p),
v =y +7).
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Now suppose, a = 0. Then equation (24) and(25)
imply 8 = 0, v = 0, which along with equations
(12) and (13) yield 71 =0, g2 = 0.

Thus («a, 8,7, m,n2) = 0, which contradicts (25).
Hence
a > 0. (26)

Now using equations (24) and (25) in (14) and
(15), we get

vyl (vylylf("ila gl)p) [aﬁ] =0,
V2(Vy2,29(22, §%)F) [or] = 0.

Therefore hypothesis (ii) and (26) yield

From (24), (25), (27) and (28), we get

B =aj', (29)
v = ay’. (30)

Using (26), (27) and (29) in (12), we obtain

a[vxlf(i'l7gl>] —m =0,
or
Vaf@,g) =120, (31)
and

TV f @ = XM o (3

a
(using equation (20)).

Further, from (26), (28) and (30), we get

O‘[v:vQ.g('fQ?gQ)] —n2 =0,

or
Vaag(@,5%) = 2 20, (33)
and
@ Vap@ i) = SR o (3

(using equation (21)).
Finally, from (29) and (30),
7' >0 and 7% =0.
Thus (2!, 2, ¥*, 7%, § =0, 5 = 0) satisfies the

dual constraints (4)-(6), and so it is a feasible
solution for the dual problem (DP).

Now using (26), (27), (29) in (18), we obtain
WV, f@gh) =0, (35)

Similarly, using (26), (28), (30) in (19), we get
W) Ve f@, 5] =0, (36)

Therefore, using (27), (28), (32) and (34)- (36),
we get

H(z', 22, §', 4*, p=0, 7=0)
=f@'g") + 9@ 9" — @) [Vaf@'yh)
=+ vylylf(jlﬂ gl)ﬁ] - (gz)T[vaQ(j2> gQ)
1
+ vy2y29(x27 yQ)F] - §ﬁTvy1y1f(jl) gl)ﬁ
1
- §fTVyzy2f(:E2,yj2)f
=f@" ") + 9%, 7%) — @) [Vaf@g')
+ vxlxlf(i‘lu gl)ﬂ - (i2)T[szg(j27 gz)

9 9y 1. 1 1o
=+ szng(:zQ, y2)7‘] - §quz1x1f(x17 yl)q

1_ 9 9\ _
- isTva:ﬁf(wZﬁyQ)s

=G(z', %, 7', 7%, =0, 5=0).

That is, the two objective function values are
equal. By using weak duality it can be easily
shown that (z',2%,7',9%, ¢ = 0, 5 = 0) is an
optimal solution for (DP).

O

Theorem 3. (Converse Duality)
Let (u', a2, v, 92, @,3) be an optimal solution for
(DP). Suppose that

(i) the matrices Vi, f(al,v'), Vo290, 0?)
are non singular,

(ii) one of the matrices (0/0x})(V g f(ul, 1),
i=1, 2, 3,.., |J1|, and one of the matrices

(0/0y2)(V2y29(@?,0%), i = 1, 2, .., |Jo| are
positive or negative definite.

Then (a',u®,v',0%,p = 0,7 = 0) is feasi-
ble for (PP) and the corresponding objective
function wvalues are equal. If in addition the
hypotheses of Theorem 1 hold for all feasible
solutions of primal and dual problems, then
(', u?,v', 0%, p=0, ¥ =0) is an optimal solu-

tion for (PP).
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Proof. The proof follows on the lines of Theo-
rem 2.
g
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