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This paper is devoted to the study of ecosystem based fisheries management.
The model represents the interaction between prey and predator population
with Holling II functional response consisting of different carrying capacities
and constant intrinsic growth rates. We have considered the continuous har-
vesting of predator only. It is observed that if the intrinsic growth rate of
predator population crosses a certain critical value, the system enters into
Hopf bifurcation. Our observations indicate that tax, the management object
in fisheries system play huge impacts on this system. The optimal harvesting
policy is disposed by imposing a tax per unit of predator biomass. The optimal
harvest strategy is determined using Pontryagin’s maximum principle, which is
subject to state equations and control limitations. The implications of tax are
also examined. We have derived different bifurcations and global stability of
the system. Finally, numerical simulations are used to back up the analytical

results.

(co) I

1. Introduction

Ecosystems are made up of live creatures, plants,
and non-living things that coexist and ‘interact’
with one another. Fish are part of the marine
ecosystem since they do not live in isolation. They
have a strong connection to their physical, chem-
ical, and biological environments. They rely on
the environment to supply the necessary condi-
tions for their growth, reproduction, and survival.
They also serve as a food supply for other species
such as seabirds and marine mammals, making
them an essential component of the marine food
chain.

Fishing activity has an impact not just on the fish
populations, but also on the habitat in which the
fish dwell. Fishing has both direct and indirect
effects on the ecosystem. As a result of fishing,
other species are caught and/or discarded, and
fishing gear affects the seabed. Fishing can have
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an indirect influence on the ecosystem by harvest-
ing fish from the marine food chain, for example.
The ecosystem approach to fisheries recognises
that fisheries must be managed as part of its
ecosystem and that their environmental impact
should be kept to a minimum. It is well known
that interspecies competition between multi-fish
species is vary much complicated. Competition
between two fish species with the combined har-
vesting have been discussed in [I]. The authors
in [2] have studied the combined harvesting of
two-species predator-prey model with discrete
time delay in fishery system. However, restrict-
ing to harvest fishes above a certain age or size
only can help the fishery and prevent its extinc-
tion. Harvesting of two competing fish species in
the presence of toxicity has been discussed in [3].
The authors studied bionomic equilibrium and
optimal harvesting policy with help of control
theory. The author in [4] have analyzed a coral
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reef ecosystem to explore the effects of changes
in economic, biological, and social parameters
in a multiple-species coral-reef ecosystem with
adaptive harvesters. Recently, the authors in [5]
and [6] have developed a bio-economic model that
combines a model of competition and a model of
prey-predator of multi-fish populations. They
have calculated the fishing effort which maxi-
mizes the income of the fishing fleet. In ecology,
a stochastic differential fishery game for a two
species fish population has been studied in [7].
Recently, several aspects of the optimal harvest
of a stage structured model of a fishery have been
discussed in [§]. The authors also looked at how
changes in costs and harvesting technologies will
affect whether the optimal harvesting strategy is
to target one age group, the other age group, or
both age groups. The authors in [9] have empha-
sized the importance of age-structured modelling
in practical fishery economics. In [I0], a prey-
predator type fishery model with solely prey har-
vesting was investigated. Also many papers on
prey-predator model with harvesting have been
studied in [I1H22]. In [23] and [24], have explored
deterministic chaos vs stochastic oscillation in
a prey-predator model and global stability of a
three-species food chain model with diffusion,
respectively. Recently, in [25], local and global
stability have been examined in a fractional prey-
predator model in presence of harvesting rate.

Motivated by the above theoretical and experi-
mental literatures, the dynamics of such system
in which implications of tax on harvesting of
predator is studied. It should be noted from the
aforementioned literature review that no attempt
has been made to research prey-predator fish-
ery harvesting with taxation as a control device.
The present paper investigates a dynamic reac-
tion model in the context of a prey-predator type
fishery system in which only the predator species
are harvested. The imposition of a tax serves as
a deterrent to fishermen while also protecting the
predator from over-exploitation. The main goal
of this paper is to determine the proper taxation
strategy that will benefit the community as much
as possible through harvesting while preventing
the extinction of the predator.

The main target in present manuscript is to in-
vestigate the subsequent biological topics:

e How does carrying capacity of both population
influence the prey-predator dynamics.

e Can imposing tax influence to stabilize the fish-
ery system.

e How does constant price per unit biomass of

predator influence the prey-predator dynamics.

In this paper, we present a new deterministic
prey-predator model. It incorporates a feature
that appears for the first time in this situation,
the emergence of a Holling type II response func-
tion that has only been suggested by [26] in pres-
ence of harvesting of predator with taxation as a
control instrument. The use of a Holling type II
functional response is however in contrast to other
models, such as [27], where the predation term
of the model exhibits ratio-dependent type. In
contrast to other current models [26], we account
for an alternative food source for the predator,
which helps in stabilizing the system. In the
present article, predator do not only depend on
prey but also grow logistically. In this plankton-
fish interaction model, two logistic growth rates of
the phytoplankton and zooplankton populations
are incorporated in [2§].

In this paper, a prey-predator interaction model
in presence of harvesting is described in fishery
management. The stability of equilibrium point
is analyzed. Conditions for globally asymptoti-
cally stable of coexistence equilibrium have been
studied. We also found the requirements for sys-
tem instability near the coexiestence equilibrium
and Hopf bifurcation. We analyze the optimal tax
policy by using Pontryagin’s maximum principle.
To back up our analytical result, we ran numeri-
cal simulations with a set of parametric variables.
The paper comes to a close with a brief conclu-
sion.

2. The mathematical model

Let x(t) be the concentration of the prey pop-
ulation at time ¢ with carrying capacity K; and
constant intrinsic growth rate 1. Let y(¢) denotes
the predator population at time ¢ with carrying
capacity K9 and constant intrinsic growth rate rs.

Let a; be the maximal prey’s ingestion rate and
(51 be the maximal conversion rate for the growth
of predator population respectively (81 < aq).
Let di, ds be the mortality rates of the prey and
predator population respectively. To characterise
the grazing phenomenon, we use the Holling type
II functional form with a; as half saturation con-
stant.

The predator’s catchability coefficient is constant
c1 in this case and F is harvesting effort. In this
paper, we consider E to be a dynamic (i.e. time-
dependent) variable regulated by the equation

E(t) = mQ(t), 0<pm <1, (1)
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where I(t) is the gross investment rate at time t.
The amount of capital invested fishery at time t is
Q(t) and constant rate of depreciation of capital
is v1. A regulatory agency controls exploitation
of the fishery by imposing a tax 71 (> 0) per unit
biomass of the predator. Here 7 (< 0) be the sub-
sidy given to the fisherman. The net economic
revenue to the fisherman is [ci1(p1 — 7))y — C| E
where p; is the constant price per unit biomass
of predator species and C is the constant cost
per unit of harvesting effort. Moreover, we as-
sume that the gross rate of investment of capital
is proportional to the net economic revenue to the
fisherman. Therefore we can write

I(t) E(t), 0<pz<1.
3)
Equation (B]) shows that the maximum investment
rate at any time equals the net economic revenue
(for pz = 1) at that time. By virtue of (2) and
@) yield the result

= p2 [ci(pr — 1)y — C]

dE

e {pipz [er(pr — 1)y = Cl—m}tE.  (4)

In this paper, we consider tax as the management
objective when discussing the impact of harvest-
ing in the fishery system and assume p; — 7 > 0.
Let m = pypuo; as a result, the following system
of equation is given by :

dx x

a1 — 2y - B g =

7 riz( ) atae dix = Gh,

dy Yy Brry

YW o1 — L —doy — eryE =
priakl ( Kg) + P day — c1y Go,
dE

pre {mlei(pr — 1)y — Cl—n}E = G3,

(5)
where G; = Gji(z,y, E), i=1,2,3. The system (B
will be analyzed with the following initial condi-
tions,

(L‘(O) = X1 > 0, y(O) = XQ > 0, E(O) = X3 > 0.

(6)

3. Some preliminary results
3.1. Positive invariance

By setting X = (z, y, F)T € R? and G(X) =
[G1(X), Go(X), G3(X)]*, with G : R,® — R?
and G € C*®°(R?), equation () becomes

X = G(x), (7)

together with X (0) € R,3. Tt is easy to check
that whenever X(0) € R,% with X; > 0, for

i=1, 2, 3, then G;(X) |x,=0> 0. Then any
solution of equation (@) with Xy € R, 3, say
X(t) = X(t; Xo), is such that X(¢) € R, for
all ¢t > 0.

Lemma 1. All the non negative solutions of the
system (4) are ultimately bounded.

Proof. From the first equation of the system (&)
we have fl—f < rz (1 - %), which gives z(t) —
Kq ast — oo.

Therefore, corresponding to €; > 0, there exists
te, > 0 such that z(t) < K + ¢ for all ¢t > ¢,,.
For all t > t.,, from the second equation of (H), we

d Ki+
have £ <y |:T2(1 —5)+ 7’31&&1;23
responding to ez > 0 there exists te, > 0 such that
y(t) < Ky 4 BBty g 0l ¢ > max {te,, e, }-

ro(a1+Ki1+e€r)
Tim {a(t) + y(0)} < Ky + Ko +

Using the previous conditions in the

} and so, cor-

This gives,

B1K1 K2
ro(a1+K1)”
third equation of system (&) we can easily to ver-
ify that E is bounded and less than some positive
constant when ¢ — co.
Now we consider, w(t) = x(t) + y(t) + mE
The time derivative of w along the solutions of is
B <zl — ) +roy(l — ) — diz — doy —
(me+1)

(p1—r1)m ="

w < —Dow + rz(l - ;) T r2y(l — ) where
DO - Mln{dla d27 (mc + 71)}7

b 1 Dy < B + o

Integrating the above inequality and using ini-
tial condition we get, 0 < w(t) < w(0)e Pt +
(TlKli-rgKg)(l _ e—Dot)‘

As t — oo, the above inequality simplifies to

0 < w(t) < (nfatr2ke)  Hence, all the solutions
of the system is uniformly bounded.

O
3.2. Equilibria

The system (B]) possesses the following equilibria:
(i) The prey-predator equilibrium Sy = (0,0, 0).
(i) The predator free equilibrium S; =
(21,0,0) = (M 0,0), which exists if r; >
dy.

(iii) The prey free equilibrium in absence of har-
vesting effort Sy = (0,y2,0) = (0,%2_‘12),0),
which exists if ro > ds.

(iv) The prey free equilibrium in presence
of harvesting effort S3(0,ys3, F3) with y3 =

71+Cm Fa — Komey (p1—71)(ra—d2)— T2(71+Cm)
) 3 — 7€
me1 (p1—T1) amer (p1—71)

which exists if py > Max{r,m + %}

effort free equilibrium
ai (dz—rz-i-irf{z‘l )

Br1—(da—r2+31)

(v) The harvesting
Sa(rq,y4,0) with x4 =
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[Ti(l—ﬂ)—dﬂ[aﬁm]

and y4 = o , which exists if x4 <
1 1d1 and (ro— d2)K2 <y < K2(61T2d2+?“2)
(vi) The coexdstence equilibrium S* = (z*
71+Cm
mCi(pi —71)’
7«2(177) bz

Y, E)
with y* =

E* = 2 aptee Ccl—f and z* satisfies x*2 +

K d * Kia(y1+Cm) a1 K1d
{ S ‘i‘ (CL1 - Kl)}-f ‘i‘ 7177101(1)1—71) _i_ lrll L —
CL1K1 = 0.

Let 1 and x9 be the roots of above equation. We

only consider that x1,z2 have only one positive

Kiai(y1+Cm) a1K1d1

Jimer (pr—1) + —a1 K1 <0

a1 K1 (r1—di)meip1 7K1a1(71+Cm) and
aK1(r1—di)mer ’

Kl)} —i—4{a1K1 a1K1d1 —

root then z1x9 =
— 1 <

_ {Kldl + (

K1a1(71+Cm
yimer (p1—71) } > 0.

Hence, x* exists as a positive root: z* = %[K;ildl +
(a1 — K1) + V A]. Thus, the coexistence equilib-

rium exists if z* > 0, y* > 0 and E* > 0 i.e.

a1K1 ri— dl)’mclp1 K10¢1("/1+Cm)
1 < Min{ oK1 (r1 —d)mes s p1}

3.3. Stability analysis of the system ([5l)

In this section, local stability analysis of the sys-
tem around the biologically feasible equilibria is
performed. Let S = (7,7, E) be any arbitrary
equilibrium. Then the Jacobian matrix about S
is given by

o ity -2z 0
V= (:11%;;7 vz mal |,

0 mey(p1 — m1)E V33 |
where @11 = Tl(l - %) - (3113[-1;;2 — dy, Uy =
ro(1— )—i—fjfx —dy—c1 F and v33 = mle1(p1 —
)Y — Ci

By calculating the Jacobian matrix for the equi-
librium Sy of the system (B]). We see that the
eigenvalues of the variational matrix Vg are A\; =
ri—dy > 0, Ao =1r9—do > 0, )\3 = —mC—’yl < 0.
Clearly Sp is always unstable. It is clear that
S0(0,0,0) is always unstable.

_ B1K1(r1—d1)
Lemma 2. If Ry = (d2*T2)iali’1‘i}Klé7‘1*dl)i > 1

then the predator free steady state S1 of the sys-
tem (A) is unstable.

Proof. Now again computing the Jacobian ma-
trix for the equilibrium S; of the system (&) we
find that the eigenvalues of the Jacobian matrix

Vi are A1 = —(mC+71) <0, AMa=-114+d1 <0
and A3 = 1o+ % —dsy. It is clear that
Az < 0 if b1k (r1~d1) <lie Ryp<1

(dz—r2)larr1+K1(r1—dy)]
B1Ki(r1—d1)
(da—r2)[arri+K1(r1i—d1)]"

So, S7 is asymptotically stable if and only if
Ry < 1. Clearly if Ry > 1 , then predator free

where Ry =

steady state S7 is unstable which indicates the
proof of lemma 1. O

Lemma 3. There exists a feasible prey free steady
state S in absence of harvesting effort of predator
of the system () which is unstable if

aira(ry —dy)

Ry = A2 =)
! a1 Ks(rg — da)

> 1. (8)

Proof. Now again computing the Jacobian ma-
trix for the equilibrium Sy of the system (B we
find that the eigenvalues of the Jacobian matrix

Vo are \ly = —(mC +71) <0, \jg = —r9+dy <0

and \ix = 1] — dp — aBa(ra=da) 1t ig clear that
13 airy

Az < 0 if % < 1ie. Ry < 1 where

_ aira(ri—di)
Ry = a1 Ka(re—d2)”

So, Sp is asymptotically stable if and only if
Ry < 1. Clearly, if Ry > 1, then prey free with-
out harvesting effort steady state S is unstable
which indicates the proof of lemma, 2. O

Lemma 4. There exists a prey free steady state
Ss of the system (3) which is unstable if

aymey(r1 —di)(p1 — 71)

Ry =
2 ai(y + Cm)

>1.  (9)

Proof. Further the eigenvalues of the Jacobian
matrix V3 around the equilibrium Ss of the sys-
tem (Bl) are 01, 02 which are the roots of the
equation 6% + 70+ met(p1 — m1)ysEs = 0 and
O3 =r1—di— alyS . Clearly, 6; and 0 have negative
real parts for equilibrium point S5(0,ys, F3). So,
prey free equilibrium S5 is asymptotically stable

. . aimei (r1—di)(p1—71) .

if 03 < 0ie = ézl(}yl+16'm; U <l ie Ro<1
—d —T .

where Ry = almcolt(lziﬂ ﬁg,ff;; 1), Therefore, Sz is

unstable if condition (@) i.e Ry > 1 is satisfied. [

Lemma 5. The harvesting effort free equilibrium
of the ({3) is locally asymptotically stable if B; > 0
where i=1,2,8 and B1Bs — Bs > 0.

Proof. The Jacobian matrix of system (B
around the harvesting effort free equilibrium Sy =

('CC47 Y4, 0) is

mi1 miz 0
V*=| ma1 mox ma3 |,
0 0 nsas
g 2mT4  G10uys g T1T4
where m11 =71 7= CEENE dy ot
Q1T4Ya _ _aimy — _afiys
(@+ea)? M2 = Tope; < 0, ma21 (ar+ea)? =
T
0, may = = <0, maz = —c1ys <0, mg3 =
m[cl(pl — Tl)y4 — C] — v > 0.

The characteristic equation is given by
Q} + B1QT + BoQ1 + Bs = 0,
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where By = —(mq1+maz+ms3), B
m11Mm33 +mao2m3z —mi2ma1, B
m33n11m22.

Case 1: If mq1 < 0, which shows that Bs < 0.
Then S, is unstable.

Case 2: If myy > 0, Then By = —(mi1 +
maoa + ma3) > 0 if moas < my1 + ma3z). Also
By = mi1maa +mi1ms3 + maams3 — miama > 0
if miymsaz — miamar > —(Mmi1maz + moamss)
since mi1mos < 0, miimsz > 0, maoomsgz < 0
and miome; < 0. Clearly By = mgz3migme; —
mggmiimo > 0 if mgzmiogmor > mgzmizmaz
since mggmiamse; < 0 and mgzmi1mos < 0. Now
B1By — By > 0 if B1By > Bjs. Therefore, ac-
cording the Routh-Hurwitz criteria, all roots of
above equation have negative real parts. Thus Sy
is locally asymptotically stable. O

= mi11mo2+
= mg33Mmi2Mma1 —

Lemma 6. The coexistence equilibrium of the
system (3) is locally asymptotically stable if ©; >
0 where i=1,2,3 and ©109 — O3 > 0.

Proof. The Jacobian matrix of system (f)
around the positive interior equilibrium S* =
(", ¥, E*) is

ni1 niz 0
V¥= 1 na1 ng2 no3 |,
0 n3o 0
— o _ 2miz*  aoay* g riz”
where ni; = r1 7 CETDE dy = yoeninn
ajzry* _ ajz* _ _a1py”
(a1+x*)2’ nig = a1 +z* < 07 nai (a1+:l:*)2 >
*
0, nog = %’2 < 0, n9g = —cly* < 0, nzg =

mcl(pl — Tl)E* > 0.
The characteristic equation is

Q>+ 0,07 +6,Q + 63 =0,

where ©1 = —(n11+n22), O2 = n11N22 —N32M23 —
nig2n21, O3 = ni1nzanas.

Case 1: If ny; > 0, which shows that O3 < 0.
Then S* is unstable.

Case 2: If n1; < 0, Then ©1 = —(n11 + ’rl22) >0
AISO7 Oy = ni1N9y — N3zaNeg — Niongy > 0 since
ni1n9e > 0, ngangg < 0 and niang < 0. Clearly,
O3 = nqingangg > 0. Now 0,05 — O3 > 0
if 109 > ©3. Therefore according the Routh-
Hurwitz criteria, all roots of above equation have
negative real parts. Thus S* is locally asymptot-
ically stable. O

The analytical results are summarized in the Ta-
ble 1.

Theorem 1. When the intrinsic growth rate of
predator ro crosses a critical value, say r3, the
system ([A) enters into a Hopf-bifurcation around
the coexistence equilibrium, which induces oscilla-
tions of the populations.

Proof. If the Hopf-bifurcation exists for ro =
r5, the following are the necessary and suffi-
cient conditions: (i) ©;(r3) > 0, i 1,2,3
(i1)O1(r3)O2(rs) — Os(r;) = 0 and (iii) the eigen-
values of above characteristic equation should be
of the form \; = u; + iv;, and d“l #0,i=1,2,3.
The Hopf-bifurcation condltlon (111) will now be
tested by putting A = v + iv in the above equa-
tion, we get

(u+iv)® + 01 (u+iv)? 4+ O (u+iv)+ O3 = 0. (10)

On distinguishing the real and imaginary parts
and removing v, we get

8u 48011 +2u(024+0,)+0,0,—03 = 0. (11)

From the foregoing, it is apparent that u(r3) =0
iff ©1(r3)O2(r5)—0O3(r3) = 0. Further, at ro = r3,
u(r3) is the only root, since the discriminant 8u?+
801u+2(02+02) = 0 if 6402 —64(03+02) < 0.
Further, differentiating (II]) with respect to ra, we
have

240 P 1601 uFE +2(0F+605) 44 +2u[20, P21 +

6(11(322] _|_ % =0 where S =010 —0O3.
du

Since at ro = 13, u(ry) = 0 we get [dTJ =
ro=T3

dS
@2+@2 ?é 0.
Thls ensures that the above system has a Hopf-
bifurcation around the coexistence equilibrium
E*.
O

Theorem 2. If the coexistence equilibrium S* ex-
ists, then (x*, y*, E*) is globally asymptotically
stable in the x —y — E plane.

Proof. Let’s start by defining a Lyapunov func-

tion
+Dy / dn+ Dy / P E
- . P
where D and Dy are positive constants.
It is easy to examine that W(z, y, F) is zero
at the equilibrium point and the positive for all
other positive values of W(z, y, E).
The time derivative of W along the trajectories of
the subsystem is

{—:p

W(z,y, £

S (12)

dp,

AW de [z at
dt  dt x

o[ [5 ]+ oe[] [757

dt E
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Table 1. The table depicting thresholds and stability of steady states.

Thresholds 50(0,0,0) | Si(21,0,0) 52(0,y2,0) S3(0,y3, E3) Sa(24,y4,0) | S*(a",y", EF)
(Ro, R, Rp)
Ry<1 Unstable | Asymptotically | Not feasible Not feasible Not feasible Not feasible
stable
Ry>1, R <1 Unstable Unstable Asymptotically | Not feasible Not feasible Not feasible
stable
Ri>1 Ry<1 Unstable Unstable Unstable Asymptotically | Not feasible Not feasible
stable
Ry >1 Unstable Unstable Unstable Unstable Asymptotically | Not feasible
stable
S*>0,0; >0,1=1,2,3.,0,02 — O3 > 0. | Unstable Unstable Unstable Unstable Unstable Asymptotically
stable
X z a1y goal is to save each species while also maximis-
-2 nl-) - ———d ; ;
K a1+ x ing the monetary and social benefits. The profits
y Bz (revenues) received by the fisherman and regula-
+D1 |ra(1 — K2) + otz dy —c1F tory agency are saved to the society through the
fishery in a large society. The entire economic
— mc —7m)y—mC|]E—-F .
[y —y*]+ D2 [mer(pr — 1)y 1 ] revenue is
= [o — 2"l 5 (e —a")~

(ci;my—C)E = [c1(p1—11)y—ClE+11c1yE. (13)

1

o (a1 +2%)(y — y*) — y*(x — 2*)]

(a1 + x)(ar + x¥)
Y prz *

D 1— 2 —dy — _
+D1 [m( ,2> + P da clE} [y — v

+Ds [mei(pr — 1)y — mC| [E — E¥|
ary*

= |- x — )2
N [ (a1+x)(a1+x*)]( )
ai(e— )y - y)

1
K;

a +x
roD1 2 Brx Brx* «
_ _ D _ _
K, Wy D - o=y

—Dier(E—E%)(y —y7)
+Dymer(pr — ) (E = E*)(y — y").
Now here we choose arbitrary constants D; and

_ ai(ai+z¥) _ ai(artz)
Dy such as Dy = Wa D, = W(m—n)'
Then
AW(zy.B) _[_rmo, a1y
dt K1 (a1 +z)(a1 +2%)
wo T2 ar(ar + ) )2
X (x —x 7 a2 \WYU— :
( ) Ky a1 W=

Clearly, the second term is negative. Now af-
ter some calculation in first term we see that if
¥ > (Kl—al)—D;f(1 then W (@¥-E) < Clearly,

dt —
W:Oifandonlyifx:a:*andy:y*

which yields E = E*. Hence, 2 &uE) _ ¢ jf
and only if z = 2%, y = y* and F = E*. So
from Lasalle invariant principle we say that S* is
globally asymptotically stable. O

4. Optimal Taxation policy

Biologically, we care more about the coexistence
equilibrium in the presence of harvesting in order
to ensure the existence of both species. Our main

It is equal to the sum of the entire fisherman’s
economic revenue and the regulating agency’s eco-
nomic revenue. It is obvious that

m(z,y, E) = (cipry — C)E. (14)

In order to maximise the present value J of a con-
tinuous time steam of revenues, we analyse opti-
mal harvest policy

J :/ e (eipry — C)Edt,
0

where § be the instantaneous annual rate of dis-
count [29H31].

Now we want to discover the path tracked by
(z(t);y(t); E(t)) with the tax policy 71 so that if
fish populations and harvesting effort stay on this
path, the regulatory authority will be assumed to
have accomplished its goal.

(15)

Our goal is to use Pontryagin’s maximal principle
[32] to determine a tax policy 7 = 71(t) that max-
imises J under the state equation (B). The con-
trol variable 71 (t) is subjected to the constraints
min 7 < 71 < max 7. When min 7 < 0, we can
explore subsidies, which in this case would have
the effect of increasing the rate of expansion of
the fishery.

Hamiltonian function is defined as follows:

_ dx dy dE
H = e O E+ M LY
e (eipry — C)E + M1 o + Ao o + A3 EiltG)

where A1, Ao and A3 are the adjoint variables.
Hamiltonian ([I6) must be maximized when 7 €
[min 11, max 71]. We assume that the optimal
solution does not occur at 71 = min 7 or max T
which imply that constraints are not binding.
Therefore, singular control is represented by

o1

= —AgmcyE = A3 =0.
5T1

(17)
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The adjoint equations, according to Pontryagin’s
maximal principle, are
dh _OH Dy o g
dt Sz’ dt Sy’ dt  SE’
As a result of the substitution and simplification,
we arrive at

SH A

dh _ _OH _ _ 2=, _mony
dt Sx A1 [7"1(1 K" (a1 +x)? dl]
. wmby
(a1 + z)?’
(19)
H
@ = —67 = —6_5t61p1E + )\1 o
dt oy a1+ (20)
-2 (r_27“2y)+ e —dy — 1 E
2 (2 oy o 2 — b,
dXs3 SH st
_ = —_— = — — )\ — .
7 3E (cipry — C)e™ " + Xac1y =0

(21)
The solution of (21]) is described in the following
in order to obtain an optimal equilibrium solu-
tion by considering the coexisting equilibrium as
follows:

-,

Ao =e " (p1 — — (22)
c1y
Let
2rix* aja1y*
Al = — — — —dq|,
1 1 i (a1 +2°)? 1
A _ alﬁly* 2( L — C*)€—6t7
(a1 + x*) c1y
As a1z roy* C
Az =iy E* — — - .
sTan Ap+dar +X* (1 Cly*)
(23)

Now the equations (I9) and (20) can be written
as
dXy _st A2 -5
= = A —Age = A £,
dt 171 2€ dt 3€
Solving the above linear differential equation we

get,

(24)

Az —6t As -t
AL = Ag = ——e .
LA 5 2 5 €
Substituting the value of Ay from ([22)) into (23),
we get

(25)

C . A3
(P C1y*) =5
Now putting the value of z*, y* and E* into (26]),
we get an equation for 7q; let 7{" be a solution of
this equation. We get the optimal equilibrium so-
lutions = z(7{), y = y(71) and E = E(77) by
using the value of 7 = 7. As aresult, we have es-
tablished the existence of an optimal equilibrium
solution that satisfies the necessary conditions of
the maximum principle. From the above analysis
carried out in this section, we observe the follow-
ing.

(26)

From (2I0), we get

o
Aacry = —C)e = (27
21y = (cip1y — C)e e sE (27)
Putting the value of A\2(t) into ([27)), we get
A
apy — ey = C. (28)

o
When § — oo, ([28) leads to the results c1p1y =
C, which implies that the economic rent is com-
pletely dissipated.
(ii) By (26]) we get the optimal equilibrium pop-
ulations z = z(7{),y = y(77), £ = E(7]), hence,
we have
As
7= (capy— C)E = TClyE.
Thus 7 is a decreasing function of § we, there-
fore, conclude that 7 leads to maximization when
0 leads to 0.

(29)

5. Numerical simulations

In this section, some numerical simulations are
performed with the help of used RK4 schemes to
discuss the dynamical behavior of system (5l) and
to verify analytical results. To examine the dy-
namic of fishery system, we start with a set of
parametric values (Ref. [20])
7“1:7, 7“2:1K1:3, KQZQO, 041:1.5,
61 = 0.8, dl = 0.01, d2 = 0.01, m = 0.8, Ccl1 = 1.2,
p1 =07, 71 =0.08, C =049, a; =0.05, y; =0.1.
(30)
Considering the parametric values, we find the co-
existence equilibrium point S* = (2.81,0.83, 1.44)
which is locally asymptotically stable (cf. Figure
[Mal (black line)). Taking Ky = 200, the system (&)
exhibits oscillation around S* (cf. Figure [al (red
line)). In case of Ko = 0.4, then Figure [[al (blue
line) shows the system switches to harvesting ef-
fort free equilibrium Sjy.

Further from Figure [IDbl (black line), it follows
tax per unit biomass of the predator, 74 = 0.52,
the equilibrium S3 is locally asymptotically sta-
ble. Increasing the value of 71 = 0.7, the sys-
tem switches to prey free equilibrium Ss in ab-
sence of harvesting effort (cf. Figure D (blue
line)). It is observe that the system switches to
stable to oscillatory behavior around S* due to
low value of o = 0.2 (cf. Figure [Id). But in
both case of r1 = 1 and K; = 0.3 the system
switches to prey free equilibrium simultaneously
(cf. Figure Id) . Figures BalBD and Bd illus-
trate the different steady state behaviour of each
species in the system (B for the parameter 7.
We note that Hopf point (red star (H)) situated
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Table 2. Natures of equilibrium points.

Parameters Values Eigenvalues Equilibrium points
Tl 0.436074 (4.23719, £0.900417%) Hopf (H)
0.557934 (0, —0.0901945 + 0.927984) Limit Point (LP)
p1 0.343926 (4.23719, £.9004171) Hopf (H)
0.222066 (0, —0.0901945 + 0.927984) Limit Point (LP)
2.279571 (0, —0.005825 + 0.693768) Branch Point (BP)
4.942273 (0,1.52281,—10.147,) Branch Point (BP)
(11,71) (0.046608, 2.014876) (0.8937,£0.9341741) Generalized Hopf (GH)
(p1,71) (0.733392,2.014876) (0.8937, £0.9341741) Generalized Hopf (GH)
(1.010732,1.443315) (0.655091, +0.936168:) Generalized Hopf (GH)
(p1, K2)  (1.590494,0.669121) (1.64826, £0.6889811) Generalized Hopf (GH)

(c)

(d)

Figure 1. (a) Phase plane diagram showing local stability of S* for Ky = 20 (black solid
line), oscillatory behavior around S* for Ko = 200 (red solid line) and local stability at Sy for
Ky = 0.4 (blue solid line). (b) The solution of trajectory approaches to two different equi-
librium points S3 and Sy for 71 = 0.52 (black line) and 0.7 (blue line) respectively. (c) The
system switches to oscillatory behavior for ro = 0.2. (d) Phase plane diagram indicating the
local stability of S3 for 7 = 1 (red solid line) and K; = 0.3 (black line) respectively.

at 0.436074 with two complex parts of eigenval-
ues ~ (. We also observe that at that particu-
lar point, the value of first Lyapunov coefficient is
positive 0.01112548 which indicates unstable limit
cycle bifurcates from Hopf point. To proceed fur-
ther, we have a limit point (LP) at 71 = 0.557934
with eigenvalues 0,0.0901945 4+ 0.92798:. From
Figures[3dl it is evident that at 7 = .4360747 and
0.4578429 we have two Limit point cycle (LPC)
and Branch Point cycle (BPC).

Figures Mal 0] and Fd depict different behavior of
each species when pq is a free parameter. Here we
observe that a Hopf points (H), two Branch points

(BP) and one Limit point (LP). In this case, Hopf
point is situated at 0.343929 with first Lyapunov
coeflicients a .01112584 indicating subcritical bi-
furcation. Further, it is observed that one LP
and two Branch points are located at 0.222066,
2.279571 and 4.942273 respectively. Starting from
Hopf point and proceed further, a family of un-
stable limit cycle is generated (cf. Figure [d)).

To demonstrate the clear picture of changes in
dynamical system when K3 and ry be the free pa-
rameters, we plot two bifurcation diagrams (cf.
Figure 2al Rh)) respectively. Finally, we draw two
parameter bifurcation diagrams for 71 — 71, p1 —71



76 A. Chatterjee, S. Pal / IJOCTA, Vol.13, No.1, pp.68-80 (2023)

x2
1k
0
0
(a)
2,
1.5F
I — T
H
TR
0.5f
o ; ; ; ; }
0 0.2 0.4 0.6 0.8 1
T
(c)

o 01 02 03 04 05 06 07 08 09 1

(b)

0.8 1

(b)
6
4
>
2
0.
2 S 14'/0.6 08
X 0o 02 -
(d)

Figure 3. (a) Different steady state behavior of prey for the effect of 71. (b) Different steady
state behavior of predator for the effect of 7. (c¢) Different steady state behavior of harvesting
effort for the effect of 1. (d)The family of limit cycles bifurcating from the Hopf point H for

T1-

and p; — Ko (cf. Figure Bal BB and Bd). In
each cases, we have generalized Hopf (GH) point.
Actually, two branches of sub and supercritical
Andronov-Hopf bifurcations split at GH point.

6. Conclusion

We investigate the interspecies competition of
prey and predator in a fishery system in this work.
We assumed that predator undergo exploitation
due to consume of prey. This work has a dual
goal, namely economic and ecological. The eco-
nomic goal is to maximize monetary benefit to
society while also preventing the predator from

extinction. Here we implement a tax to regulate
the harvesting effort in order to preserve the eco-
logical balance.

As a result, one of the most important features
of this approach is the harvesting effort and net
economic revenue to the fisherman. The first step
is to perform analytical conditions for the exis-
tence and stability of various steady states. We
also look into the global stability of coexistence
equilibrium while the tax remains certain thresh-
old value. The outcome of global stability shows
that when a tax provides a sustainable threshold
value, predator are not from a body of water at
a rate greater than that the species can replenish
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Figure 4. (a) Different steady state behavior of prey population for the effect of p;. (b)
Different steady state behavior of predator population for the effect of p;. (c) Different steady
state behavior of harvesting effort for the effect of p;. (d)The family of limit cycles bifurcating
from the Hopf point H for p;.
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Figure 5. (a) The two parameters bifurcation diagram for 7y — 1. (b) The two parameters
bifurcation diagram for p; — r1. (c) The two parameters bifurcation diagram for p; — Ko.

its population naturally. We note the following observations by numerical simulation:
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Two different scenarios are shown when changing
the value of carrying capacity of predator. Here
we observe that each fish species are present in
the system in absence of harvesting efforts for low
values of carrying capacity of predator. On the
other hand, because to the high value of preda-
tors’ carrying capacity, all species become unsta-
ble. Due to high tax levels, coexistence equilib-
rium switches to different boundary equilibrium,
which is related to transcritical bifurcations. The
system becomes oscillate due to low values of in-
trinsic growth rate of predator. Our research also
shows that maintaining carrying capacity and im-
posing a tax on harvesting of predator are criti-
cal factors in keeping predator exploitation under
control. In addition, we impose a tax to study
the the optimal harvesting policy for harvesting
predator. When the monetary social benefit is
subject to maximisation, it is demonstrated by
utilising Pontryagin’s maximal principle. We es-
tablished the optimal equilibrium solution by us-
ing optimal tax 7 = 7{. It has been demon-
strated that zero discounting maximises economic
revenue and that an infinite discount rate causes
economic rent to dissipate completely. It should
be noted that in this paper, several crucial factors
are disregarded, including ecological fluctuations,
refuge, allee effect etc. Therefore, further study
is required to meet the demands in this area.
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