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1. Introduction

Tuberculosis (TB) is a threatening bacterial dis-
ease caused by Mycobacterium tuberculosis. It is
the ninth leading cause of death in the world and
about 1.3 million people died due to TB in 2016
according to 2017 TB report of World Health Or-
ganization (WHO) [1]. Dynamics of TB is slowly
varying when compared to other epidemiologi-
cal diseases. Additionally, infected people do not
show any symptoms of the disease for years and
approximately 5 − 10% of the latently infected
people become an active TB sufferer [2], while
90 − 95% of people remain latent and they do
not infect other people at this stage. For latent
individuals to be an active TB sufferer depends
on endogenous reactivation or exogenous reinfec-
tion [3]. WHO and the United Nations aim to end
TB throughout the world, so they set the target
as ”a 90% reduction in TB deaths and an 80% re-
duction in TB incidence (new cases per year) by
2030, compared with 2015” [1].

Before setting some goals to end such a disease,
the use of mathematical models to understand the

dynamics of the disease has gained a special in-
terest for a while [4]. In the literature, there are
different models and optimal intervention strate-
gies that are formulated based on different as-
pects of the disease. Dynamics of TB was firstly
formulated by Waller and his colleagues in 1962
through a system of difference equations [5]. Since
then, time evolution of the disease has been in-
vestigated. To model the disease, the popula-
tion has been divided into some groups/classes,
for example, representing susceptible, infectious,
latent, vaccinated and recovered individuals [6].
A very basic model consisting of susceptible, in-
fectious and recovered individuals has been pro-
posed in [7]. As a different discussion, one-strain
and two-strain TB models have been constructed
to examine the antibiotic-resistant TB case as a
result of incomplete treatment [8]. A long la-
tent period of TB has been formulated with a
distributed delay in [9]. A model incorporating
seasonal changes has been constructed with the
use of periodic coefficients in [10].

Fractional differentiation and integration oper-
ators, which are the generalization of classical
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integer-order counterparts, capture memory ef-
fects due to their nonlocal nature [11]. Recently,
it has been observed that the fractional order
models with fixed-order may not be capable of
expressing some real world phenomena and the
need for variable order fractional operators are
used [12–14]. It is a useful tool to develop suit-
able models for describing real-world problems
which cannot be expressed by using integer-order
differential equations. For example, a model for
rubella disease has been formulated with the use
of non-local and non-singular fractional deriva-
tives in [15]. A fractional TB model with time de-
lay representing the required time to commence-
ment of treatment and diagnosis has been stud-
ied in [16], while uniform asymptotic stability of
a TB model with Caputo derivative has been in-
vestigated in [17]. These studies mainly concern
a single disease. Models for the interaction of two
diseases can be mentioned, too. Co-infection of
HIV and TB has been discussed in [18], while
impact of diabetes to TB has been investigated
in [19].

Optimal control problems (OCP) can be used to
find an intervention or treatment strategy for real-
world problems. For example, new therapy pro-
tocols can be found with the use of optimal con-
trol strategies for cancerous tumor growth model
in [20]. The optimal intervention strategy among
vaccination and treatment can be decided by min-
imizing the transmission of malaria disease [21].
Moreover, spread of Ebola disease can be con-
trolled with vaccination of the susceptible popula-
tion [22]. On the other hand, the infection level of
HIV and the overall treatment cost is minimized
and the duration of therapy is optimized in [23].
A fractional optimal control problem (FOCP) has
been proposed for two-strain TB model in [24].
Optimal control theory is used to reduce the
cost of interventions in case of reinfection and
post-exposure interventions, and the sensitivity of
the reproduction number has been investigated
in [25]. The optimal intervention strategy has
been set to minimize the number of infected indi-
viduals with the control of exogenous reinfection
through the use of chemoprophylaxis [26]. As a
case study, the cost of TB treatment in Cameroon
has been set as a cost functional and the control
functions represent education-diagnosis campaign
and chemoprophylaxis treatment [27]. In addi-
tion, a two-strain TB model has been taken as
a constraint and the latent and infectious groups
with the resistant-strain TB have been minimized
with two types of treatments [28]. For a review on
optimal control of TB models, we refer the reader
to the study [29].

In this study, we consider the recent paper of Kim
and his colleagues [30] where optimal intervention
strategies to reduce the number of infected people
in Philippines have been compared and some val-
ues for TB incidence for 2035 have been predicted.
TB model in that study has been constructed for
susceptible, high-risk latent, low-risk latent and
infectious individuals using integer-order deriva-
tive. We propose a generalized TB model with
the use of Caputo time fractional derivative since
symptoms of TB may not be observed quickly.
On the contrary, latent period of the disease might
last for years. In the paper [30], the aim is to min-
imize the number of high-risk latent and infected
people with the cost of applying the controls. In
addition to these, we maximize the number of sus-
ceptible people and the control strategies are fixed
as distancing control, latent case finding control,
case holding control and their combination. We
record the values of susceptible S(t) and infected
I(t) individuals for different fractional orders in
2035 and we observe the contribution of the or-
der. In addition, we calculate the reduction and
increase in I and S, respectively. At the end, we
comment on the choice of the optimal intervention
strategy for Philippines by underlying the contri-
bution of the fractional derivative.

The rest of the paper is organized as fol-
lows: In Section 2, we mention some proper-
ties and definitions for Caputo fractional deriv-
ative. In Section 3, we describe the generalized
TB model, show that the solution is non-negative
and bounded from above and propose the FOCP
together with the optimality system. In Section 4,
we present some numerical results to compare dif-
ferent strategies. Then, the paper ends with sum-
mary and conclusion.

2. Preliminaries

Fractional differentiation and integration oper-
ators, which are the generalization of classical
integer-order counterparts, are capable of cap-
turing memory effects due to their nonlocal na-
ture. In the literature, several fractional deriva-
tives have been defined. One of the mostly used
fractional differentiation operators is Caputo de-
rivative.

We define the (left) Caputo fractional differentia-
tion operator for 0 < q < 1 as [11]

C
a D

q
t g(t) =

1

Γ(1− q)

∫ t

a

g′(s)

(t− s)q
ds. (1)

The corresponding right differentiation operator
is given by
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C
t D

q
bg(t) = −

1

Γ(1− q)

∫ b

t

g′(s)

(s− t)q
ds. (2)

To prove that the solution of the model is non-
negative, we need the following lemma and corol-
lary related to generalized mean value theorem
[31]:

Lemma 1. Let g(x) ∈ C[a, b] and C
a D

q
t g(t) ∈

C(a, b] for 0 < q ≤ 1. Then, for a ≤ s ≤ b

and ∀x ∈ (a, b], the following estimate holds:

g(x) = g(a) +
1

Γ(q)
(Ca D

q
t g)(s)(x− a)q. (3)

Corollary 1. Let g(x) ∈ C[a, b] and C
a D

q
t g(t) ∈

C(a, b] for 0 < q ≤ 1. If C
a D

q
t g(t) is non-negative

∀x ∈ (a, b), then g(x) is non-decreasing for each
x ∈ [a, b]. If C

a D
q
t g(t) is non-positive ∀x ∈ (a, b),

then g(x) is non-increasing for each x ∈ [a, b].

To show that the solution is bounded from above,
we need the Laplace transform. The Laplace
transform of the (left) Caputo derivative is ob-
tained as

L{Ca D
q
t g(t)} = sqG(s)− g(0)sq−1. (4)

Moreover, the Laplace transform of the Mittag-
Leffler function is given by

L{tp−1Eq,p(−atq)} =
sq−p

sq + a
, (5)

where Eq,p(z) =
∑

∞

i=0
zi

Γ(qi+p) .

3. Fractional optimal control problem

In this study, we generalize a tuberculosis model
given in the study [30] with the use of Caputo time
fractional derivative and investigate the contribu-
tion of Caputo derivative in terms of a FOCP. The
model is composed of four epidemiological classes:
susceptible, S(t); high-risk latent, H(t); infectious
or active TB, I(t) and low-risk latent, L(t). In-
deed, the total population size is represented by
N(t) = S(t) +H(t) + I(t) + L(t).

The OCP given in the study [30] offers a way to
minimize the population of infectious and high-
risk latent classes. In this current study, a FOCP
is constructed to minimize the population of in-
fectious and high-risk latent classes while maxi-
mizing the number of susceptible people together
with the cost of implementing three different con-
trol strategies as

min
(u1,u2,u3)∈Uad

J(u1, u2, u3)

=

∫ tf

0
(H(t) + I(t)− S(t) +

ω1

2
u21(t)

+
ω2

2
u22(t) +

ω3

2
u23(t)) dt (6)

subject to



























































C
0 D

q
tS(t) = bqN(t)− βq(1− u1(t))

S(t)I(t)
N(t)

−µqS(t),
C
0 D

q
tH(t) = βq(1− u1(t))

S(t)I(t)
N(t)

−(αq(1 + u2(t)) + κq + µq)H(t)

+prq(1− u3(t))I(t),
C
0 D

q
t I(t) = κqH(t)− (rq + µq + dq)I(t),

C
0 D

q
tL(t) = (1− p(1− u3(t)))r

qI(t)

+αq(1 + u2(t))H(t)− µqL(t),

(7)

with S(0) = S0, H(0) = H0, I(0) = I0, L(0) = L0

where the admissible space of controls is given
by [30]

Uad = {(u1(t), u2(t), u3(t)) | u1(t), u2(t), u3(t)

are measurable with

0.05 ≤ u1(t), u2(t), u3(t) ≤ 0.95, t ∈ [0, tf ]}.

In other words, the optimal control (u∗1, u
∗
2, u

∗
3) ∈

Uad is required so that
J(u∗1, u

∗
2, u

∗
3) = min(u1,u2,u3)∈Uad

J(u1, u2, u3) is
reached.

Remark 1. By adding the equations in the model
(7) side by side, the dynamical model for the total
population is obtained as

C
0 D

q
tN(t) = (bq − µq)N(t)− dqI(t), N(0) = N0.

(8)

In Table 1, we mention the values/units of the
parameters in the model [30].

Table 1. Parameters in the model.

Parameter Description (Units) Value

b Effective birth rate (yr−1) 0.0442
µ Natural death rate (yr−1) 0.0235
β Transmission rate (yr−1) 11.7345
α Progression rate from H to L (yr−1) 0.2077
κ Progression rate from H to I (yr−1) 0.0294
r Treatment rate (yr−1) 0.2906
d TB-induced mortality rate (yr−1) 0.05
p Treatment failure probability 0.2
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Remark 2. We follow the study [32] to take qth

powers of the parameters, which have temporal
units, to eliminate dimension mismatch.

3.1. Non-negative and bounded solution

In this section, we will prove that the solution
to (7) is non-negative and bounded from above.
To do this, we fix the controls as u1(t) = u1,
u2(t) = u2 and u3(t) = u3.

Theorem 1. Let (S(t), H(t), I(t), L(t)) be the so-
lution to the model (7). Then, the solution re-
mains in R

4
+.

Proof. We observe that the the model leads to
the following inequalities:

C
0 D

q
tS(t)|S=0 = bqN ≥ 0,

C
0 D

q
tH(t)|H=0 = (1− u1(t))β

qSI

N
+ prq(1− u3(t))I ≥ 0,

C
0 D

q
t I(t)|I=0 = κqH(t) ≥ 0,

C
0 D

q
tL(t)|L=0 = (1− (1− u3(t))p)r

qI

+ (1 + u2(t))α
qH(t) ≥ 0. (9)

By Corollary 1, the solution remains in R
4
+. �

Theorem 2. Let (S(t), H(t), I(t), L(t)) be the so-
lution to the model (7). The solution is bounded
from above.

Proof. Firstly, we add the equations in (7) to
reach (8). Then, we observe that the inequality

C
0 D

q
tN(t) ≤ (bq − µq)N(t), (10)

holds. Then, we take the Laplace transform of
both sides in (10) to get the relation

λqL{N(t)} − λq−1N(0) ≤ (bq − µq)L{N(t)}.
(11)

Arranging (11), we reach the inequality

L{N(t)} ≤
λq−1

λq − bq + µq
N(0). (12)

Using (5) and taking inverse Laplace of both side,
we obtain the relation

N(t) ≤ Eq,1(−(µq − bq)tq)N(0) ≤ CN(0), (13)

since Eq,1(−(µq−bq)tq) ≤ C for some real number
C. Then, we derive that the total population is

bounded from above which leads the solution of
(7) to be bounded from above. �

3.2. Optimality system

We proceed with the characterization of the
FOCP (6-7). To obtain the optimality system as-
sociated to the optimal control U∗ = (u∗1, u

∗
2, u

∗
3),

we use Pontryagin’s maximum principle [33]. We
construct the Hamiltonian as

H(X ,U ,P) = (H(t) + I(t)− S(t) +
ω1

2
u21(t)

+
ω2

2
u22(t) +

ω3

2
u23(t))

+ λT
1 (t) (

C
0 D

q
tS(t)) + λT

2 (t) (
C
0 D

q
tH(t))

+ λT
3 (t) (

C
0 D

q
t I(t)) + λT

4 (t) (
C
0 D

q
tL(t))

+ λT
5 (t) (

C
0 D

q
tN(t)), (14)

where λi(t)
′s are the co-state (adjoint) variables

for 1 ≤ i ≤ 5. Then, the state equation (7) is
obtained by the equation

∂H

∂P
|U∗ = 0D

q
tX (t), (15)

where the adjoint equation is derived as

∂H

∂X
|U∗ = tD

q
tf
P, (16)

with

∂J

∂X
|t=tf

= 0 = P(tf ). (17)

Moreover, the optimality condition is given by the
equation

∂H

∂U
|U∗ = 0. (18)

For the optimal control to lie within the admis-
sible space Uad, we project it onto the interval
[0.05, 0.95]. In the preceding theorem, we state
the necessary optimality conditions.

Theorem 3. Given an optimal control U∗ =
(u1, u2, u3) and the state solution X ∗ =
(S,H, I, L,N) corresponding to
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C
0 D

q
tS(t) = bqN(t)− βq(1− u1(t))

S(t)I(t)
N(t)

−µqS(t),
C
0 D

q
tH(t) = βq(1− u1(t))

S(t)I(t)
N(t)

−(αq(1 + u2(t)) + κq + µq)H(t)

+prq(1− u3(t))I(t),
C
0 D

q
t I(t) = κqH(t)− (rq + µq + dq)I(t),

C
0 D

q
tL(t) = (1− p(1− u3(t)))r

qI(t)

+αq(1 + u2(t))H(t)− µqL(t),
C
0 D

q
tN(t) = (bq − µq)N(t)− dqI(t),

(19)

with S(0) = S0, H(0) = H0, I(0) = I0, L(0) =
L0 and N(0) = N0 that minimize the objec-
tive functional (6), there exist adjoint variables
P = (λ1(t), λ2(t), λ3(t), λ4(t), λ5(t)) satisfying







































































































C
t D

q
tf
λ1(t) = (−(1− u1(t))β

q I(t)
N(t) − µq)λ1(t)

+(1− u1(t))β
q I(t)
N(t)λ2(t)− 1,

C
t D

q
tf
λ2(t) = −(αq(1 + u2(t)) + κq + µq)λ2(t)

+κqλ3 + ((1 + u2(t))α
q)λ4(t) + 1,

C
t D

q
tf
λ3(t) = −(1− u1(t))β

q S(t)
N(t)λ1(t)

+((1− u1(t))β
q S(t)
N(t)

+(1− u3(t))pr
q)λ2

−(rq + µq + dq)λ3(t)

+(1− p(1− u3(t)))r
qλ4 − dqλ5(t) + 1,

C
t D

q
tf
λ4(t) = −µqλ4(t),

C
t D

q
tf
λ5(t) = ((1− u1(t))β

q S(t)I(t)
N2(t)

+ bq)λ1(t)

−((1− u1(t))β
q S(t)I(t)

N2(t)
)λ2(t) + (bq − µq)λ5(t),

(20)

with transversality conditions

λi(tf ) = 0, 1 ≤ i ≤ 5. (21)

Moreover, the optimal control U∗ =
(u1(t), u2(t), u3(t)) is represented by



















u1(t) = min
(

max
(

(λ2(t)− λ1(t))
βqS(t)I(t)
ω1N(t)

, 0.05
)

, 0.95
)

,

u2(t) = min
(

max
(

(λ2(t)− λ4(t))
αqH(t)

ω2
, 0.05

)

, 0.95
)

,

u3(t) = min
(

max
(

(λ2(t)− λ4(t))
prqI(t)

ω3
, 0.05

)

, 0.95
)

.

(22)

4. Numerical results

In this section, we present some illustrative ex-
amples to observe the contribution of the frac-
tional derivative to the choice of the control strat-
egy. We apply 3 different control intervention ap-
proaches and their combinations: The first one
(Case C1) is distancing control u1(t), which is
based on eliminating the contact between infec-
tious and susceptible people. The second ap-
proach (Case C2) is latent case finding control
u2(t) which aims to treat high-risk latent class.
The last strategy (Case C3) is case holding con-
trol u3(t) which consists of some actions applied
to eliminate the failure of the treatment.

We use the parameter values given in Table 1
which lead the reproduction number to be R0 =
{2.4872, 2.8507, 3.2546} for the fractional orders
q ∈ {0.85, 0.9, 0.95}, respectively. Therefore, the
infection will not disappear in the future if the ini-
tial conditions are taken close to the disease–free
equilibrium point.

We fix the weight parameters as {ω1, ω2, ω3} =
{106, 106, 105} following the work [30] and they
denote the cost of implementing the correspond-
ing control strategy. We solve the FOCP on the
time interval [2015, 2035] with a constant step
size ∆t = 0.004. We discretize the FOCP us-
ing L1-method [34] and forward-backward sweep
method is used as an optimization algorithm [35].
The initial subpopulations are taken as S0 =
20027781, H0 = 9292101, I0 = 621331 and L0 =
32006125 (Aurelio A. de los Reyes V, personal
communication, June 26, 2018). We investigate
the contribution of three intervention strategies
and their combinations by measuring the reduc-
tion/increase in I and S compared to uncontrolled
case in Table 3. All simulations are performed on
a Windows 10 machine with Intel Core i7, 2.5
GHz and 16 GB using MATLAB R2016a. With
the discretization mentioned above, the FOCP is
solved for 430 seconds in case of triple controls,
while the uncontrolled problem is solved in almost
25 seconds. Here, rather then the computational
time, we will focus on the influence of the frac-
tional order.

Before discussing an optimal control strategy, we
obtain the numerical solution of TB model (7)
without control, that is, u1 = u2 = u3 = 0. We
measure the values of H(t) + I(t), I(t) and S(t)
in 2035 and we present these results in Table 2.
We observe an increasing risk of the disease due
to a large number of infected people.
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Figure 1. No control: Epidemiological classes.

Table 2. Uncontrolled case: Esti-
mates for H + I, I and S in 2035.

α H(2035) + I(2035) I(2035) S(2035)
0.85 9.2539e+06 8.4889e+05 4.1626e+07
0.9 1.0218e+07 8.6547e+05 3.6519e+07
0.95 1.0846e+07 8.5268e+05 3.1422e+07

Moreover, four epidemiological classes are shown
in Fig. 1. We observe that infectious I(t) and
high-risk latent H(t) populations increase over
time which underlines the requirement of an ef-
ficient control strategy to eliminate the disease.

Therefore, we set the optimal control strategy to
minimize the difference between uninfected and
infected individuals with the following the cost
functional:

min
(u1,u2,u3)∈Uad

J(u1, u2, u3) =

∫ tf

0
(H(t) + I(t)

− S(t) +
ω1

2
u21(t) +

ω2

2
u22(t) +

ω3

2
u23(t)) dt

We immediately observe that cases C1, C12 and
C123 lead to the highest reduction in I and in-
crease in S. In other words, distancing control is
the most efficient choice to reduce the number of
infected people which leads to an increase in the
susceptible individuals. Additionally, the case C3,
namely case holding control, is the least efficient
choice. It means that some efforts to eliminate
the failure of the treatment cannot be successful

without any supportive strategy. Moreover, case
C2 denoting latent case finding control is the sec-
ond most effective approach. However, its con-
tribution can be boosted with distancing control.
Since the contribution of case holding control is
limited, there is not a big difference between C12

and C123 in the reduction of I, while increase in S

is almost the same for the cases C1, C12 and C123.
On the other hand, as we increase the order of
the fractional derivative q, we observe a positive
change in both reduction in I and increase in S. It
can be thought as the contribution of the memory
effect. If we add more information about the his-
tory to the model, which corresponds to a higher
value of q, then the success of the treatment will
be more visible.

As some illustrative results, we depict the epi-
demiological classes for Case C123, namely the
combination of three control strategies, in Fig. 2.
We observe that the number of susceptible indi-
viduals is higher than one for the uncontrolled
case, while there is a decline in the number of in-
fected people. It means that the control strategy
works well and the figures are compatible with the
aim behind the FOCP.

In addition, we present the optimal controls u1, u2
and u3 in Fig. 3. We see that the control lies be-
tween the predefined box constraints. As time
passes, a smaller control (compared to initial
time) is needed. Among these three different con-
trol strategies, distancing control is the most ef-
fective one to eliminate the disease.



A comparison of some control strategies for a non-integer order tuberculosis model 27

2015 2020 2025 2030 2035

t-time (days)

2

3

4

5

6

7

S
(t

)

×107

q=0.85

q=0.9

q=0.95

2015 2020 2025 2030 2035

t-time (days)

0

2

4

6

8

10

H
(t

)

×106

q=0.85

q=0.9

q=0.95

(a) Susceptible S(t). (b) High-risk latent H(t).

2015 2020 2025 2030 2035

t-time (days)

0

1

2

3

4

5

6

7

I(
t)

×105

q=0.85

q=0.9

q=0.95

2015 2020 2025 2030 2035

t-time (days)

2.4

2.6

2.8

3

3.2

3.4

3.6

L
(t

)

×107

q=0.85

q=0.9

q=0.95

(c) Infectious I(t). (d) Low-risk latent L(t).

Figure 2. Case C123: Epidemiological classes.
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Figure 3. Case C123: Optimal controls u1(t), u2(t) and u3(t).

5. Summary and conclusion

In this study, we investigate an OCP governed
by a TB model with Caputo time fractional de-
rivative. We justify that the solution is non-
negativity and bounded from above and the opti-
mality system is derived based on the Hamilton-
ian. We compare three different control strategies
and their combinations, namely, distancing con-
trol, latent case finding and case holding control.
We presented some numerical results to underline
the contribution of the fractional order and the
choice of the intervention strategy. We observe
that the cases C1, C12 and C123 lead to the most
reduction in the number of infected people and in-
crease in the susceptible individuals. Moreover, as
we increase the order of the fractional derivative,
optimal control strategies become more effective.
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